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Abstract

The MLS surface[Levin 2003], usedfor modelingandrendering
with pointclouds,wasoriginally de ned algorithmicallyastheout-
put of a particularmeshlessonstruction.We give a new explicit
de nition in termsof the critical points of an enegy function on
linesdeterminedby a vector eld. This de nition revealsconnec-
tionsto researchn computervision andcomputationatopology

Variantsof the MLS surfacecanbecreatedyy varyingthevector
eld andthe enepgy function. As an example,we de ne a simi-
lar surfacedeterminedy a cloud of surfels(pointsequippedwith
normals) ratherthanpoints.

We alsoobsenre thatsomeprocedureslescribedn theliterature
to take pointsin spaceontothe MLS surfacefail to do so,andwe
describea simpleiterative proceduravhich does.

1 Intro duction

Becauseof improved technologiesfor capturingpoints from the
surfacesof realobjectsandbecausémprovementsn graphicshard-
warenow allow usto handlelargenumbersof primitives,modeling
surfaceswith cloudsof pointsis becomingfeasible. This is in-
teresting sinceconstructingneshesndmaintainingthemthrough
deformationgequiresa lot of computation.It is usefulto be able
to de ne atwo-dimensionasurfaceimplied by a point cloud. Such
point-setsurfacesareusedfor interpolation,shadingmeshingand
soon.

David Levin'sMLS surface[Levin 2003]hasprovedto beavery
usefulexampleof a point-setsurface. Levin de ned the MLS sur
faceasthe stationarypointsof a map f, sothatx belongsto the
MLS surfaceexactlywhen f(x) = x. Thisde nition is usefulbut it
doesnot give muchinsightinto the propertiesof the surface.

In Section2 we give a moreexplicit de nition of the MLS sur
face basednanenepgy functione andanvector eld n. Changing
e andn produceothersimilar surfaces;we call themall, including
the MLS surface,extremalsurfaces

As we discusdn Section4, extremalsurfacesarenot nev. The
nameis adoptedfrom Medioni and co-authorg2000], who used
themfor surface extraction from very noisy point clouds,among
other applicationsin computervision. Their de nition hasto be
extendedslightly in orderto includethe MLS surface,but theidea
is essentiallythe same. Edelsbrunneand Harer [to appear]have
recentlydescribedlacobi surfaces which are also closelyrelated
andwhich have strongemathematicaproperties.

AdamsonandAlexa [2003a]describeanimplicit surfacewhich
is auseful“relative” of theMLS surface.Thisraiseghequestiorof
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the relationshipof extremalsurfacesandimplicit surfaces.As we
discussin Section5, thereis animplicit surfacecontainingevery
extremal surface, including the MLS surface. This can be quite
useful,particularlyfor de ning normalsprecisely

Figure 1: An exampleof an extremalpoint-setsurfacewhich takessurfels, rather
thanpointsasinput. The sparseandnon-uniformlydistributedsetof weightedsurfels
ontheleft impliesthesurfaceon theright.

As an example of anotherextremal surface construction,we
describein Section7 a point-setsurfacefor surfels input points
equippedwith normals. Normalsare availablewhen corverting a
modelfrom a meshor implicit surfaceto a point cloud, andthey
aregenerallycomputedaspart of the procesof cleaningup point
cloudsproducedy laserrangescanner®r other3D capturetech-
nologies. Figure 1 shavs an exampleof our point-setsurfacefor
surfels.

MLS surfaceshave beenusedwidely in the lastfew years.The
seminalgraphicspaper[Alexa et al. 2003] usingthe MLS surface
for point-setmodelingandrenderingwasfollowedby work on pro-
gressie MLS surfaceqFleishmaretal. 2003],ray-tracing/Adam-
sonandAlexa 2003b],andsurfacereconstructiorfXie etal. 2003;
Mederoset al. 2003]. The MLS surfaceis usedin severalfeatures
of PointShop3D, an excellentopen-sourcgoint-cloudmanipula-
tion tool [Zwicker et al. 2002; Pauly et al. 2003]. We have used
PointShopasourimplementatiorplatform.

