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Abstract

The MLS surface[Levin 2003], usedfor modelingandrendering
with pointclouds,wasoriginally de�nedalgorithmicallyastheout-
put of a particularmeshlessconstruction.We give a new explicit
de�nition in termsof the critical pointsof an energy function on
linesdeterminedby a vector�eld. This de�nition revealsconnec-
tionsto researchin computervisionandcomputationaltopology.

Variantsof theMLS surfacecanbecreatedby varyingthevector
�eld and the energy function. As an example,we de�ne a simi-
lar surfacedeterminedby a cloudof surfels(pointsequippedwith
normals),ratherthanpoints.

Wealsoobserve thatsomeproceduresdescribedin theliterature
to take pointsin spaceonto theMLS surfacefail to do so,andwe
describeasimpleiterativeprocedurewhichdoes.

1 Intro duction

Becauseof improved technologiesfor capturingpoints from the
surfacesof realobjectsandbecauseimprovementsin graphicshard-
warenow allow usto handlelargenumbersof primitives,modeling
surfaceswith cloudsof points is becomingfeasible. This is in-
teresting,sinceconstructingmeshesandmaintainingthemthrough
deformationsrequiresa lot of computation.It is usefulto be able
to de�ne a two-dimensionalsurfaceimpliedby apointcloud.Such
point-setsurfacesareusedfor interpolation,shading,meshingand
soon.

David Levin'sMLS surface[Levin 2003]hasprovedto beavery
usefulexampleof a point-setsurface.Levin de�ned theMLS sur-
faceas the stationarypointsof a map f , so that x belongsto the
MLS surfaceexactlywhen f (x) = x. Thisde�nition is usefulbut it
doesnotgivemuchinsightinto thepropertiesof thesurface.

In Section2 we give a moreexplicit de�nition of theMLS sur-
face,basedonanenergy functioneandanvector�eld n. Changing
e andn produceothersimilar surfaces;we call themall, including
theMLS surface,extremalsurfaces.

As we discussin Section4, extremalsurfacesarenot new. The
nameis adoptedfrom Medioni andco-authors[2000], who used
themfor surfaceextraction from very noisy point clouds,among
otherapplicationsin computervision. Their de�nition hasto be
extendedslightly in orderto includetheMLS surface,but theidea
is essentiallythe same. EdelsbrunnerandHarer [to appear]have
recentlydescribedJacobi surfaces, which arealsocloselyrelated
andwhichhavestrongermathematicalproperties.

AdamsonandAlexa [2003a]describeanimplicit surfacewhich
is auseful“relative” of theMLS surface.Thisraisesthequestionof
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the relationshipof extremalsurfacesandimplicit surfaces.As we
discussin Section5, thereis an implicit surfacecontainingevery
extremal surface, including the MLS surface. This can be quite
useful,particularlyfor de�ning normalsprecisely.

Figure1: An exampleof an extremalpoint-setsurfacewhich takessurfels,rather
thanpointsasinput. Thesparseandnon-uniformlydistributedsetof weightedsurfels
on theleft impliesthesurfaceon theright.

As an example of anotherextremal surface construction,we
describein Section7 a point-setsurfacefor surfels, input points
equippedwith normals. Normalsareavailablewhenconverting a
model from a meshor implicit surfaceto a point cloud, andthey
aregenerallycomputedaspartof theprocessof cleaningup point
cloudsproducedby laserrangescannersor other3D capturetech-
nologies. Figure1 shows an exampleof our point-setsurfacefor
surfels.

MLS surfaceshave beenusedwidely in the last few years.The
seminalgraphicspaper[Alexa et al. 2003]usingtheMLS surface
for point-setmodelingandrenderingwasfollowedby work onpro-
gressiveMLS surfaces[Fleishmanetal. 2003],ray-tracing[Adam-
sonandAlexa 2003b],andsurfacereconstruction[Xie et al. 2003;
Mederoset al. 2003]. TheMLS surfaceis usedin several features
of PointShop3D, an excellentopen-sourcepoint-cloudmanipula-
tion tool [Zwicker et al. 2002; Pauly et al. 2003]. We have used
PointShopasour implementationplatform.

