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Abstract

We showthat a simplemodi cation of the power crust algorithm for surfacereconstructionproducescorrect
outputsin presencef noise Thisis provedusinga fairly realisticnoisemodel.Our theotical resultsare related
to the problemof computinga stablesubsef the medialaxis. We demostate the effectivenessf our algorithm

with a numberof experimentakesults.

Catagyoriesand SubjectDescriptorgaccordingto ACM CCS} 1.3.3 [ComputerGraphics]:SurfaceReconstruction-

Medial AxisNoisy samples

1. Intr oduction

Surfacereconstructioris animportantproblemin geometric
modeling.It hasreceved a lot of attentionin the computer
graphicscommunityin recentyearsbecausef the develop-
mentof laserscannetechnologyandits wide applications
in areassuchasreverseengineeringproductdesign,medi-
cal appliancedesignandarcheologyamongothers.

Differentapproachesave beentakento the problem,in-
cluding the work of Hoppe, DeRoseet al which popular
izedlaserrangescanningasa graphicstool [HDD 92], the
rolling ball techniqueof Bernardinietal [BMR 99], thevol-
umetricapproactof Curlessetal [CL96] usedin the Digital
Michelangeloproject[LPC 00], andthe radial basisfunc-
tion methodof Beatsoretal. [CBC 01].

Oneclassof algorithmg ABK98, ACDL02, BC0OQ, ACK]
usegheVoronoidiagramof theinput setof pointsamplego
producea polyhedraloutputsurface.A fair amountof the-
ory wasdevelopedalongwith thesealgorithms,which was
usedto provide guaranteesnthequality of theoutputunder
the assumptiorthatthe input samplingis everywheresuf-
ciently dense.The theory relatessurfacereconstructiorto
the problemof medial axis estimationin interestingways,
andshaws thatthe Voronoi diagramand Delaunaytriangu-
lation of a pointsetsampledrom atwo-dimensionasurface
have variousspecialproperties Somestrengthof the sam-
pling modelusedarethattherequiredsamplingdensitycan
vary over the surfacewith the local level of detail,andthat
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over-sampling,in arbitraryways,is allowed. Onedravback
is thatit assumeshatthe sampleis free of noise.

Whennoiseis consideredaswell, the quality of the out-
put is relatedto both the densityandto the noiselevel of
thesample A small numberof recentresultshave begunto
explorethe spaceof whatit is possibleto prove undervari-
ousnoisysamplingassumptiondDey andGoswami[DGO04]
proposedan algorithmfor which they could provide mary
of the usualtheoreticalguaranteesjsinga modelin which
boththe samplingdensityandthe noiselevel canvary with
thelocallevel of detail,but whichgivesupthearbitraryover-
samplingproperty A real noisy input, however, might well
have arbitrary over-samplingbut the samplingdensityand
noiselevel usuallyvariesunpredictablyindependenof the
local level of detail. In this paper we shav that similar re-
sults can be achieved given boundson the minimum sam-
pling densityand maximumnoiselevel, but allowing arbi-
trary over-sampling.

RelatedWork

Most of the algorithmsusingthe Voronoi diagramand De-
launaytriangulationof the samplesfor which a variety of
theoreticalguaranteesanbe provided, requirethe input to
be noise-fred AB99, ACDL02, ACKO01, BCO(. In practice
someof thesealgorithmsare more sensitve to noisethan
others.The recentalgorithmof Dey and Goswami [DGO04]
extendsmuchof thetheorydevelopedin the noise-freecase
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Figure 1: Atwodimensionakxampleof the powercrustal-

gorithm.a) An objectandits medialaxis.b) Thevoronoidi-

agram andits poles,the blue pointscorrespondingo poles
and the circles correspondingto polar balls. c) The setof
innerandouterpolar balls. d) Thepowerdiagramof theset
of polar balls. Thealgorithmslabelsthe cells of this power
diagraminner or outer e) Thesetof facesin the powerdia-

gramwhich sepaateinner fromoutercells.

to inputswith noise.We do the samewith a lessrestrictive
samplingmodel,asdescribedn moredetailin Section2.2.

Both our algorithmandthatof Dey andGoswami areex-
tensionsof the powercrustalgorithmproposedy Amenta,
Choi andKolluri [ACKO01]. This algorithmis illustratedin
Figure 1. Given an input sampleP of pointson a surface
S it selectsfrom the Voronoi diagramof P a setV of
Voronoi vertices,the poles which approximatethe medial
axistransformof S. It thenusesthe powerdiagram (akind
of weightedVoronoidiagram)of the setof Delauanayballs
centerecatV (the polar balls) to recover a polyhedralsur
facerepresentation.

Voronoi-basedurfacereconstructiortechniquesn gen-
eralarecloselyrelatedto Voronoi-basedlgorithmsfor me-
dial axisestimation(in factthe pawer crustcodeis probably
more often usedfor the latter problem).Yet anothernoisy
samplingmodelwasusedby ChazalandLieutier [CLaf] in
arecentpaperon medialaxis estimationtheir samplingre-
quirements simply thatthe Hausdorf distancebetweerthe

pointsampleandthe surfaceitself is boundedy somecon-
stantr. Notice that this allows for arbitrary over-sampling,
but doesnotallow the samplingdensityto vary overthe sur

faceaccordingto thelocal level of detail. ChazalandLieu-

tier proved,draving onmoregeneratesults thata subsebf

the Voronoidiagramof P approachea subsebf the medial
axisof Sasr! 0, andthatbothcorvergeto theentireme-
dial axis.It is temptingto apply ChazalandLieutier's result
directly to the surfacereconstructiorproblem,by usingthe
power crustapproacho producea polyhedralsurfacefrom

their approximatanedialaxis. But this is not asstraightfor

wardasit might seemztheir medialaxisestimationincludes
Voronoi edgesandtwo-facesaswell asvertices,while the

analysisof the power crustrelayson having an approxima-
tion of the medialaxisby Voronoivertices.Also, the subset
of the medial axis approximatedby Chazaland Lieuter is

not guaranteedo be homotoly equialentto the complete
medialaxis,or to theobject,sincethethe samplingis notre-

quiredto bedenseenoughto captureghesmallestopological
feature.

Recently similar techniqueshave beenusedto analyze
a particularsmoothsurface determinedby a noisy setsof
samplegKol05], avariantof the MLS surfacede nition of
Levin [Lev03]. In this casearbitrary over-samplingseems
to beruled out, sincethe surfacelocally averageghe input
samplesandmaliciousover-samplingcouldin uence thelo-
cal averagesThereis alsoa recentalgorithmfor curwve re-
constructiorfrom anoisysamplel CFG 03] with theoretical
guaranteesfor which the samplingmodel hasthe interest-
ing propertythatthe quality of the outputimproveswith in-
creasedamplingdensity evenwhenthenoiselevel remains
constantThesamplingmodelusedis notparticularlyrealis-
tic, but the propertyseemsyuite relevantto practice.