Thesepapersdescribetwo slightly differentproceduregor tak-
ing a pointx in the neighborhoodf the point cloud ontothe MLS
surface,one which rst appearedn an earlier widely circulated
manuscriptversionof Levin's paper anda moreef cient “linear”
versionusedin PointShop.Neitherprocedureactuallyproducesa
pointof the MLS surface.We give a simpleprocedurevhich does,
togetherwith a shortproof, in Section6, andwe discussthe the-
oreticalproblemswith the earlierproceduresn AppendixA. The

nal versionof Levin's paperon the MLS surface[Levin 2003]
(currentlyavailableon his Web site) containsa new projectionpro-
ceduredifferentfrom ours,which alsoproducegointson the sur



face.

2 Surface de nition

We begin with the now-standardde nition of the MLS surface,
givenin the early manuscriptof Levin's paperand usedin a va-
riety of contexts asmentionedabove. The MLS surfacefor a point
cloudP IR3 is de ned asthe setof stationarypointsof a certain
function f : IR3! IR3. An optionalpolynomial tting step,which
we omit here,canbeappliedafterthemapf.

Figure2: TheMLS enepgy functioney s(a;t) sumsuptheweighteddistancegrom
the x edinputpointsin P to theplanewith normala throughthe pointx= r + at. The
weightonaninputpoint p; 2 P, denotechereby its shadeof grey, is afunctionof the
distancefrom p; to x.

Givenaninput pointcloud P anda pointr in aneighborhoodf
P, theenepy of the planewith normala passinghroughthe point
X = r+ ta, wheret is thedistancefrom r to the plane,is de ned to
be:
evs(&t) = & (hypi  heyr+tai)? g(p+ ta; py)
piZP

wheretheweightingfunction g is ary monotonicfunction,usually
aGaussian:
d?(x_pj)
ax;p)=e

Hereh is a constantscalefactor andd() is the usual Euclidean
distancebetweenpoints. SeeFigure2. The enegy measureshe
quality of the t of theplaneto P, wherep; 2 P is weightedby its
distancdrom x = r + ta.

Thelocal minimaof this enepy function,over S IR (S? isthe
spaceof directions the ordinarytwo-sphere)occuratadiscreteset
of inputs(a;t), eachcorrespondingo a pointx = r + ta. Of these,
f(r) isde nedto bethex nearesto r. Thestationarypointsof this
map f formthe MLS surface.

We cangetsomeadditionalinsightinto this enegy function by
restatingit usingdifferentnotation. First, we write it asa function
of @ andthe point x = r + tq, ratherthan as a function of a and
t. Second,we notice that the plane and the weightsdetermined
by the parametergx;a) arethe sameasthosedeterminedby the
parametergx; &), sowe canwrite ey s asafunctionof x andan
unorienteddirectionvectora. This givesus:

he;xi)? q(x; pi)

ewis(xa) = Q (e pi
piZP

(althoughthe inner productis not de ned for unorienteddirection
vectors,we usethis notationsince we can evaluatethe function
usingeitheraor aandgetthesameresult).In this new form, the
domainof the functionis now IR IP2, wherelP? (the projective
two-sphere)s the spaceof unorienteddirections. Thenew notation
malesit clearthatey s(x; @) is independenof r, which will help
us nd anon-algorithmiccharacterizationf the pointsof the MLS
surfacein thefollowing section.

The procedurgor computingf(r), describedabove, minimizes
emLs(®;t) over the three-dimensionalomainS?  IR. Therefore
using the new notationwe do not minimize over all of the ve-
dimensionabomainIR3  IP?, but over athree-dimensionalubset;
the setJ; of values(x;a) suchthatx = r + ta for somet 2 IR and
orientationa of a. This meanshatin J, every pointx 2 IR3 other
thanr is pairedwith the directiona of theline throughx andr; the
singularpointr is pairedwith all directionsa. Differentvaluesof r
producedifferentvaluesof f(r) becauseachchoiceof r impliesa
differentdomainJ; overwhich ey s is minimized.

3 Explicit de nition and generalization

Now we wantto give anexplicit versionof the MLS surfacede ni-
tion. We begin by de ning an(unoriented)ector eld:

n(x) = argmin, evLs(x; a) 1)

This is the normalto the planethroughx 2 IR® which is a local

best- t to the point cloud P. Since xing x x esthe weights,the
enepy functionis a quadraticunctionof a andthe minimal direc-
tion is usually unique. It canbe found ef ciently asthe smallest
eigervalue of a three-by-threamatrix [Alexa et al. 2003]. Where
therearetwo or threesmallesteigemvalues,n is not well-de ned.