Thesepapersdescribetwo slightly differentproceduresfor tak-
ing a point x in theneighborhoodof thepoint cloudontotheMLS
surface,one which �rst appearedin an earlier, widely circulated
manuscriptversionof Levin's paper, anda moreef�cient “linear”
versionusedin PointShop.Neitherprocedureactuallyproducesa
pointof theMLS surface.We give a simpleprocedurewhichdoes,
togetherwith a shortproof, in Section6, andwe discussthe the-
oreticalproblemswith theearlierproceduresin AppendixA. The
�nal versionof Levin's paperon the MLS surface[Levin 2003]
(currentlyavailableonhisWebsite)containsanew projectionpro-
cedure,differentfrom ours,which alsoproducespointson thesur-



face.

2 Surface de�nition

We begin with the now-standardde�nition of the MLS surface,
given in the early manuscriptof Levin's paperandusedin a va-
riety of contexts asmentionedabove. TheMLS surfacefor a point
cloudP � IR3 is de�ned asthesetof stationarypointsof a certain
function f : IR3 ! IR3. An optionalpolynomial�tting step,which
weomit here,canbeappliedafterthemap f .
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Figure2: TheMLS energy functioneMLS(~a;t) sumsuptheweighteddistancesfrom
the�x edinputpointsin P to theplanewith normal~a throughthepointx = r + ~at. The
weighton aninput point pi 2 P, denotedhereby its shadeof grey, is a functionof the
distancefrom pi to x.

Givenaninput point cloudP anda point r in a neighborhoodof
P, theenergy of theplanewith normal~a passingthroughthepoint
x = r + t~a, wheret is thedistancefrom r to theplane,is de�ned to
be:

eMLS(~a;t) = å
pi2P

(h~a; pi i � h~a; r + t~ai )2 q(p+ t~a; pi)

wheretheweightingfunctionq is any monotonicfunction,usually
aGaussian:

q(x; pi) = e
� d2(x� pi )

h2

Here h is a constantscalefactor, and d() is the usualEuclidean
distancebetweenpoints. SeeFigure2. The energy measuresthe
quality of the�t of theplaneto P, wherepi 2 P is weightedby its
distancefrom x = r + t~a.

Thelocalminimaof thisenergy function,overS2 � IR (S2 is the
spaceof directions,theordinarytwo-sphere),occuratadiscreteset
of inputs(~a;t), eachcorrespondingto a point x = r + t~a. Of these,
f (r) is de�ned to bethex nearestto r. Thestationarypointsof this
map f form theMLS surface.

We cangetsomeadditionalinsight into this energy functionby
restatingit usingdifferentnotation.First, we write it asa function
of ~a and the point x = r + t~a, ratherthan as a function of ~a and
t. Second,we notice that the planeand the weightsdetermined
by the parameters(x;~a) are the sameas thosedeterminedby the
parameters(x; � ~a), sowe canwrite eMLS asa functionof x andan
unorienteddirectionvectora. Thisgivesus:

eMLS(x;a) = å
pi2P

(ha; pi i � ha;xi )2 q(x; pi)

(althoughthe innerproductis not de�ned for unorienteddirection
vectors,we usethis notationsincewe can evaluatethe function
usingeither~a or � ~a andgetthesameresult).In this new form, the
domainof the function is now IR3 � IP2, whereIP2 (theprojective
two-sphere)is thespaceof unorienteddirections.Thenew notation
makesit clearthateMLS(x;a) is independentof r, which will help
us�nd anon-algorithmiccharacterizationof thepointsof theMLS
surfacein thefollowing section.

Theprocedurefor computingf (r), describedabove, minimizes
eMLS(~a;t) over the three-dimensionaldomainS2 � IR. Therefore
using the new notationwe do not minimize over all of the � ve-
dimensionaldomainIR3 � IP2, but overa three-dimensionalsubset:
thesetJr of values(x;a) suchthat x = r + t~a for somet 2 IR and
orientation~a of a. This meansthat in Jr , every point x 2 IR3 other
thanr is pairedwith thedirectiona of theline throughx andr; the
singularpoint r is pairedwith all directionsa. Differentvaluesof r
producedifferentvaluesof f (r) becauseeachchoiceof r impliesa
differentdomainJr overwhicheMLS is minimized.