2. Geometric De nitions and Sampling Assumptions

2.1. Defnitions and Notation

We will usethe following notation.For ary setX R3, )%
X® and{X denoterespectrely theinterior of X, thecomple-
mentof X andthe boundaryof X. Givena point x anda set
Y we denoteby d(x;Y) = infyzy d(x;y). Givenary two set
X andY we denoteby dy (X;Y) = sup, x d(x;Y) the one-
sidedHausdorf distancefrom X to Y andby dy(X;Y) =

maxt dy (X;Y); dn (Y; X)g theHausdorf distancebetweerX
andY. We denoteby Bc;r aball with centerc andradiusr .

We will consideltwo-dimensionalcompact;andC2 man-
ifolds without boundaryandwe will call sucha manifolda
smoothsurface Let Sbea smoothsurface.We will assume
thatSis containedn anopen,boundeddlomainW (eg, a big
openball). The surface S divides W into two opensolids,
theinside(innerregion) andthe outside(outerregion) of S
which aredisconnected.

The medialaxisM of a surfaceSis the closureof the set
of pointsin W that have at leasttwo distinct nearespoints
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on S NotethatthesetM is dividedinto two parts,theinner
andoutermedialaxis,belongingto theinneror outerregion
of the surfaceS, respectiely. The ball By, centeredat a
medialaxis pointm with radiusr m = d(m; ) will becalled
amedialball. It is easyto seethata medialball is maximal

(o)
in the sensethat thereis no ball B with B\ S=; which
containsBm .

ThemedialaxisM is aboundedset,sincein ourde nition
it is containedin the boundeddomainW. So thereexits an
upperboundDy for theradiusof the medialballs.

Weusethede nition of gmedialaxis,Mg, from [ACKO1].

De nition 1 A medialaxis point m belongsto the gmedial
axisof Swhenatleasttwo pointsuy, U, 2 Sontheboundary
of themedialball By, form anangle\ umw, ¢

2.2. Sampling and NoiseModels

Thereareatleasttwo goodapproacheto de ning sampling
andnoisemodels.First, we canbeagin with a modelwhich
we believe roughly describeshe characteristicef reason-
ableinput datasets,andthenshav thatour algorithmworks
correctlyon datathat ts the model. The secondapproach
would beto begin with the algorithm,anddescribethe data
setsfor which the algorithmis correctasbroadlyas possi-
ble, andthen argue that this broadclassof possibleinputs
includesreasonablénput datasets(possiblyamongothers).
This is the approachtaken in the analysisof mary of the
Voronoi-basedurfacereconstructioralgorithms asfollows.

Forapointx2 S wede nelfs(x) = d(x; M). Thislfs func-
tion is usedto determinethe requiredsamplingdensity;it is
smallin regionsof high cunatureor wheretwo patchesof
surfacepassclosetogether and larger away from suchre-
gionsof ne detail.

A nite setof pointsP is ar-sampleof thesurfaceSif P
Sandif for any x2 Sthereis apoint p2 P with d(x; p)
rifs(x).

Thepointsof anoisysampleP for Slie nearbut notonthe
surface.Let P be the projectionof the setP onto S, taking
eachpointp 2 Ptoitsclosespointp2 S. Dey andGosvami
in [DGO04] introducedhede nition of anoisy(k;r)-sample

De nition 2 Noisy (k;r)-sampleA nite setof pointsPisa
noisy (k; r)-sampleif thefollowing conditionshold:

1. Bisar-sampleof S

2. Forary p2 P;d(p;p) cur Ifs(p) for someconstant;.

3. Forary p2 P; d(p;q) corIfs(p), whereq is the Kth
nearessampleto p, for someconstant,.

Herethe rst conditionrequiresthe sampleto be dense
enoughthesecondonditionboundshenoiselevel, andthe
third conditionrequireghatthesamplds nowheretoodense
(by requiringthe Kth nearessampleto befar enoughaway).
Thethird conditiondoesnotseenstrictly necessaryandone
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of the contrikutionsof this paperis to shaov thatindeedit is
not, at leastfor mary of the geometricresultsusedin the
analysis.We will adopta de nition which we call a noisy
r-sample essentiallyonly usingconditionsi) andii):

De nition 3 Noisy r-sample.A nite setof pointsP is a
noisyr-sampleif thefollowing two conditionshold:

1. Pisar-sampleof S

2. Forary p2 P,d(p; ) karlfs(p), for someconstank;.

Both the above de nitions arisefrom the geometricanal-
ysis of algorithms,ratherthanbeinga reasonablenodel of
typical laserrangedata. A reasonabledata model would
be that that samplepoints have a minimum densityand a
boundednoiselevel, wherethe boundsare uniform across
the surface, althoughthe samplesmay be overly densein
someareasThis is succinctlystatedin the modelproposed
by Chazaland Lieuter [CLar], which is thatthe Hausdorf
distancebetweerP andSis at mostsomeconstantTo argue
that our algorithm producesan output surface everywhere
closeto, andhomeomorphido, the surfacefrom which the
datawas collected,we additionally assumethat this mini-
mumdensityis greatenoughto capturethe smallestfeature
of theinput surface.We describethis conditionformally as
follows.

We de ne Ifs(S) = miny slfs(x) for the surface as a
whole. AssumingS is C? we hae Ifs(S > 0 [APR99.
We also de ne the maximum local feature size D; =
maxe slfs(x) andwe have Dy Dy (recall that Dy is the
radiusof thelargestmedialball).

De nition 4 Noisy uniformr-sample A nite setof points
P is a noisy uniform r-sampleif the Hausdorf distancebe-
tweenP andSis atmostrlfs(S).

In all of thesede nitions, r is a constanindependenbf
theparticularsurfaceS. In generalt is agoodideato de ne
samplingand noisemodelsin this way, so that the depen-
danceon the global or local featuresize of the surfaceis
clear

Sinceary noisyuniformr-samplds alsoanoisyr-sample
(sincelfs(S)  Ifs(f)), anything we canprove in the noisy
r-samplingmodelappliesalsoto noisy uniform r-samples.
In thenoisy(r; k)-samplingmodel,however, the pointsmust
be distributed neithermore denselynor more sparselythan
requiredby thelocalfeaturesize,up to constanfactors.

We will prove mostof our geometrictheoremsusingthe
noisy r-samplingmodel, sincethey do not dependon the
minimum featuresize Ifs(S). We will prove that our algo-
rithm is correct,however, in the more naturalbut morere-
strictive noisy uniform r-samplingmodel.
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3. Geometric constructionsand the algorithm
4. Union of Polar balls

To avoid to dealingwith in nite Voronoicells,we addto the
samplesetP a setZ of eight points,the verticesof a large
box containingW.

The conceptof poleswas de ned by Amentaand Bern
[ACKO]] asfollows:

De nition 5 The polesp;, po of a samplep 2 P, arethe
two verticesof its Voronoicell farthesfrom p, oneoneither
sideof thesurface.The VoronoiballsBp;;r , ,» Bpir ,, arethe
polar ballswith radii r p, = d(p;; p) andr p, = d(po; p) re-
spectvely.

Noticethatgiven a noisy samplesetnot all Voronoicells
arelong andskinry, asthey arein thenoise-freecase.

A polarball By, is classi edasaninner(outer)polarball

if its centeris insidethe inner (outer) region of R®nS We
denoteby P, andPg thesetof all innerandouterpolarballs,
respectiely.