The setsof pointswith multiple smallestkeigervaluesform surfaces
whichdivide spacento regions,within eachof which nis asmooth
functionof x.

S \ \\@ eus(yn(x)

()

Figure3: To seeif apointx belongsto the MLS surface,we considerey, s on the
line “ynx. Keepingn(x) x ed,we varyy alongtheline. If y= xis alocal minimum
of emLs(Y; N(X)) , thenx belongsto the MLS surface.Usingdifferentfunctionsfor n(x)
ande(x; a) givesvariantsof theconstructionyvhich we call extremalsurfaces

Now we give an explicit characterizatiorof the MLS surface;
in effect, we describehow to recognizewhethera point x 2 IR3
belongsto the MLS surface. This characterizatioris illustratedin
Figure3. Let "y betheline throughx with directionn(x). We
adoptthe notationarglocalmin, to referto the setof inputsy pro-
ducinglocal minimaof afunctionof variabley.

Claim 1 TheMLSsurfaceconsistof thepointsx for which n(x) is
well-de ned,andfor which

x2 arglocalmin,:  emis(y;n(x)

Proof : First we aguethat every x on the MLS surfacehasthis
property Sucha point correspondgo a pair (x;a) whichis a lo-
cal minimumin its own setJx. The setA = f(x;a)g, wherex is
x edanda rangesover all possibledirections,is a subsebf Jy, so
(x;n(x)) is alocalminimumin A. Sincen(x) is well de ned, n(x) is
the uniqueglobalminimumin A andwe have a= n(x). Thesetof
pairsL = f(y;n(x)) jy2 ‘x;n(x)g is alsoa subsebf Jy, so(x;n(x))
is alsoalocal minimumin L.

Now we wantto shav thatarny x which hasthe propertyin the
Claim belongsto the MLS surface.We needthereforeto shav that
(x;n(x)) is alocalminimumof ey g in thesetJy.



Considerary directionm & n(x). Sincen(x) is de ned asthe
direction producingthe uniqueminimum over all pairs(x;a), we
have ey s(X;m) > emLs(X;n(X)). Thefunctioney s is continuous,
so there is somedistancee(m) suchthat for all y 2 "y, with
d(xy) < e(m), we have ey s(y;m) > emis(x;n(x)). Also thereis
somee(n(x)) suchthatfor all y 2 ", with d(xy) < e(n(X)),
emLs(Y; n(x)) > emrs(x;n(x)). Let e bethe minimumof e(a) over
all directionsin a2 IP2. Then(x;n(x)) is alocal minimumin the
subsebf Jx consistingof pairs(y; a) with d(x;y) < e. 2

We cangeneralizahe MLS constructiorby consideringalterna-
tivesfor the two functionsn andeys. We canuseary function
n(x) to assigndirectionsto pointsin spaceandary functione(x; a)
to specifythe enegy of elementsf IR®  IP2. Thereis no reason
why thede nition of n hasto berelatedto thede nition of e, asit
is for the MLS surface.We de ne anextremalsurfaceasfollows.

De nition 1 For anyfunctionsn:IR3! IPZande: IR® P! IR,
let

S=fxjx2 arglocalmiryz‘x_n(x) ey;n(x)g

betheextremalsurfaceof n ande.

4 Extremal surface literature

Not surprisingly the idea of extremal surfacesis not new. Guy
andMedioni[1997]andMedioni, LeeandTang[2000] de ned ex-
tremalsurfaces usingfunctionsn: IR® ! IP? ands: IR®! IR, to
de ne thesetfxj x2 arglocalmiqg\xm(x) s(y)g. Ourde nition is a

alittle moregeneralthantheirsin thattheir functions(x) = e(x; a)
doesnot requirethe parameter. In a seriesof papersthey used
extremal surfacesfor (amongotherthings) surfacereconstruction
from very noisy point clouds. Their functionsn ands aredifferent
from the MLS enepy function, and require completelydifferent
computationatechniques.They represent ands simultaneously
with atensorandusetensormperationgo smooththem. Thistensor
voting is performedon a voxel grid. The extremalsurfaceis then
extractedfrom the grid with the marchingcubesalgorithm. Most
of theirwork focusesn the dif cult problemof designingof good
tensorfunctions.