3 Explicit de�nition and generalization

Now wewantto giveanexplicit versionof theMLS surfacede�ni-
tion. Webegin by de�ning an(unoriented)vector�eld:

n(x) = argmina eMLS(x;a) (1)

This is the normal to the planethrough x 2 IR3 which is a local
best-�t to the point cloud P. Since�xing x �x esthe weights,the
energy functionis a quadraticfunctionof a andtheminimal direc-
tion is usuallyunique. It canbe found ef�ciently as the smallest
eigenvalueof a three-by-threematrix [Alexa et al. 2003]. Where
therearetwo or threesmallesteigenvalues,n is not well-de�ned.
Thesetsof pointswith multiplesmallesteigenvaluesform surfaces
whichdividespaceinto regions,within eachof whichn is asmooth
functionof x.
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Figure3: To seeif a point x belongsto theMLS surface,we considereMLS on the
line `x;n(x) . Keepingn(x) �x ed,we vary y alongthe line. If y = x is a local minimum
of eMLS(y;n(x)) , thenx belongsto theMLS surface.Usingdifferentfunctionsfor n(x)
ande(x;a) givesvariantsof theconstruction,whichwecall extremalsurfaces.

Now we give an explicit characterizationof the MLS surface;
in effect, we describehow to recognizewhethera point x 2 IR3

belongsto theMLS surface. This characterizationis illustratedin
Figure3. Let `x;n(x) be the line throughx with directionn(x). We
adoptthe notationarglocalminy to refer to the setof inputsy pro-
ducinglocalminimaof a functionof variabley.

Claim 1 TheMLSsurfaceconsistsof thepointsx for which n(x) is
well-de�ned,andfor which

x 2 arglocalminy2`x;n(x)
eMLS(y;n(x))

Proof : First we argue that every x on the MLS surfacehasthis
property. Sucha point correspondsto a pair (x;a) which is a lo-
cal minimum in its own setJx. The setA = f (x;a)g, wherex is
�x edanda rangesover all possibledirections,is a subsetof Jx, so
(x;n(x)) is a localminimumin A. Sincen(x) is well de�ned,n(x) is
theuniqueglobalminimumin A andwe have a = n(x). Thesetof
pairsL = f (y;n(x)) j y 2 `x;n(x)g is alsoa subsetof Jx, so (x;n(x))
is alsoa localminimumin L.

Now we want to show that any x which hasthe propertyin the
Claim belongsto theMLS surface.We needthereforeto show that
(x;n(x)) is a localminimumof eMLS in thesetJx.



Considerany directionm 6= n(x). Sincen(x) is de�ned as the
directionproducingthe uniqueminimum over all pairs (x;a), we
haveeMLS(x;m) > eMLS(x;n(x)) . ThefunctioneMLS is continuous,
so there is somedistancee(m) such that for all y 2 `x;m with
d(x;y) < e(m), we have eMLS(y;m) > eMLS(x;n(x)) . Also thereis
somee(n(x)) suchthat for all y 2 `x;n(x) with d(x;y) < e(n(x)) ,
eMLS(y;n(x)) > eMLS(x;n(x)) . Let e betheminimumof e(a) over
all directionsin a 2 IP2. Then(x;n(x)) is a local minimum in the
subsetof Jx consistingof pairs(y;a) with d(x;y) < e. 2

WecangeneralizetheMLS constructionby consideringalterna-
tives for the two functionsn andeMLS. We canuseany function
n(x) to assigndirectionsto pointsin space,andany functione(x;a)
to specifytheenergy of elementsof IR3 � IP2. Thereis no reason
why thede�nition of n hasto berelatedto thede�nition of e, asit
is for theMLS surface.Wede�ne anextremalsurfaceasfollows.

De�nition 1 For anyfunctionsn : IR3 ! IP2 ande: IR3 � IP2 ! IR,
let

S= f x j x 2 arglocalminy2`x;n(x)
e(y;n(x))g

betheextremalsurfaceof n ande.

4 Extremal surface literature

Not surprisingly, the idea of extremal surfacesis not new. Guy
andMedioni [1997]andMedioni,LeeandTang[2000]de�ned ex-
tremalsurfaces,usingfunctionsn : IR3 ! IP2 ands : IR3 ! IR, to
de�ne thesetf x j x 2 arglocalminy2`x;n(x)

s(y)g. Our de�nition is a
a little moregeneralthantheirsin thattheir functions(x) = e(x;a)
doesnot requirethe parametera. In a seriesof papers,they used
extremalsurfacesfor (amongother things)surfacereconstruction
from very noisypoint clouds.Their functionsn ands aredifferent
from the MLS energy function, and requirecompletelydifferent
computationaltechniques.They representn ands simultaneously
with atensor, andusetensoroperationstosmooththem.Thistensor
voting is performedon a voxel grid. The extremalsurfaceis then
extractedfrom the grid with the marchingcubesalgorithm. Most
of their work focuseson thedif�cult problemof designingof good
tensorfunctions.