Algorithm

Our algorithmconsistsof a very simplemodi cation to the
power crustalgorithm: we discardary polessuchthatthe

radiusof theassociategolarballis smallerthan@ where
c> lisaconstant.

Thiscanbe summarizedasfollows.

Algorithm 4.1Power Crust

1. Computethe DelaunayDiagramof P[ Z.

2. Determinethe setP of polarballs.

3. Deletefrom P ary ball of radius< @ producingP®.

4. Computethe power diagramof P°

5. Labelthe ballsin PY asouterballs or inner balls, resultingin
thesetsBp andB;.

6. Determinethe facesin Pav(Bo [ B)) separatingnner from
outercells.

We discusghelabelingin step vein the Appendix.|t is
doneusingexactly the samemethodasin theoriginal power
crustalgorithms,but to shawv thatit remainscorrectin the
noisy casewe needto prove afew morelemmas.

Analysis Overview

Most of our paperis concernedwith the proof that this
simple modi cation producesan outputpolyhedralsurface
which is correct,topologically and geometrically given a
noisy uniform r-sample.In the processwe give “noisy"
analogsof mary of the basiclemmasusedin the noise-
free case Thesegeometriaesultshold in thelessrestrictive
noisyr-samplemodel.

Ratherthan usingthe entire medialaxis in our analysis,

we considera subsetthe g-medialaxis, which is robustun-
der noise.We prove in Lemma? that after eliminatingthe
small polar balls, every point of the gmedial axis still has
a remainingpole within a distanceof O(r=g). As a conse-
guenceof this factwe prove in Lemma9 thatthe boundary
of the union of the setof big inner (outer) polar balls (see
Equationsl and?2) is closeto the sampledsurface,in the
sensef Hausdorf distanceWe usethis factin turnto shav
thatthe Hausdorf distancebetweerthe power crustandthe
sampledsurfaceis O(r=g) (Theoreml) andthatthe power
crustis homeomorphito theoriginal surfaceS(TheorenR).

5. Union of polar balls

Given a constantc > 1 we de ne the following two polar
ball subsets:

B| = f Bc;rC 2 P| M @g (1)
Ifs
Bo = f Bc;rc 2 Po M Y @g (2)

ThesetsB; andBg arethe setsof ballsretainedn our mod-
ied power grustalgorithm.Theirgespect're boundarysets
are:§ = 1( gz B) andSo = (" g2, B)- Ourgoalwill

be to prove that the boundarysetsS and & are closeto
the surfaceS. Moreaover, we will prove thata subsetof the
two-dimensionafacesof the powver diagramof B, [ Bg is
homeomorphido thesurfaceS.

Our proofswill alsouseanotherpair of subsetof thepo-
lar balls.We denoteby BY andBY thesetof innerandouter
polarballswhereeachball containsamedialaxispoint. That
is,

BY = fBer, 2P : Ber,\ M6 ; g 3)
BS = fBer.2Po: Ber,\ M6 ; g 4)
Thefollowing lemmaprovesthatBY B, andBY Bo
respectiely.
Lemma1B? B andBY Bo,forc> 2andr < Cchz

Proof Take a ball By 2 B,O (Bxr 2 Bp). Thereexists a
samplep on Bxr andthereexists aninner (outer) medial
axis point m inside Bx;r . Thenwe have thatd(p; p) + 2r
d(p;p)+ d(p;m) d(p;m) Ifs(p), andconsequently
(@ AR 1kt ifs(f). Takingr 5.2 we getthat
rIfs(p)= Ifs(§=c. [

The next lemmais a consequencef the samplingrequire-
mentsandwill be usedfor laterproofs.

Lemma 2 Given P a noisy r-sampleof S, let D be a ball

with D\ P= : andD\ S6 :, letx beapointin D\ S If
B(x;rx) Dthenrx r(1+ 2kg)lfs(x).
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Proof By samplingcondition1 of De nition 2. thereexists
asampleg suchthatd(x;§) rlfs(x). Usingthefactthatlfs
is a one-Lipschitzfunction we have thatlfs(§) d(;x) +
Ifs(x) rifs(x) + Ifs(x) = (1+ r)lfs(x).

By the samplingcondition2 andthe previous equationwe
getd(x;q) d(x;§)+ d(g;q rlfs(x)+ kyrlfs(§) (r+

o]

2k1r)lfs(x).Since5\ P=; onededuceshatB(x;rx)\ P=
cohencery  d(xg)  r(1+ 2k))Ifs(x). O

Also we havethefollowing lemmafrom AmentaandBern
[AB99] which estimateghe angle betweenthe normalsto
the surfaceattwo closepoints.

Lemma 3 For ary two points p andg on S with d(p; q)
r minf Ifs(p);Ifs(q)g, for any r % the anglebetweenthe
normalsto Sat p andq is at mostﬁ.

A centralideain Voronoi-basedurfacereconstructioris
that the Voronoi cells of a denseenoughnoise-freesam-
ple arelong, skinry and perpendiculato the surface.This
is not true for all Voronoi cells when thereis noise, but
the following lemmashaws thatit is true for large enough
Voronoicells.Speci call, givenasamplepoint p andapoint
x 2 Vor(p) we boundthe anglebetweenthe vectorxp and
the surfacenormalnp atthe projectionof the samplep onto
S Thelemmastateghatwhenx is faraway from p, thenthis
anglehasto besmall.In the noise-freecebse,“small“ meant
O(r); herewe achiere a boundof only O(" ).

Lemma 4 Let p 2 P be a samplesuchthat there exists a
point x on the inner (outer) region of the Voronoicell of p
with distancer x betweenx and p satisfyingthe inequality

@ for someconstant; . Thentheanglebetweerthe
vectopr andthe orientedoutward (inward) surfacenormal
A5 is O(" T).

Proof Denoteby B, the outer(inner) medialball tangent
to the surfaceSat p. Let By, betheball centeredat x with

radiusr x = d(x; p). Sincex is in the Voronoi cell of p we

ha/egx;rx\ P=;.

The angle betweenthe vectors xp and fi is the sum
\ (t;x; p) +\ (t;m; p), wherethe sggmentpt is perpendicu-
lar to xm see gure 2. Ouraimwill beto nd upperbounds
for the angles\ (t;x; p) and\ (t;m; p), respectrely. Since
d(x;t) < d(x; p) = rx, we have thatt 2 Byx,, andthe fol-

lowing two situationsare possible:eithert 2 Bmr,, \ Bxr,

ort 2 Biyr,,\ Bxiry

Firstcaset 2 Bmr,,\ Bxr,, seegure 2left. Sincet 2 B,

we have thatt is on theouter(inner) region of WnSandthe
ray Ix containingx andt intersectghe surfaceat the pointts

lying betweerthepointsx andt, therefores 2 By, sincethe
segment[x;t] Bxr,. Moreover, theray | intersects[Bx

atthepointby, seegure 2. Usingthatts 2 By, we have,for

smallenoughr, the following inequalitythatwill be useful
later:
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Ifs(ts)  d(ts; B) + Ifs(P) rx+ d(x; p) + d(p; B) + Ifs( )

2rx+ (1+r1 k)lfs(p)  (2+ 2¢c1)rx = kerx (5)