EdelsbrunneandHarer{to appearHe ne Jacobisurfacesn IRY.
To keepthis discussiorsimple,we give their de nition for thespe-
cial caseof two-surfacesin IR3. Theinputis threeMorsefunctions
f1(X); f2(%); fa(X) (intuitively, a Morsefunctionis onewhoseiso-
surfacesaregeneric;it is everywheretwice-differentiablejts Hes-
sianmatrix is everywherenon-singularandno two critical points
have the samefunctionvalue). Jacobisurfacesare symmetricwith
respecto theorderof theinput functions,sothatfor instancef we
exchangef; and f3, we getthe sameJacobisurface.

Theintersectionf the level setsof f; and f, divide IR into a
family of curves. TheJacobsurfaceSis de ned asthesetof critical
pointsof f3 over eachof thesecurves. Every pointx 2 IR3 belongs
to onesuchcurve, andwe let n(x) be the tangentdirection. Every
critical pointq of f3 onthecurvecontainingxis acritical pointof f3
on thetangentiine ", aswell, sothisis similar to an extremal
surfacewith f3(x) = s(x). The main differenceis thatall critical
points,ratherthanjustminima,aretaken. Anotherdifferences that
pointsatwhich n is unde ned(becausgheintersectiorof thelevel
setsconsistof asinglepointinsteadof a curwe) areincludedin the
Jacobisurface(this is relatedto the symmetryof thede nition).

With these points included as part of the surface, it seems
likely thatthesesingularitiesin thevector eld n mightcausenon-
manifold singularitiesn the surfaces, for instancepointsat which
multiple sheetsof surfacecometogether EdelsbrunneandHarer
shaw, however, that a Jacobitwo-suricein IR3 is genericallya

manifold. This doesnotextendto higherdimensionsfor instancea
Jacobi3-surcein IR* canbe genericallynon-manifold,indeedat
thesingularpointsatwhich n would beunde ned. They prove that
Jacobik-surfacesin IRY, for d > 2k 2, are manifolds,and they
give a robust algorithm for extracting Jacobisurfacesfrom func-
tionsgivenon atetrahedraimesh.

5 Implicit and extremal surfaces

AdamsorandAlexa[2003a]de ned animplicit surfacewhichthey
usedfor ray-tracinginsteadof the MLS surface. Their surfacehas
theform

g =n(x) (a(x) x=0

wheren(x) is anorientedvector eld anda(x) is thecenterof mass
of theinputpoint cloud P asweightedby x.
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Figure 4: streamlineqred) of a vector eld n(x), andiso-contours(blue) of an
enegy functions(x). Theheavy blueline is the extremalsurfacedeterminedy n and
s, runningneatlyalongthe “valley” in the enegy landscapendpassinghroughthe
minimaof s. The streamline®f n andthe iso-contourof s aretangentat the surface
points. Heren ands werecomputedusingthe point-setsurfacefor surfelsintroduced
in Section7; the input surfelsare shovn as black diamondswith the long diagonal
pointedin thedirectionof thesurfelnormal.

Figure 5: The red streamlinesndicatea constantvector eld f. The blue iso-
contoursshav anenepy functions again determinedy the setof input surfels(black
diamonds) heremeetingat a sharpcorner Therearetwo valleys in the enegy land-
scapemeetingto form a third valley. The implicit surlaceg(x) = A(x) Ns(x) = 0
includesboth minimain the extremal surfacede nition (heary blue cure) andalso
maxima(greencurwe). The extremal surface (heary blue curves)appeardo have a
junctionbut is actuallycomposedf two manifold componentsUsing the best- tting
planeto determinethe vector eld s, asde ned for the MLS surfacein Equationl,
producesa similar structurenearthe sharpcorner but the somavhatlarger pictureis
complicatedoy singularitiesin thevector eld.