EdelsbrunnerandHarer[to appear]de�ne Jacobisurfacesin IRd.
To keepthisdiscussionsimple,wegive their de�nition for thespe-
cial caseof two-surfacesin IR3. Theinput is threeMorsefunctions
f1(x); f2(x); f3(x) (intuitively, a Morsefunction is onewhoseiso-
surfacesaregeneric;it is everywheretwice-differentiable,its Hes-
sianmatrix is everywherenon-singular, andno two critical points
have thesamefunctionvalue).Jacobisurfacesaresymmetricwith
respectto theorderof theinput functions,sothatfor instanceif we
exchangef1 and f3, wegetthesameJacobisurface.

The intersectionsof the level setsof f1 and f2 divide IR3 into a
familyof curves.TheJacobisurfaceSisde�nedasthesetof critical
pointsof f3 over eachof thesecurves.Every point x 2 IR3 belongs
to onesuchcurve, andwe let n(x) be the tangentdirection. Every
critical pointqof f3 onthecurvecontainingx is acritical pointof f3
on the tangentline `x;n(x) aswell, so this is similar to anextremal
surfacewith f3(x) = s(x). The main differenceis that all critical
points,ratherthanjustminima,aretaken.Anotherdifferenceis that
pointsatwhichn is unde�ned(becausetheintersectionof thelevel
setsconsistsof asinglepoint insteadof acurve)areincludedin the
Jacobisurface(this is relatedto thesymmetryof thede�nition).

With thesepoints included as part of the surface, it seems
likely thatthesesingularitiesin thevector�eld n might causenon-
manifoldsingularitiesin thesurfaceS, for instancepointsat which
multiple sheetsof surfacecometogether. EdelsbrunnerandHarer
show, however, that a Jacobitwo-surface in IR3 is genericallya

manifold.Thisdoesnotextendto higherdimensions;for instancea
Jacobi3-surfacein IR4 canbegenericallynon-manifold,indeedat
thesingularpointsatwhichn wouldbeunde�ned.They prove that
Jacobik-surfacesin IRd, for d > 2k � 2, aremanifolds,and they
give a robust algorithmfor extractingJacobisurfacesfrom func-
tionsgivenona tetrahedralmesh.

5 Implicit and extremal surfaces

AdamsonandAlexa[2003a]de�nedanimplicit surfacewhichthey
usedfor ray-tracinginsteadof theMLS surface.Their surfacehas
theform

g(x) = ~n(x) � (a(x) � x) = 0

where~n(x) is anorientedvector�eld anda(x) is thecenterof mass
of theinputpoint cloudP asweightedby x.

Figure 4: Streamlines(red) of a vector �eld n(x), and iso-contours(blue) of an
energy functions(x). Theheavy blueline is theextremalsurfacedeterminedby n and
s, runningneatlyalongthe “valley” in the energy landscapeandpassingthroughthe
minimaof s. Thestreamlinesof n andthe iso-contoursof s aretangentat thesurface
points.Heren ands werecomputedusingthepoint-setsurfacefor surfelsintroduced
in Section7; the input surfelsareshown asblack diamonds,with the long diagonal
pointedin thedirectionof thesurfelnormal.

Figure 5: The red streamlinesindicatea constantvector �eld ~n. The blue iso-
contoursshow anenergy functionsagaindeterminedby thesetof inputsurfels(black
diamonds),heremeetingat a sharpcorner. Therearetwo valleys in theenergy land-
scapemeetingto form a third valley. The implicit surfaceg(x) = ~n(x) � Ñs(x) = 0
includesboth minima in the extremalsurfacede�nition (heavy blue curve) andalso
maxima(greencurve). The extremalsurface(heavy blue curves)appearsto have a
junctionbut is actuallycomposedof two manifoldcomponents.Usingthebest-�tting
planeto determinethe vector �eld ~n, asde�ned for the MLS surfacein Equation1,
producesa similar structurenearthesharpcorner, but thesomewhat largerpictureis
complicatedby singularitiesin thevector�eld.