Becausé¢hepointsts andby areinsidetheball By,r, we have
thatBy gty  Bxrx- SinceBx, is emptyof samplegbe-
causer x is the distanceof x to its closestpoint in P), we
have thatBy_q,b,) is alsoemptyof samplesConsequently
by Lemma?2, we obtaind(ts;bx)  O(r) Ifs(ts). From this
lastequationtogethemwith equation5 andthe with the fact
thatt 2 [by;ts] we obtainthefollowing two inequalities:

d(t;bx) d(ts;bx)  O(r)ifs(ts)  O(r)rx (6)
d(t;ts) d(ts;bx)  O(r)lfs(ts)  O(r)r x (7
Consequentlyby 6 we have d(t;x) = rx  d(t;bx) (1

O(r))rx, hence

q—
dpit)=  d(pn? dxt2=oC Hrx  (8)

so,theangle\ (t;x; p) is boundedoy

d(rp;t) - O(p B ©)

X

\ (t;x; p) = arcsin

On the otherhand,sincet 2 Bmy,,, we have that Ifs(ts) <
d(ts;t) + d(t;m)  O(r)lfs(ts) + r m, thusobtaininglfs(ts) <

1'7&0. Becausehe pointsm, t, ts arecollinear t 2 By,

0
andts 2 By ,,. Sowe obtainthe following lower boundfor
thedistancebetweert andm:

dittm) rm d(t;ts) rm  O(r)lfs(ts) > (1 O(r))rm

Sincelfs(f) < rm, and usingthe samplingconditions,we
getthatd(p;m) < d(m; p) + d(f; p)  (1+ O(r))r m, conse-
quently

q
d(p;t) =

We have thatrm = d(m;p)  d(m; p) + d(p; p), so using
thatIfs(p) < rm we have d(m;p) rm d(f;p) (1
O(r)) r m. Fromthis equatiorandEquation10 we canbound
theangle\ (t;m; p) asfollows:

dpm? dt;m2= o Hrm  (10)

dipit) _ AP-

amp -~ 0D @
Therefore,from 9 and 1lpwe have that our target angle
\ (tx;p)+\ (t;mp)isO(" T).

Secondcase:t 2 B\ Bxr, (Note that this caseimplies
that Bm;rm\ Bx;rx = ,) Sincet 2 Bm;rm and d(p, m)
d(t;m) we obtain that p 2 Bmy,,, consequentlywe have

\ (t;m; p) = arcsin
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Figure2: Left: lllustrationof Lemma4, a fundamentatesultdescribingthe shapeof the Voronoicells. Whenthere existsa point

x in Vor(p) sud that d(x; p) @ thenthe angle betweerthe s@gmentxp andthe normalf; is a O(p r). Center:Flgures
usedin the proof of Lemmad.t 2 Bmyr,,\ Bxr,. Rightt 2 Bfyr \ Bxir,

thatd(t; 1Bmr ) d(p; 1Bmry,) = d(p;f)  O(r)lfs(p), see
Figure 2 right. From this inequality and using the fact that
t 2 Bxr, Weget

d(t;x) rx d(t;9Bmr,) rx  O(r)lfs(p) (12)

Sincelfs(f) d(p;p)+ d(p;x) O(r)Ifs(P) + r x we get
Ifs(f) ri(;(r). ConsequenthEquation12 can be rewrit-
tenin termsof ry, thatis d(t;x) rx O(r)ifs(f) (1
O(r)) r x. We deducethe following upperboundfor the dis-
tancebetweenp andt

q_ o
dipit)=  d(p;¥)? d(t;x)2= O(" Nrx

Therefore, we have \ (t;x;p) = arcsin g((ffg

p
arcsin O(rij)rx = O(p M.

On the other hand, sincet 2 Bmy,, we get d(t;m) >
rm.d(p;m) d(p; f) + d(g;m)  O(r)Ifs(p) + rm= (1+
O(r))r m, andhence

q

dp) = d(pm? dt:m2= o Nrm

and the angle \ (t;mp) = arcsin g((g;%

p -
arcsin O(rirrn)rm = O(p r). Thus we conclude that the
angle\ (t;x;p)+\ (t;m; p)is O(p . o

As a consequencef thislemma,we have thattheinnerand
. . . S o
outerpartsof the medialaxisM areinsidethesets g, g, B

S o . ..
and g, g, B respectrely, thisis statedn thenext lemma.

Lemma 5 Givenaninner (outer)medial axis point m, then

thereexistsaninner(outer)polarball B2 B (B2 Bgp) such
0]
thatm2 B.

Proof There exists a sample p suchthat m is inside its
Voronoicell. Denoteby g theinner (outer)pole of p. Then
by the de nition of local featuresize we have d(m; )
Ifs(p). By the triangle inequality we have d(m;p) +
d(p;p) d(m; p), sowehaved(m;p) d(m;p) d(p;p)
Ifs(f) rkqlfs(p). Taking r 2%1 we get d(m; p)
"—Sgﬂ). This fact alortg with Lemma4 implies that the an-
gle\ (mp;Ap) = O( 1), usingthe sameaBJEment.Since
d(g;p) d(m;p) we oBtain\ (etp;Ap) = O(" r). Hencewe
obtain\ (egp;mp) = O( T).

We take r small enoughsuchthat\ (ep;mp) %. Since
d(m;p) d(g;p) we nd that m is inside the interior of
the inner (outer) polar ball Byq(q,)- Hence,we have that
Badcp) 2 BY (Byd(qp 2 B%)- By Lemmal, BY B
(B% Bo), completingtheproof. [

In the next lemmawe statethatthe g-medialaxisMg con-
vergesto the medial axis M wheng approachto zero.The
mainideais to obsere thatfor ary gthe setMq is a com-
pact set and given a decreasingsequenceof real number
f g0i=1.2: we have the following chainof inclusion Mg,
Mg Mg i Thisis statedn thefollowing lemma.

Lemma 6 Given ary decreasingcontinuousfunction f :
R! Rsuchthatlimy o f(r) = 0theng(r) = du(M;Mg¢(y))
is adecreasingunctionandlim; og(r) = 0= g(0).

Proof SeeAppendixA [

One can seethat even underour samplingassumptiorfor
ary pointin theg-medialaxisthereis apolewithin adistance
of O(r=g). Thisis anextensionof lemma34in [ACKO0]] to
the noisy samplecontext.

Lemma 7 Let B¢y be a medialball suchthatc belongsto

¢ TheEurographic#ssociation2005.
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theinner (outer)g-medialaxis. Let p theinner (outer)pole
of the Voronoi cell containingc with polarball By ,. Then
thedistancebetweernc and p is smallerthank; = O(é) and

irq rji<k.
Proof SeeappendixA [

Making g to dependof r, thatis g= P r we can rea(z)the
abore lemmain the following way for ary poiBt of the ™ r-
medialaxisexist a polewithin adistanceof O(" T).

Using the facts that the g medial axis cornverge to the
whole medialaxiswheng goesto zeroandthatevery g me-
dial axis point have a pole closeto it one cargderivesthat
g1e boundaries§ andSy of the unionof balls g, g, B and

B2 B, B IS closeto thesurfaceS.