They prove that g(x) is a smoothfunction on ary domainon
whichs is well-de ned everywhere andthereforethatthe surface



Figure6: Surfelsdistributedon a partof the extremalsurfaceof Figure8 wherethe
optimaldirectionn(x) ata surfacepointx is very differentfrom the surfacenormalat
x. Ontheleft, the surfelsareorientedby n(x), andon theright by the surfacenormal.

g(x) = 0 is a manifold on the domain,assumingt avoids critical
pointsof g. They amuethatit does,generically(meaningthat if
g(x) = 0 doescontaina critical point of g, a small perturbatiorof
theinput x estheproblem).

Justconsideringadomainwithin whichthevector eld faiswell-
de ned neatlyavoids the singularitiesfound in higherdimensions
with Jacobisurfaces. Medioni et al. pointed out [2000] that in
a similar contet thereis an implicit surfaceassociatedvith ary
extremalsurface.We consideradomainU  IR® within which not
only is n alwaysde ned, but it alsoallows a consistenbrientation,
meaningthatadoptingthis orientationproduces smoothoriented
vector eld f. Sinceapointof theextremalsurfaceis acritical point
of sontheline "y, thedirectionalderivative of sin directionn(x)
hasto bezeroatx, andwe cande ne theimplicit surface

909 = A(x) Ns(x) =0

Thatis, at a point x of the extremalsurface,n(x) is perpendicular
to the gradientof s, andtangentto theiso-surhces(y) = s(x), for
y2 IR3. Thisis illustratedin Figure4. Althoughit is temptingto
assumehat the orientationof n is unnecessargincethe zero-set
of g2(x) would be the samewith eitherorientation the zero-sebf
g?(x) consistsentirely of critical pointsandso may not be a mani-
fold, particularlywheren doesnotadmita consistenbrientation.

Usingour moregeneraformulationof extremalsurfaceswhich
includesthe MLS surface we cande ne thesurface

909 =09 Ny e(y:a(x))jx) = 0

whereKIye(y,1°1(x))jX is thegradientof e asafunctionof y, keeping
n(x) x ed,andthenevaluatedatx.

Any of theseiso-surhiceare manifoldsover the domainU, so
long asthey avoid critical pointsof g, which they do generically
Noticethatapointx ononeof theiso-surbcesmightbeamaximum
0N “yxn(x ratherthana minimum. Taking only the minima, asin
the MLS surfacede nition, might further eliminate partsof each
surface,asin Figure5, wherethe partwhich is eliminatedindeed
shouldnotbeincludedin the point-setsurface.

We summarizeasfollows.

Obsewvation 2 TheMLSsurface within adomainwheenis well-
de nedandadmitsa consistenorientation,is, generically a subset
of a manifold.

Thisseemdo contradictourexperiencefor instancevhentheinput
points comefrom surfaceswith sharpcorners,in the vicinity of
which two sheetsof the MLS surface seemto collapseinto one.
Looking Figure5, however, we seethatthatjustbeforetheapparent

juncture one of the sheetsendsat a boundarywhere the critical
pointson .y switchfrom minimato maxima.

Describinganextremalsurfaceasasubsebf aniso-suricegives
ananalyticexpressiorfor its normal.In thecaseof theMLS surface
this formula includesthe derivatives of the weightsand is rather
complicated Notethatin generakhe surfacenormalata pointx is
differentfrom thedirectionn(x); seeFigure 6.

6 Finding surface points

At leasttwo differentproceduresor taking arbitrary pointsin IR3
to the MLS surfacehave beenproposed.The projectionprocedure
given by Levin [Levin 2003], basedon the de nition above, was
usedin theseminalpapeifAlexaetal. 2003]. A somavhatdifferent
proceduredesignedso asto avoid numericaloptimization,is used
in PointShogZwicker etal. 2002]. In this sectionwe give another
simpleprocedurdor generatingsurfacepoints.