They prove that g(x) is a smoothfunction on any domainon
which~n is well-de�ned everywhere,andthereforethat thesurface



Figure6: Surfelsdistributedonapartof theextremalsurfaceof Figure8 wherethe
optimaldirectionn(x) at a surfacepoint x is very differentfrom thesurfacenormalat
x. On theleft, thesurfelsareorientedby n(x), andon theright by thesurfacenormal.

g(x) = 0 is a manifold on the domain,assumingit avoids critical
pointsof g. They arguethat it does,generically(meaningthat if
g(x) = 0 doescontaina critical point of g, a smallperturbationof
theinput �x estheproblem).

Justconsideringadomainwithin whichthevector�eld ~n is well-
de�ned neatlyavoids the singularitiesfound in higherdimensions
with Jacobisurfaces. Medioni et al. pointedout [2000] that in
a similar context thereis an implicit surfaceassociatedwith any
extremalsurface.We considera domainU � IR3 within which not
only is n alwaysde�ned, but it alsoallows a consistentorientation,
meaningthatadoptingthis orientationproducesa smoothoriented
vector�eld ~n. Sinceapointof theextremalsurfaceis acritical point
of sontheline `x;n(x) , thedirectionalderivativeof sin directionn(x)
hasto bezeroat x, andwecande�ne theimplicit surface

g(x) = ~n(x) � Ñs(x) = 0

That is, at a point x of the extremalsurface,n(x) is perpendicular
to thegradientof s, andtangentto the iso-surfaces(y) = s(x), for
y 2 IR3. This is illustratedin Figure4. Although it is temptingto
assumethat the orientationof n is unnecessarysincethe zero-set
of g2(x) would bethesamewith eitherorientation,thezero-setof
g2(x) consistsentirelyof critical pointsandsomaynot bea mani-
fold, particularlywheren doesnotadmitaconsistentorientation.

Usingourmoregeneralformulationof extremalsurfaces,which
includestheMLS surface,wecande�ne thesurface

g(x) = ~n(x) � Ñy e(y;~n(x)) jx) = 0

whereÑye(y;~n(x)) jx is thegradientof e asa functionof y, keeping
n(x) �x ed,andthenevaluatedat x.

Any of theseiso-surfacearemanifoldsover the domainU, so
long asthey avoid critical pointsof g, which they do generically.
Noticethatapointx ononeof theiso-surfacesmightbeamaximum
on `x;n(x) ratherthana minimum. Taking only the minima, as in
the MLS surfacede�nition, might further eliminatepartsof each
surface,asin Figure5, wherethe part which is eliminatedindeed
shouldnotbeincludedin thepoint-setsurface.

Wesummarizeasfollows.

Observation 2 TheMLSsurface, within a domainwheren is well-
de�nedandadmitsa consistentorientation,is, generically, a subset
of a manifold.

Thisseemsto contradictourexperience,for instancewhentheinput
points comefrom surfaceswith sharpcorners,in the vicinity of
which two sheetsof the MLS surfaceseemto collapseinto one.
LookingFigure5,however, weseethatthatjustbeforetheapparent

junctureone of the sheetsendsat a boundarywherethe critical
pointson `x;n(x) switchfrom minimato maxima.

Describinganextremalsurfaceasasubsetof aniso-surfacegives
ananalyticexpressionfor its normal.In thecaseof theMLS surface
this formula includesthe derivatives of the weightsand is rather
complicated.Notethatin generalthesurfacenormalat a point x is
differentfrom thedirectionn(x); seeFigure 6.

6 Finding surface points

At leasttwo differentproceduresfor takingarbitrarypointsin IR3

to theMLS surfacehave beenproposed.Theprojectionprocedure
given by Levin [Levin 2003], basedon the de�nition above, was
usedin theseminalpaper[Alexaetal.2003].A somewhatdifferent
procedure,designedsoasto avoid numericaloptimization,is used
in PointShop[Zwicker et al. 2002]. In this sectionwe give another
simpleprocedurefor generatingsurfacepoints.

Wealsogiveasimpleproofof correctness.Neitherof theearlier
procedureswererigorouslyprovedcorrect,andinterestinglyupon
very closeexaminationneitherof themactuallyproducesa point
on the MLS surface,althoughin practicethe error is negligible.
We discussthe technicaldif�culties with theseproceduresin Ap-
pendixA.
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Figure7: Diagramof theprocessfor takingapoint to anextremalsurface.Pointx1

movesto a local minimumon the line `x1;n(x1) , representedby thepoint at which the
dashedlinesmeet.Thisbecomesx2. Whentheprocessconverges,xn liesonS.