Lemma 8 Let Bc,:;r, andBg,;r, be two balls with Be;:r, \

Bc,:r, 6 ; andBg,:r, 6 Ber,. Lete< rj;i= 1;2besuchthat
d(cy;cp) eandjr; ro e Letxp beapointonfBc,r,n
Be,:r, andfxig = [c2; 2]\ 1Bcyry- Thend(xg;xo) 2e.

Proof Wehave d(x1;%2) = ro  d(cp;x1). By thetriangular
inequalitywe have d(cp;x1)  d(ci;x1) d(cp;c) =11
d(cp; ¢1). Fromthesetwo inequalitieswe obtaind(xz; x2)

rz ra+d(czc) jrz raj+d(cze) 2e O

Lemma9dy(S;9 h(r) anddy(So;S) h(r) whereh(r)
is acontinuousdecreasindgunctionsuchthatlim;; ¢h(r) =
0

Proof We shawv thatdy(S;S  h(r); the agumentfor S
is identical.We begin by shaving thatdy(S;S  h(r) for
somecontinuougfunctionh(r) with lim;; gh(r) = 0.
Considerary points2 §. Firstassumehatx is on the out-
sideof S. Let Bc;r . beapolarballin By suchthatx2 Bc;..
Thenthe segment][c; x] from the centerof the polar ball to
x intersectsS in a point s. Sincethe ball Bgqsy is inside
thepolarball Bc;r , Lemma2 impliesthatd(x;S)  d(x;s) =
O(r) andwe aredone.

Solet usassumehatx 2 § is in theinnerregion of S Let
X2 Shetheclosestpointto x on S andlet mg bethe center
of the inner medial axis ball Bmr; tangentto Sat X. Then
we have that x is inside the sggment[X; mg]; otherwisethe
ball By With Bygie\ S= ; ContainBmy ; whichis a
contradictiondueto the ball Byyr ; is maximal.

Now we want to establishthat thereis a point mg 2 MP -
closeto my. If mg itself 2 MP ¢, this s trivially true. Other
wise,recallthatLemmas tells usthattheg-medialaxiscon-
vergesto theentiremedialaxis. Thenthereexistsadecreas-
ing continuousfunction g1(r) with limy; ¢gi(r) = 0 such
thatdy (M;MP ;) g1(r) . Thus,whenmg 2 MnMP ¢, still
thereexists somem 2 MP ¢ with d(mg;m2)  g1(r). Also,
sincer %= d(md; S) andr = d(nmg; S arethedistancesf the
medialpointsto the surface,andthe distancefunctionis al-
Waysone-Lipschitzweobtainjr0 rj< d(ny;mg) < gy(r).
Since m 2 MP -, we have by Lemma 7 that there ex-
ists a polar ball Bqr, 2 B4 By suchthat md 2 Bg,,

¢ TheEurographicsAssociation2005.

dimd < o 7) = go(r) andjrq 13 < 0" )= ga(r).
Hencewe have d(q;mg) < gi(r) + go(r) andjrq rmj <
g1(r) + ga(r).

Taking r smaller than some constantsuch that g;(r) +
g2(r)  Ifs(9=c, sinced(q;mg)  gu(r) + gz(r), we have
d(g;mg) rq) andnmk 2 Bgr,. RecallthatX 2 S andthat

o o
X2 [X,ng]. If Xis insideBgyr, then[X;mg]  Bg;r,, sothat
(o]
X2 Bgr,. But this contradictgthe factthatx 2 §. Henceit

[0}
mustbethe casethatX is on 1Bmyr ,, NByr g
Letx; = [mg; X\ TBgr, (this intersectionpoint is unique).
We have thatx 2 [x1;X]; otherwisex 2 (Img; x1), the portion

of the sggmentinside I%p;r , which againis a contradiction
with thefactthatx 2 §. Now applyingLemmas, we have
thatd(xq;X)  2(ga(r) + go(r)) and,sinced(x;X)  d(xp;X)
we canseth(r) = 2(ga(r) + g2(r))  d(xX), proving that
di(S;9  h(r). )

Now we will prove thatd4(S;§) h(r). Let x be anar
bitrary point on S and let Bm and Byp be the inner and
outermedialballstangento Satx respectrely. Thesegment
[rm; mO] is orthogonako Satx.

Now we will establishthatthereexists a point x; on §\
(m;m%). Supposenot; thenS§\ (mym% = ;, andthereex-
ists a ball Br 2 By suchthatm®2 Bgr. Sincec and m®
are on oppositesidesof S, then the segment[c; MY inter-
sectsSata points, sowe have thatm?2 Bsd(stBe,) Ber
with Bgqs.q8,,) €Mptyof samplesFromLemmaz2 we have
d(s; 1Ber ) = O(N)Ifs(s) < d(s;m%), whichimpliesthatm® 2
Bsd(sf., )+ Obtaininga contradiction.

We can concludethere exists a point x; on §\ (m;nmY.
Sincethe closestpoint to x; on S is the point x (the seg-
ment [x3;X] _is orthogonalto the surface at x), we have
dixx1)  du(S;9  2(0a(r) + go(r)). Henced(x;S)
2(g1(r) + g2(r)) and consequentlydn(S'S)  2(ga(r) +
92(r) = h(r). I

6. Power Crust

The power diagram of a set of balls B is the weighted
Voronoidiagramwhich assignsanunweightedoointx to the
cell of the ball B 2 B which minimizesthe power distance
dpow(X; B). The power distancebetweena point and a ball

dpow(X; Ber ) = d(x;0)2 2. Wedenoteit by Pow(B [ Bo).

In the next two theoremwe will prove thatPow (B[ Bo) is

apolyhedralsurfacehomeomorphi@ndcloseto theoriginal

surfaceS.

Takinge< Ifs(S) wedenoteby Ne= fx2 R® : d(x;%)
egsatubular neighborhoodaroundS. The boundaryof Ne is
S S ewhereS ¢=fx2 R3: x=% engg aretwo offset
surfacesWhendy(S; 9 < eandgH(So;S)§ e(Lemmag),
the boundary§ () of thesets g5 B (g2, B) isin-
sidethe setNe andconsequgntlyhesets ndS ¢ arein-
side the interior of the sets " g, 5, B and g, g, B respec-
tively.
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Theorem 1 If dy(S;9 eanddy(So;S e thenthe
Hausdorf distancebetweenPow(B, [ Bp) andSis smaller
than2e.

Proof LetI(S o) bethepartof WnS ¢ insidetheinterior
partof Sandlet O(Sye) bethe partof Wn Sy insidethe ex-
teriorof S. Hencewe have WnNoe = (S 2¢) [ O(Spe) With
I(S 2¢)\ O(Spe) = ;.FromtheconditionsdH%S;S) eand
d4(So: S ewecandeducethatogsz.e) ( g2s,B)and
I(S 2¢) ( g2p B).Alsoonehas( gy B)\ O(Spe) = ;

and( g2 B)\ I(S 2¢) = ;-

Firstwe will prove thatdy (Pow(B| [ Bo);S 2e Thisis
equivalentto proving thatPon(B [ Bo) Npe. Let f bea
faceof Pow(B, [ Bp) separatinghecell of theball B; 2 B

fromthecell of theball B, 2 B andletx beapointon f. Be-
causedpow(X; B2) = dpow(X; B1) we know that dpow(X; B)
anddpow(X; B1) have thesamesign,implying thatwhenit is
negativethenx2 B;\ B andotherwisex 2 B By B-In
t}%e rst casebecause is simultaneouslyin (g, g, B) and
(" 2B, B) thenfrom the previous obseration at the begin-
ning of thelemmaonededuce$h%tx2 Noe.