We alsogive asimpleproof of correctnessNeitherof theearlier
proceduresvererigorously proved correct,andinterestinglyupon
very closeexaminationneitherof themactually producesa point
on the MLS surface, althoughin practicethe error is negligible.
We discussthe technicaldif culties with theseproceduresn Ap-

pendixA.

e
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Figure?: Diagramof the procesdor takinga pointto anextremalsurface.Pointx;
movesto alocal minimumon theline ‘X1¢“(X1)' representedy the point at which the
dashedinesmeet.This becomes,. Whenthe processonverges x, lieson S,

Our procesdor taking a point onto the extremal surfaceS im-
pliedby n andeis illustratedin Figure7. At eachiteration,we nd
n(x;) andconsidertheline "y ). We searchfor a nearbylocal
minimumof e(y;n(x;)) overthesety 2 ", ). Thenearestocal

minimum becomess;, 1. Notice that aslong asresettingn(x;+ 1)

at eachnew point doesnot increasee, the enegy decreaseat ev-

ery stepsothatthis processs likely to corverge. The enegy does
indeeddecreasdor the MLS function and also for ary function
e(x;a) = s(x) which doesnotdependnthedirectionparameter

Claim 3 If the procedue above corverges, it producesa point of
S

Proof: At corvergence,repeatingthe procedurefor x, produces
thesamepointx,. Sincex, is alocalminimumof e(y; n(xn)) within
Y2 "y.n(x,)» thismeanshatx, 2 Saccordingo De nition 1. 2

7 Point-set surface for surfels

Now we de ne a point-setsurface which takes as input a set of
surfelsratherthana point cloud. Normalsare often available,and
using surfelsratherthan points makesthe surfacemore robustin
the faceof both undersamplingand of irregularitiesin the distri-
bution of samplesseeFigure8. Ourinput surfelsarerepresented
as point-directionpairs (pj; ). Following the intuition that n(x)



Figure 8: From left to right, a sparsesetof surfelsde ning a chess-pieceNext, we take a 3D grid of pointsonto the surfaceusing our point-setsurface(with ¢ = 0). In the
centerwe nd thatthe pointsdo indeedgo to a two-dimensionaburface. The MLS surface,asimplementedn PointShophastroubleon this example. Without usingthe normal
information,the very sparsenon-uniformdistribution of pointsmakesthe MLS enegy functiongive very goodscoredo the planesthroughtheverticalrows of points;we shav the
grid pointsasprojectedby MLS. Finally, atthefarright, the completesurfaceproduceddy our point-setsurface.

shouldfollow the surfacenormalat the nearessurfacepoint to x,
we computen asa weightedcombinationof the nearbysurfelnor
mals. If we have orientednormals we cantake a vectoraverage.

n() = & a an(x p)

where
e d(xp)=h?
an(x pi) = & e Cep)F

is anormalizedGaussiamweightingfunction.

If the surfelshave unorientedhormals,we insteadusethe prin-
cipal componenbf the normalvectors,again weightedby g; this
is the direction of the line throughx which is the weightedleast-
squaredestt tothevectors,andit canbecomputedastheeigen-
vectorof largesteigervalueof the3 3 covariancematrix B where

bjk=a an(x pi) a;j aix 8;k= 1,239
I

andthe (x;y; 2) coordinatef vectora; are(a;:1;a;:2;&:3). Thisis
not quite asef cient asthevectoraveragebut in eithercasecom-
putingn(x) is fasterthanminimizing e.

Ourintuitionis thateis anestimateof unsignedsquaredlistance
function, basedon surfel positionandnormal. We de ne the dis-
tanceof x from a surfelasa Mahalanobidistance(like Euclidean
distancebut with elliptical ratherthan sphericalunit ball), where
distancan directiona; is emphasizedver directionsperpendicular
to a;.

du(piiai) = hx p)iai®+cii(x p)  hx p)aiaji®
With the scalingfactorc = 1 we have the Euclideandistancefrom
x to p;, andwith ¢ = 0 we have the squaredlistancefrom x to the

planethroughp; normalto a;. Figure 9 shavstheeffectof different
choicesof the parametec. Finally we de ne

e(xa) = () = & dm(pi;ai;X)an(x; pi)

We implementeahe proceduréor taking pointsin spaceto this
extremal surfaceas part of a plug-in for PointShop. To nd the

Figure9: Thepoint-sesurfaceproducedy six surfels. Theconstant in theenegy
functionis oneat the uppercenter thenhalved for eachsuccessie image,and nally
zeroatthelowerright.

minimumof eontheline " ., wede ne q= x+ tn(x), andmin-
imize e(q) asafunctionof t . We usedanimplementatiorof Brent's
methodfor this one-dimensionahon-linearoptimizationfrom Nu-
merical Recipesin C [1992], similar to Alexa et.al.[2003]. For
efciency, we usedPointShops kd-treeto nd nearbysurfels,and
usedcontritutionsonly from the neares80.