Our processfor taking a point onto the extremalsurfaceS im-
pliedby n ande is illustratedin Figure7. At eachiteration,we �nd
n(xi) andconsiderthe line `xi ;n(xi ) . We searchfor a nearbylocal
minimum of e(y;n(xi)) over the sety 2 `xi ;n(xi ) . The nearestlocal
minimum becomesxi+ 1. Notice that as long asresettingn(xi+ 1)
at eachnew point doesnot increasee, theenergy decreasesat ev-
ery stepsothat this processis likely to converge. Theenergy does
indeeddecreasefor the MLS function and also for any function
e(x;a) = s(x) whichdoesnotdependon thedirectionparameter.

Claim 3 If the procedure above converges,it producesa point of
S.

Proof: At convergence,repeatingthe procedurefor xn produces
thesamepointxn. Sincexn is a localminimumof e(y;n(xn)) within
y 2 `xn;n(xn) , thismeansthatxn 2 Saccordingto De�nition 1. 2

7 Point-set surface for surfels

Now we de�ne a point-setsurfacewhich takes as input a set of
surfelsratherthana point cloud. Normalsareoftenavailable,and
usingsurfelsratherthanpointsmakes the surfacemorerobust in
the faceof both undersamplingandof irregularitiesin the distri-
bution of samples;seeFigure8. Our input surfelsarerepresented
aspoint-directionpairs (pi ;ai). Following the intuition that n(x)



Figure8: From left to right, a sparsesetof surfelsde�ning a chess-piece.Next, we take a 3D grid of pointsonto the surfaceusingour point-setsurface(with c = 0). In the
center, we �nd that thepointsdo indeedgo to a two-dimensionalsurface.TheMLS surface,asimplementedin PointShop,hastroubleon this example.Without usingthenormal
information,theverysparse,non-uniformdistributionof pointsmakestheMLS energy functiongiveverygoodscoresto theplanesthroughtheverticalrowsof points;weshow the
grid pointsasprojectedby MLS. Finally, at thefar right, thecompletesurfaceproducedby ourpoint-setsurface.

shouldfollow the surfacenormalat the nearestsurfacepoint to x,
we computen asa weightedcombinationof thenearbysurfelnor-
mals.If wehaveorientednormals,wecantakeavectoraverage.

n(x) = å
i

ai qN(x; pi)

where

qN(x; pi) =
e� d2(x;pi )=h2

å j e� d2(x;p j )=h2

is anormalizedGaussianweightingfunction.
If thesurfelshave unorientednormals,we insteadusetheprin-

cipal componentof the normalvectors,again weightedby q; this
is the directionof the line throughx which is the weightedleast-
squaresbest�t to thevectors,andit canbecomputedastheeigen-
vectorof largesteigenvalueof the3� 3 covariancematrixB where

b jk = å
i

qN(x; pi) ai; j ai;k 8 j;k = f 1;2;3g

andthe(x;y;z) coordinatesof vectorai are(ai;1;ai;2;ai;3). This is
not quiteasef�cient asthevectoraverage,but in eithercasecom-
putingn(x) is fasterthanminimizinge.

Ourintuition is thateis anestimateof unsignedsquareddistance
function,basedon surfel positionandnormal. We de�ne the dis-
tanceof x from a surfelasa Mahalanobisdistance(like Euclidean
distancebut with elliptical ratherthansphericalunit ball), where
distancein directionai is emphasizedoverdirectionsperpendicular
to ai .

dM(pi ;ai ;x) = h(x� pi);ai i
2 + c jj (x� pi) � h(x� pi);ai i ai jj2

With thescalingfactorc = 1 we have theEuclideandistancefrom
x to pi , andwith c = 0 we have thesquareddistancefrom x to the
planethroughpi normalto ai . Figure 9 showstheeffectof different
choicesof theparameterc. Finally wede�ne

e(x;a) = e(x) = å
i

dM(pi ;ai ;x)qN(x; pi)

We implementedtheprocedurefor takingpointsin spaceto this
extremal surfaceas part of a plug-in for PointShop. To �nd the

Figure9: Thepoint-setsurfaceproducedby six surfels.Theconstantc in theenergy
functionis oneat theuppercenter, thenhalvedfor eachsuccessive image,and�nally
zeroat thelower right.

minimumof eon theline `x;n(x) , wede�ne q = x+ t n(x), andmin-
imizee(q) asafunctionof t . Weusedanimplementationof Brent's
methodfor this one-dimensionalnon-linearoptimizationfrom Nu-
merical Recipesin C [1992], similar to Alexa et.al. [2003]. For
ef�ciency, we usedPointShop's kd-treeto �nd nearbysurfels,and
usedcontributionsonly from thenearest30.