The secorgdcaseswe have x 2 B S g, B, but due to
O(S¢) ( m2B,B)andi(S 2) ( g2g B) thenwehave
thatx 2 Noe.

Now we will prove that JH(S; PowmB| [ Bp)) 2e Given
a point x 2 Sthe interval [x+ 2eng;x  2eng] hasbound-
aryg)ointsx+ 2@1; and X 2en e in the interior of the
set gy Band g,p, B respectiely, hencewe have that
X+ 2eng isin thepower cell of someballin Bo andX  2eng
is in the power cell of someball in B, thereforemoving a
pointalongtheinterval [X+ 2eng; X  2eng] it will meetata
faceof the power crustat somepoint, otherwiseit will stay
foreverin outerpower cellswhichis acontradictiorwith the
factthatX 2eng belongsto someinnerpowercell. [

From the abore theorem and the the fact that
limp ody(S;9 = 0andlim; ody(So; S = 0 we cande-
ducethatlim;; odny(Pon(B|[ Bo);S = 0.

Now we extendthelemma[23] of Amenta,ChoiandKol-
luri [ACKO1] to amoregeneralsettingin which the pointu
doesnot needto beonthesurface.

Lemma 10 Given a point u anda ball Ber 2 By (Ber 2
Bo) suchthatd(u;Bcr) O(€) andu 2 Ne, thentheangle
betw&erthe vectoreu andthe outward (inward) normalfy
isO( ©).

Proof SeeAppendixB [

Dene by fi(x) = mingg, doow(X;B) and fo(x) =
mingyz g, dpow(X; B) thefunctionswhichreturntheminimum
power distancefrom x to the setsB; andBg respectiely.
Basedin this two function the following lemma2 from
Amenta,Choi andKolluri. [ACKO01] is alsovalid underour
samplingassumptiorand for our particularpolar ball sets
B andBo. We shaw functionsf; and fg arestrictly mono-
tonic andhave a singleintersectiorpoint alongthe segment
[K+ 2eng; X 2eng] sincef) (X+ 2eng) fo(X+ 2eng) < 0 and
fl(X  2eng) fo(X 2eng) < 0.

S
Theorem 2 The power crustof B ~ Bg is a polyhedralsur
facehomeomorphido S.

Proof From the Lemma9 we have thatdy(S;9  h(r)
anddy(S;9  h(r) with lim; gh(r) = 0 and from the-
orem 1 we have dy(Powv(B [ Bp);S  2h(r). We will
take e = 2h(r) which is smallerthan Ifs(S) for smallr.
Givena point X2 Swe have [X  eng; X+ eng] Ne Let
d: Pown(B| [ Bp)! S the function that given a point
x2 Paw(B [ Bp) assigngheclosestpointd(x) 2 S. Dueto
the previouslemmawe have Panv(B| [ Bp) ( Ne andsince
the setof pointswherethe distancefunctionis unde nedis
themedialaxisthenthedistancefunctionis well de ned on
thepower crust.

We will prove it is a homeomorphismBecausehe power
crustis a compactset (it is a nite union of compactsets
in this casefaces)then we only needto prove that d()
is a continuous,one-to-oneand onto mapping.The conti-
nuity follows becausehe distancefunction to ary setis
anone-Lipschitzunction. The onto conditionfollows from
du(Pon(Bi [ Bp);S e thatis for ary point X2 Sthere
exists at leasta power crustpointin [X  eng; X+ eng] and
givenapointin [X eng; X+ eng] with e  Ifs(S) its closest
pointon Sis X.

The one-to-onecondition. Supposethat it is false, it im-
plies thattherearetwo pointsx; andx, on Pov(B; [ Bo)
suchthat d(x1) = d(x2) or equialentX; = X, where x;
andxp belongto [X; eng, ;X1 + eng,]. Given a point x 2
[X1 eng,; X1+ eng,] let Be,r, 2 By beaball which satis es
dpow(X; Ber) = fi(X). Let By, eny, 2 By be a ball which
containsthe point%;  eng, thenwe have dpow(X; Be,ry)
doow(; By, en,)  (r + d(x 1By, en,))® 1% = O()
wherer is the radiusof the ball By, eny, - From this fact
dpow{X; Ber,) < O(€?) we obtainthatd(x; 1Bc,r,)  O(€),
soapplyingthelemmal0 to the point x we obtainthatthe
anglebetweenthe outward normalng andthe vectorcgx is
O(" e) andconsequentlyor smallenoughr we obtainthat
thisangleis smallerthatp=2. Thismeanghatwhenwe move
the point x from X; eng, to X3 + eng, alongthe sggment
[X1 eng; X+ eng ] we have thatthe function f| is strictly
decreasingThe sameargumentshaws that the function fg
is strictly increasing.

A power crust points x is characterizedvy the following
equality fi(x) = fo(X). Using that f|(X; eng,) fo(X1
eng,) < 0 andthefunctionsf; and fg arestrictly decreasing
andincreasingespectiely alongtheintenal [X;  eng,; % +
eng,] thenthereexist anuniquepointxz on[X;  eng,;X; +
eng,] suchthat f| (x3) = fo(xg). Fromthis we concludethat
X1 = Xp = X3 andthefunctiond( ) is one-to-one. [

7. Implementation and Experiments

Sincewe do not know Ifs(S) for a given input surface,we
choosethessizeof the ballsto eliminateby trial anderrorin
eachcase.

Our experimentswveredoneusinganin-housemplemen-

¢ TheEurographic#ssociation2005.
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Figure 3: Bunnyand hip-bonemodels.The verticesof the hip-bonemodelwere randomlyperturbedusing Gaussiannoise
while noisypointswere addedto the vertex setof the bunnymodelto increasethe density Thebumpybut topolagically correct
outputsshownhere were producedby applyingour modi ed powercrustalgorithmto the noisypoint clouds.

Figure 4: View frominside of the hip model.On the left, our proposedmethod.Thefeatue insidethe red circle is the inside
view of the smallholein the middleof the hip which canbe seenin Figure 3. Ontheright, the original powercrustalgorithm,

which hassomeartifactsontheinterior.

tation of the power crust algorithm, due to Ravi Kolluri.
This code usesJonathanShevchuk's currently unreleased
pyramid codefor Delaunaytriangulation Filtering the po-
lar ballsrequiredaddingexactly elevenlines of codeto the
power crustimplementation.