Using gy insteadof g is importantsincewith the simpleGaus-
sian the enegy would be effectively zero far from the surface.
Whenthe Gaussianweight on every pointis numericallyzerowe
cannotcomputeqy. In thatcasewe let gy be onefor the nearest
surfelandzerofor all otherswhichis nearlycorrect.

Our implementation allows input surfels to have variable
weights, so that we can vary their distribution on the surface,as
in Figurel. This is implementedby storing a separataveight h;
with eachsurfel.

e d0xp)=h?

XPi)= ———5
qN( pl) é]e dz(x;pj)=h]2



Figure10: usingoursurfelpoint-setsurfacede nition to Il in asetof samplegor
rendering. The input datais the vertex setof a polygonalmodel. We producedmore
surfelsby generatinga cloud of new pointsandtakingthe new (blue) pointsontothe
surfaceimplied by theinput (white) surfelcloud. Below, PointShops renderingof the
originalandthe lled-in setof surfels.

A densepniform point samplefrom a naturalsurfaceinherently
containsgood normal information, so using surfelsis not really
helpful with suchdata.To checkthe ef ciency of ourimplementa-
tion, however, we usedit to Il in the surfaceof adenselysampled
model,atypical applicationfor point-setsurfaces.Theresultsare
shavnin Figure10. We foundthateventhoughwe useanon-linear
optimization,we arelessthantwice asslow asthe MLS projection
heuristicimplementedn the Scan®ols plugin in PointShop. We
took a cloud of 77,428surfelsonto the extremal surfaceimplied
by aninput cloud, also consistingof of 77,428surfels,in 16 sec-
onds,while PointShops procedurgalsowithout usingthe second
polynomialapproximatiorstep)required9d seconds.

8 Discussion

Marny questionsboutthe MLS surfaceandotherextremalsurfaces
remain.

In practice themainquestionis which extremalsurfacesjf ary,
are good choicesfor solving speci ¢ modelingproblems. For in-
stancesurfacereconstructiorfrom noisylaserrangedataseemgo
requireasurfacede nition whichincorporatesnformationsuchas
normals,scandirection,anda gooderror model,with lessempha-
sison performancels therea goodextremalsurfacesolution,and
whatcomputationamethodsareappropriaten this case?

Theredoesnotyetseento beanidealwayto nd thevector eld
n inducedby aninput point cloud. The vector eld n produceddy
the MLS enepy function hassingularitiesquite closeto the point
cloud,which makesit dif cult to work with. Onepossibility might
be to assignapproximatenormalsat the input pointsusing MLS,
andthenusethe resultingsurfelsasinput to our point-setsurface

de nition, but theremaybe simpleror morerobustapproaches.

Therearemary issueso beresohedwith respecto procedures
for taking pointsin spaceto an extremalsurface. Despitethe the-
oretical problemswith both Levin's original procedureand with
theheuristicusedin PointShopbothmethodshave advantageshat
oursdoesnot: the projectionideais very elegant, while the heuris-
tic is efcient. The new projectionproceduren the nal version
of Levin's paper[Levin 2003] could be appliedwith ary extremal
surface,andmaybe usefulin practice.

While theiso-surficede nition of anextremalsurfacegivesan
expressiorfor the normal,it is often complicatedsinceit includes
the derivativesof theweightfunctions.Are thereextremalsurfaces
for which the normalshave a particularlysimpleform? Or is there
someway to usea simplerimplicit function, suchasthatproposed
by AdamsonandAlexa, without including partssuchasthe green
curwein Figure5?