UsingqN insteadof q is importantsincewith thesimpleGaus-
sian the energy would be effectively zero far from the surface.
Whenthe Gaussianweight on every point is numericallyzerowe
cannotcomputeqN. In that casewe let qN be onefor the nearest
surfelandzerofor all others,which is nearlycorrect.

Our implementation allows input surfels to have variable
weights,so that we can vary their distribution on the surface,as
in Figure1. This is implementedby storinga separateweight hi
with eachsurfel.

qN(x; pi) =
e� d2(x;pi )=h2

i

å j e� d2(x;p j )=h2
j



Figure10: Usingoursurfelpoint-setsurfacede�nition to �ll in asetof samplesfor
rendering.The input datais thevertex setof a polygonalmodel. We producedmore
surfelsby generatinga cloudof new pointsandtakingthenew (blue)pointsonto the
surfaceimpliedby theinput(white)surfelcloud.Below, PointShop'srenderingsof the
originalandthe�lled-in setof surfels.

A dense,uniformpointsamplefrom anaturalsurfaceinherently
containsgood normal information, so using surfels is not really
helpful with suchdata.To checktheef�ciency of our implementa-
tion, however, we usedit to �ll in thesurfaceof a denselysampled
model,a typical applicationfor point-setsurfaces.Theresultsare
shown in Figure10. Wefoundthateventhoughweuseanon-linear
optimization,we arelessthantwice asslow astheMLS projection
heuristicimplementedin the ScanTools plugin in PointShop.We
took a cloud of 77,428surfelsonto the extremal surfaceimplied
by an input cloud, alsoconsistingof of 77,428surfels,in 16 sec-
onds,while PointShop's procedure(alsowithout usingthesecond
polynomialapproximationstep)required9 seconds.

8 Discussion

Many questionsabouttheMLS surfaceandotherextremalsurfaces
remain.

In practice,themainquestionis whichextremalsurfaces,if any,
aregoodchoicesfor solving speci�c modelingproblems.For in-
stance,surfacereconstructionfrom noisylaserrangedataseemsto
requireasurfacede�nition which incorporatesinformationsuchas
normals,scandirection,anda gooderrormodel,with lessempha-
sison performance.Is therea goodextremalsurfacesolution,and
whatcomputationalmethodsareappropriatein thiscase?

Theredoesnotyetseemto beanidealwayto �nd thevector�eld
n inducedby aninput point cloud. Thevector�eld n producedby
the MLS energy functionhassingularitiesquite closeto the point
cloud,whichmakesit dif�cult to work with. Onepossibilitymight
be to assignapproximatenormalsat the input pointsusingMLS,
andthenusethe resultingsurfelsasinput to our point-setsurface

de�nition, but theremaybesimpleror morerobustapproaches.
Therearemany issuesto beresolvedwith respectto procedures

for takingpointsin spaceto anextremalsurface. Despitethe the-
oretical problemswith both Levin's original procedureand with
theheuristicusedin PointShop,bothmethodshaveadvantagesthat
oursdoesnot: theprojectionideais very elegant,while theheuris-
tic is ef�cient. The new projectionprocedurein the �nal version
of Levin's paper[Levin 2003]couldbeappliedwith any extremal
surface,andmaybeusefulin practice.

While the iso-surfacede�nition of anextremalsurfacegivesan
expressionfor thenormal,it is oftencomplicated,sinceit includes
thederivativesof theweightfunctions.Are thereextremalsurfaces
for which thenormalshave a particularlysimpleform? Or is there
someway to usea simplerimplicit function,suchasthatproposed
by AdamsonandAlexa, without includingpartssuchasthegreen
curve in Figure5?