We testedthe algorithmwith several datasets,produced
by taking polyhedralmodelsand addingnoise.The results
areshawn in Figures3, 4 and5. The bunry andthedragon
were taken from the Stanford3D scanningrepository and
the hip-boneis from the Cyberware Web site. For the Stan-
ford bunry we addedfour nev samplesper vertex respec-
tively, eachperturbedvith Gaussiamoise.For the hip-bone
and the dragonmodels,which are alreadyfairly large, we

¢ TheEurographicsAssociation2005.

just perturbedthe input samplesThe bunry point setcon-
sistedof 179,736points and the reconstructiorwas com-
putedin lessthan a minute. The hip-bone set contained
397,625pointsandthereconstructiomequiredabout3 min-

utes,while the dragonpoint setcontained875,290and re-

quiredabout10 minutes.Experimentsveredoneon a Pen-
tium 4, 2.4GHz,with 1Gbof memory

In eachreconstructiorwe chosethe constantd usedto
Iter the polar balls basedon the noiselevel, with d being
four timesthe varianceof the GaussianThe noiselevel in
turn was chosento be lessthanthe smallestfeatureof the
input model, for instanceto avoid lling in the holein the
hip-boneor connectinghe neckof the dragonto its back.
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Figure 5: Reconstructiomf thedragon modelperturbedwith Gaussiamoise Theperturbedpoint cloudis shownon theleft.
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Appendix A: gMedial axisandmedialaxisapproximation

Now we will presentssometechnicallemmasand de ni-
tions neededo prove rigorously that the g-medial axis Mg
corvergesto the medial axis M. We usethe following set
function[Lie04] C from R? ontothe subsetof Swhich as-
signsto x 2 R® the setC(X) = TBy.qxg\ S (Thatis, C(X)
is the setof pointsof S nearesto x.) The restrictionof this
functionC to themedialaxisM is anuppersemicontinuous
functionin thefollowing sense.

Lemma 11 ([Lie04]) Givenx 2 M ande > 0, thereexists
d> Osuchthatif d(x;y) d,thenC(y) C(X)+ Bge

Here C(x) + Bg.e representshe Minkowski sum. Based
onthede nition of the functionC we constructhe function
a(m) = sup(;yzc(m)\ (mx my). ConsequentlyMg = fx 2
M:a(X .

FromLemmall we have thatthe functiona is anupper
semicontinuougunction.

Lemma 12 Given e > 0, there exists d > 0 suchthat if
d(xy) d,thena(y) a(X)+e

Proof let x; and xo be two points inside C(x) suchthat
SURy g2 o\ (X0 %0) =\ (315 %), thistwo pointsexist be-
causeC(X) is acompactsetandthetrianglex;xx is isosce-
les.Let h bethe projectionof x ontothe segmentx; x,. Tak-
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ing y1;¥2 2 C(y) the maximumvalueof \ (yy1;yy?) is ver
i ed whentheisosceledriangleyiyys is in the sameplane
of trianglex;xx. Onecanseethat\ (yyi;yy») is maximum
wheny is on the intersectionof the sggmentxh with the
boundaryof the ball B(x;d) andthe pointsy; andy, are
on the boundarieof the balls B(x;; €) suchthatyy; areor-
thogonalto x;y; for i = 1;2, see gure 6. Fromthis onede-
duceghat\ (yxq;y%) \ (xq;x0)+ 2\ xxy. Takingd e
one obtain that cog\ xx.Y) W 1 @

1 O(e), consequently xxy = O(€) and\ (yxi;yx)
\ (xxq;%0) + O(€).

Fromthiswehave\ (yyiyy2) \ (yxai¥ge) + 2\ (yyaiyx)
diyx)? €
arccog

\ (W) = W)
arccog 1 (W)Z) = O(e), therefore we obtain
aly) a(x)+e withe,=0(e). [

where

As aconsequencef theuppersemicontinuityof thefunc-
tion a we have thatthesetMg is a closedset,soit is a com-
pactsetdueto Mg M andM is a compactset. The next
lemmaplaysanimportantrole in the proof of Lemma9

Lemma 13 Given ary decreasingcontinuousfunction f :
R! Rsuchthatlime o f(r) = Otheng(r) = dn(M;M¢(p))
is adecreasindgunctionandlim; og(r) = 0= g(0).

Proof Let f rygy=1.2:3. adecreasingequencef realnum-
bercornverging to zero,thenwe have

Mty Miy) Mg M

Moreover, when j > i we have rj < rj and consequently
Mty Miq,) Mthenwehaveq(ri) = dy(Mg(,); M) >
g(rj) = dH(Mf(ri); M). BecauséM is compactvith Mf(rk)

M a sequenceof compactsubsetsof M which Mg,
Ms(r,,,) for k= 1;2:: we canuseaknow resultstatethata
inclusionchainof compacsetcorvergeto its unionin Haus-
dorff distanceSothese%uencéMf(,k)gk= 1:2:- cornvergein

the Hausdorf metricto 1 My () anthereforecorverge

alsotoits closure 1 Mg,y Whichis equalto M = M¢ g
by de nition.

As a consequencef this, thefunctiong(r) = dn (M; Mg ()
is a decreasingfunction which is continuous at zero
limp o9(r) = 0= dy(M;M¢(0)) andits easyto seethat
thereexistsa continuousfunctionh(r) suchthath(r) g(r)
andlim; oh(ry=0 O

We alsohave thatfor ary pointin thein the g-medialaxis
thereexist a pointwithin a distanceof O(r=g).

Lemma 14 Let B¢y be amedialball suchthatc belongsto
theinner (outer)g-medialaxis. Let p theinner (outer)pole
of the Voronoi cell containingc with polarball By ,. Then
thedistancebetweerc and p is smallerthank; = O(ig) and
irqg ri<k.

Proof Let h be the closestsampleto c, then p is the inner
(outer)poleof h. Let ug; up betwo pointsin B¢ \ Ssuch
that\ uicuw, g letgbethemaximumof angles\ hcw, and
\ hcw, let (2 f ug; upg betheonerealizingg.
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Let| betheray with origin at ¢ andcontainingthe sgment
[h; c], thisray intersectdBcr atthepointx. If h2 Ber, then
usingthath 2 Ber thend(h;x) d(h;h) = kg r Ifs(h). Letu
betheclosessampleto (. Then,whenh 2 B¢y we havethat
r+d(G;u) d(cu) d(c;h) = r + d(x;h), consequently
d(x;h) d(G;u) kg r Ifs(0). Hencein eithercaseh 2 Be;r
orh2 Ber we havethatd(x;h) kg r r.

Now wewill boundtheangle\ Bhu \ phc+\ chii+\ (hu
By lemma4 weget\ phc= O( r). Whenh 2 Bcr we have
that\ chi \od 5 . Whenh2 Ber we have that
\ chii=\ cxi+\ xiih, theangle\ cxi= § 3 andtheangle

\ xthis smallerthanarcsir(gngég) = arcsir( %{r‘rgj) using
’ 2

thatsin(y)

Hencewehave\ chu 5§ J+ O(%).

Let us boundthe angle\ Ghu. Let us denoteby H the hy-
potenuseof the triangle Ghu, we have thatH  d(h; ()
d(x;0) d(xh)y 2r sin(%) ki r r > 0.Hence\ Ghu=
arcsir(%) = arcsidzsm'éﬁ) = O(g)
Fr%mthesecomputationsrveconcludahat\ phu % %+
o(C r+ O(é).