Finally, it would be goodto prove connectionsbetweensome
extremal surface and the real surfacesfrom which point samples
aretaken. Underwhat samplingconditionscanwe guaranteghat
theextremalsurfacede ned by a samplepointcloudis everywhere
closeto the original surface?Underwhat conditionscanwe guar
anteethatthereis anisotropy betweerthem?
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A Appendix - Projection procedures

Interestingly two procedureslescribedn theliteraturefor produc-
ing pointsonthe MLS surfacebothoutputpointsvery near but not
actuallyon, the surface,for almostall inputs. While theseproce-
duresobviously work well in practice it seemsmportantto recog-
nizethesesubtletiesn the effort to developa goodtheoryof MLS
andotherextremalsurfaces.In thisappendixwve discusghetechni-
cal problemswith theseproceduresAs a concretevay of shaving
whatgoeswrong,we includea Mathematicale assupplementary
materialwith this paper giving an exampleof applyingboth pro-
ceduredo agenericpointr in spaceandobservingthatindeedthe
resultingpointx doesnot meetthede nition of apointontheMLS
surface.

Sincethe stationarypointsof Levin's projectionfunction f, de-
scribedin Section2 are de ned to be the pointsof the MLS sur
face,we know thatif we iteratethe procedureand nd thatit con-
vergesto a point x, thenx 2 S. An early agumentof Levin's (in
the manuscriptversionof his paper)suggestedhat one iteration
sufces, thatis that f(r) 2 Sfor ary r. While this seemssery plau-
sible,in factthereis a subtleproblem,speci cally in thefollowing
proposition,which turnsout to be false: thatfor ary y on theline
segmentconnectingr andx = f(r), we alsohave f(y) = x. The
actualsituationis shawvn in Figure11.

Recallthatin the projectionprocedurewe nd x by nding a
pair (x; @) whichis alocal minimumof e overthesetJ;. Thestate-
mentthat f(r) = x seemsplausiblebecausdf we wantto compute
f(y) we considetthesetJy, and(x; a) certainlybelonggo J, andof

S f(r)

f(y)

Figure11: Functionf is describedn Section2. We noteherethatit is generally
thecasethat f(y) 6 f(r) for apointy ontheline sgmentconnecting with f(r).

coursethe enegy valuee(x; @) is the samein bothJy andJ;. The
problemis thate(x; a) is notnecessarilyminimumin Jy; theneigh-
borhoodof (x;a) in Jy is differentfrom the neighborhoof (x; a)
in Jr, andelementgx%a% in the neighborhoodf (x;a) in Jy, not
belongingto J;, may (andgenerallydo) have a lower valuesof the
enegy functione. We cannotclaim, “e&(x;a) is aminimumin Jy,
(x; @) belongsto Jy, thereforee(x; a) is aminimumin Jy.”

In PointShop,Pauly [Pauly 2003] describedifferent iterative
procedureillustratedin Figurel12. In this procedurewe begin with

Figure 12: Pauly's procedure:the pointsof P are weightedby a

guessx;, andthe total-least-squarelsest- tting planeHy,, passing
throughthe weightedcentroidc, is computed.The new guessxi+ 1

is the projectionof r ontoHy .

anestimatedprojectionpointx; for r. We usex; to assignweights
g(x; pi) to the points p; of the input point cloud P. We then nd
thetotal-least-squardsest- t planeHy, to theweightedsetP; no-
tice thatalthoughHy, passeshroughthecentroidc of theweighted
point cloud P, in generalit doesnot passthroughx;. We projectr
ontoHy,, giving anew estimateof the projectionx,, andwe iterate.
If this procedureconverges(whichit doesveryreliably), we output
theresultingpoint x. This procedurenasthe distinct advantageof
requiringno non-linearoptimization.

For mostr, however, theoutputpointx is nota pointof theMLS
surfaceS. Again, it is temptingto think so: at corvergencex 2 Hy,
andthe normalto Hy is indeedn(x) asde ned by the MLS enegy
function. And sinceHy is thetotal-least-squardsest- t plane,x is
alocalminimum,alongtheline °,.,, , of theenegy function

via) = d(hepi heryi)? g(xp)

Notice that the weights on the points are x ed in €% while for
emLs they vary with y; so €9 is not preciselythe samefunction
aseys. It is certainly true that at the point of cornvergencex,
eXxa) = ey s(x;a). But we cannotclaim that, “Since (x;a) is
alocal minimumof eYy; n(x)) 0N yn() s ande(x;a) = ey.s(x;a),
therefore(x; a) is a local minimum of ey_s(y; n(X)) on “xa” The
two differentfunctionsgenerallyhave very slightly differentmin-
ima.