Finally, it would be good to prove connectionsbetweensome
extremal surfaceand the real surfacesfrom which point samples
aretaken. Underwhatsamplingconditionscanwe guaranteethat
theextremalsurfacede�ned by asamplepointcloudis everywhere
closeto theoriginal surface?Underwhatconditionscanwe guar-
anteethatthereis anisotropy betweenthem?
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A Appendix - Projection procedures

Interestingly, two proceduresdescribedin theliteraturefor produc-
ing pointson theMLS surfacebothoutputpointsverynear, but not
actuallyon, the surface,for almostall inputs. While theseproce-
duresobviouslywork well in practice,it seemsimportantto recog-
nizethesesubtletiesin theeffort to developa goodtheoryof MLS
andotherextremalsurfaces.In thisappendixwediscussthetechni-
cal problemswith theseprocedures.As a concreteway of showing
whatgoeswrong,we includea Mathematica�le assupplementary
materialwith this paper, giving an exampleof applyingboth pro-
ceduresto a genericpoint r in spaceandobservingthat indeedthe
resultingpointx doesnotmeetthede�nition of apointon theMLS
surface.

Sincethestationarypointsof Levin's projectionfunction f , de-
scribedin Section2 arede�ned to be the pointsof the MLS sur-
face,we know that if we iteratetheprocedureand�nd that it con-
vergesto a point x, thenx 2 S. An early argumentof Levin's (in
the manuscriptversionof his paper)suggestedthat one iteration
suf�ces, thatis that f (r) 2 Sfor any r. While thisseemsveryplau-
sible,in factthereis a subtleproblem,speci�cally in thefollowing
proposition,which turnsout to be false: that for any y on the line
segmentconnectingr andx = f (r), we alsohave f (y) = x. The
actualsituationis shown in Figure11.

Recall that in the projectionprocedurewe �nd x by �nding a
pair (x;a) which is a localminimumof e over thesetJr . Thestate-
mentthat f (r) = x seemsplausiblebecauseif we wantto compute
f (y) weconsiderthesetJy, and(x;a) certainlybelongsto Jy andof

S f(r)

f(y)

r

y

Figure11: Function f is describedin Section2. We noteherethat it is generally
thecasethat f (y) 6= f (r) for apoint y on theline segmentconnectingr with f (r).

coursetheenergy valuee(x;a) is thesamein bothJy andJr . The
problemis thate(x;a) is notnecessarilyaminimumin Jy; theneigh-
borhoodof (x;a) in Jy is differentfrom theneighborhoodof (x;a)
in Jr , andelements(x0;a0) in theneighborhoodof (x;a) in Jy, not
belongingto Jr , may(andgenerallydo) have a lower valuesof the
energy function e. We cannotclaim, “e(x;a) is a minimum in Jr ,
(x;a) belongsto Jy, thereforee(x;a) is aminimumin Jy.”

In PointShop,Pauly [Pauly 2003] describesdifferent iterative
procedure,illustratedin Figure12. In thisprocedure,webegin with

r

x1

x2

c1

Hx1

Figure12: Pauly's procedure:the pointsof P areweightedby a
guessxi , andthe total-least-squaresbest-�tting planeHxi , passing
throughtheweightedcentroidc, is computed.Thenew guessxi+ 1
is theprojectionof r ontoHxi .

anestimatedprojectionpoint x1 for r. We usex1 to assignweights
q(x; pi) to the points pi of the input point cloud P. We then�nd
thetotal-least-squaresbest-�t planeHx1 to theweightedsetP; no-
tice thatalthoughHx1 passesthroughthecentroidc of theweighted
point cloudP, in generalit doesnot passthroughx1. We projectr
ontoHx1, giving anew estimateof theprojectionx2, andweiterate.
If thisprocedureconverges(which it doesvery reliably),weoutput
the resultingpoint x. This procedurehasthedistinctadvantageof
requiringnonon-linearoptimization.

For mostr, however, theoutputpointx is notapointof theMLS
surfaceS. Again, it is temptingto think so: at convergencex 2 Hx,
andthenormalto Hx is indeedn(x) asde�ned by theMLS energy
function. And sinceHx is thetotal-least-squaresbest-�t plane,x is
a localminimum,alongtheline `x;n(x) , of theenergy function

e0(y;a) = å
i

(ha; pi i � ha;yi )2 q(x; pi)

Notice that the weights on the points are �x ed in e0, while for
eMLS they vary with y; so e0 is not preciselythe samefunction
as eMLS. It is certainly true that at the point of convergencex,
e0(x;a) = eMLS(x;a). But we cannotclaim that, “Since (x;a) is
a local minimumof e0(y;n(x)) on `x;n(x) , ande0(x;a) = eMLS(x;a),
therefore(x;a) is a local minimum of eMLS(y;n(x)) on `x;a.” The
two differentfunctionsgenerallyhave very slightly differentmin-
ima.