Let T bethe hyperplaneorthogonalto the sggmenthu and
passingthroughits midpoint. Sinced(p;h)  d(p;u) we
have that p is inside the half spaceof T containingh and
thisimplies

2yfory< 1,we obtainarcsir( 3223) = O(g)-

d(h;u)=2
sin(3\ phy
usingthatsid  o’H) o(L)  sin(®) cogo(” ) +
O(g) and that d(h;u)  d(h;X) + d(x;0) + d(G;u)

2r sin(%) + O(r)r we deducerom 13that

d(p;h) (13)

ro, O(g)r _
cogO(g) + O(" 1) ~ cogO(g) + O(" 1))

d(p;h)

- P oL
Denoteby | = cog0(0)+ o 7) + 5000 o)
diep) d(pih) d(ch) 11+ O(Mr = O(pr and
e ri=jd(ph) d(exj jlorj=0(f). O

Hence

Obsere thatthis lemmais valid for g= f(r) with f(r) a
continuoudunctionsuchthatlim;, orf(r) = 0.

Appendix B: LabelingAlgorithm

Oncewe have determinedhe setP° of polarballsto bere-
tainedin the noisyversionof the pawer crustalgorithm,and
computedheir powerdiagramthenext stepof thealgorithm
is to labeleachof theballsin PP asanouteror innerball, thus
determiningthesetsB; andBp. We useexactly thesameda-
beling algorithmasin the original power crustimplementa-
tion [ACKO1], butwe explainit herefor completenesShen
we prove acoupleof lemmaswhich guarante¢hatthelabel-
ing algorithmis correct. Theseproofsa similar to analogous

proofsin the noise-freecase but againwe includethemfor
completeness.

For eachsamplein the specialset Z of verticesof the
boundingbox, its polar ball is insertedin a queueand la-
beledas outer Thenwe iteratively propagatethe labeling.
While thequeueis notempty we remove a ball Bp from the
gqueue We examineeachof the balls Bq whosecells neigh-
borthatof Bp in the power diagramof PY. If theintersection
betweerBp andBy is at a anglebiggerthanp=4, we assign
to Bp thesamdabelasBq. Also we assigrtheoppositdabel
to theball of theotherpoleof p, if thereis one.This process
is repeateduntil thereis not a new ball that canbe classi-
ed asouteror inner Oncewe have nished thelabelingwe
determinethe facesin Pcw(PO) separatingnner balls from
outerones.

Lemma 15 The angleof intersectionbetweena polar ball
Bc,:r, 2 By andapolarball Be,;r , 2 Bo With Beyir,\ Be,iry 6
; isO(r).

Proof We have thatthe centerc; andc, of Be,:r, andBc,:r,

arein differentsidesof S, thusthesegment|cy; ;] intersects
thesurfaceatapointx 2 S Letfbjg= [c1;¢2]\ TBg:r; with

i=12.

The ball By.q(xp,) is inside Bg;r; which is empty of sam-
ples.Thenby lemma2 we obtainthatd(x; bj) = O(r)Ifs(X).

Henced(by;bp)  d(x;bp) + d(x;bp)  O(r)Ifs(x), conse-
quentlyd(by;by)  O(r) maxe slfs(x) = O(r)Dy.

Let P aplanecontainingtheintersectiorcircle betweerthe

balls Bc,;r, andBc,r, andfzg = P\ [c1;¢p]. Let usbound
thedistancec; to zwe have thatd(ci;2 ri d(by;by)

ri O(r)Dy. Sincethatr;  Ifs(S)=c, thenfor smallenough
r we have:

cDy
(S

Hencewe have thata; = O(r) for i = 1;2 andtheanglebe-
tweenthetwo ballsisa; + a; = O(r) [

d(c;2 ri O(nND

coga;j) = I r

1 O(r) =1 O(r)

Lemma 16 Let e be smallerthanlfs(S). Givenapointu and
aball Ber 2 By (Ber 2 Bp) suchthatd(u; Bcr)  O(€)
andu 2 Ne, thenthe angle betwsenthe vector eu andthe
outward (inward) normakag is O(" €).

Proof Let Bmy,, be the outermedialaxis ball tangentto S
at(iandlet Ber 2 By beaball suchthatd(u; 1Bc;r) = O(e).
Let Ne be a tubular neighborhooaf S It is easyto seethat
theball By, e isinsidetheoutersolid whichis delimited
by S andW, thereforeBe;r \ Bmyr,, e= ;

The points ¢, m and u form a triangle and the point t is
the projection of u onto the sggmentcm Our aim is to
nd anupperboundfor anglebetweenthe vectorseu and
Ag whichis g =\ (m;c;u) + \ (u;m;u) see gure 7. We
d(uit)

have the following identities\ (c;m;u) = arcsin d(um)

d(u;t)

and\ (m;c;u) = arcsin E00)

¢ TheEurographic#ssociation2005.
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Figure 7: Theangleq betweernthevectoreu andthenormal
fAg atd

There are thgee possibilities:t 2 Byr,, e t 2 Ber and
t 2z Bm;rm e Bc;r. When t Bm;rm e (t 2 Bc;r) us-
ing the ﬁquations d(u;t) = d(u;m?2 d(t;m?2 and
glut) = d(u;0)2 d(t;c)? 9ge deducethat d(u;t)

(r+d(uTBcr))2 r2= 0O(C e whent 2 Bmyr, e
and in the other caset 2 Ber we get d(u;t)

(rm+ d(@TBmr - )2 2= O(° 8. From this two
boundsof the distanced(u; t) we obtainthat

\ (gm;u)  arcsin qd(lj;t)i = O(p 5)
rm ré& d(ut)?
. d(u;t) P
\ (m;c;u arcsin —p——-—— =0O( €
( ) r r2 d(ut)? 9

Now considert 2 By, eS Ber. Let tmum with um 2
1Bm:r ., be a sgmentparallelto ut andintersectinghe seg-
mentscm alsolet tcuc be parallel segmentto tu with uc 2
Bcr andtc 2 uc. Fromthis we getthat

arcsin

d(Um;tm)
'm

\ (c;m;u) (14)

d(Uc;tc)

\ (m;c;u) = arcsin

q

(15)

Due to d(um;tm) (rm d(U;TBmyr, €)% m? =

0('° ©) andd(uc;tc) (r Fpl(u;ﬂBc;r))Z rz= O(S €

we obtainthat\ (¢;m;u) = O(" €) and\ (m;c;u) = O( €
]

Corollary 1 The angle of intersectionbetweentwo balls

Bcl;rl 2 % andBcz;rz 2 B| SUChthathl;rl\ Bcz;rz\ Ne6 ;,
isp O( ¥.

Proof Take x 2 Ne\ Bcyr; \ Beyur,. We have that
d(x; 1Bg:r;) = Ofori= 1;2.

¢ TheEurographicsAssociation2005.

Therefore,applying the lemma 16 we have the anglebe-
tweenthe surface normaltg andthe vector ¢, is O(" €)
fori= 1,2, canequentthe anglebetweerthe vectorserx
andepx is O(p e) andthe anglebetweenthe tangentplanes
atxisp O( ¢. O



