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The oMmRrEs method by Saad and Schultz is one of the most popular iterative
methods for the solution of large sparse non-symmetric linear systems of
equations. The implementation proposed by Saad and Schultz uses the Arnoldi
process and the modified Gram~Schmidt (MGs) method to compute orthonormal
bases of certain Krylov subspaces. The mGs method requires many vector—vector
operations, which can be difficult to implement efficiently on vector and parallel
computers due to the low granularity of these operations. We present a new
implementation of the GMREs method in which, for each Krylov subspace used,
we first determine a Newton basis, and then orthogonalize it by computing a QR
factorization of the matrix whose columns are the vectors of the Newton basis. In
this way we replace the vector—vector operations of the mGs method by the task
of computing a QR factorization of a dense matrix. This makes the implementa-
tion more flexible, and provides a possibility to adapt the computations to the
computer at hand in order to achieve better performance.

1. Introduction

The generalized minimal residual (GMREs) method introduced by Saad & Schultz
(Saad & Schultz (1986), Saad (1989)) is one of the most powerful iterative
schemes for the numerical solution of large sparse non-symmetric linear systems
of equations

Ax=b (1.1)
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where the matrix A € RY*" is non-singular and the right hand side b € R". In this
method one chooses an initial approximate solution x,, defines the residual
vector ry:=b — Ax,, and then computes a better approximate solution x,:=
Xo+ zo € x9 + K,,,(A, 1), such that

b —Axi[= min ||b—A(xe+2)ll 12)
zeK,(A,r)
where
K..(A, ro):=span {ry, Arg,..., A" " 'ro} (1.3)

is a Krylov subspace and m is a given positive integer. Throughout this paper |||
denotes the Euclidean vector norm or the corresponding induced matrix norm.

Saad & Schultz (1986) solve the minimization problem (1.2) by first computing
an orthonormal basis {v }72!' of K,,+1(A, rp) with v,:=ry/|r|] by the Arnoldi
process. Define the matrices V,,:=[vy, vs,.., v} and V,,,1:=[vy, V2,0, Upps1). The
Arnoldi process also yields an essentially upper Hessenberg matrix H:=
[1] € RO"*D*™ such that

AV, =V,  H (1.4)
Substitution of (1.4) into (1.2) yields

min ||ro—~ Az|| = min [jr, — AV, y|l
ze K, (A,r) yeR™

=min ||ry— V. Hy|l

yeRm

= min || [[roll e; — Hy|| (1.5)

yeR™

where we have used that V] 5= |rll e,. Throughout this paper e =
[0,..,0,1,0,..,0]" denotes the jth axis vector of appropriate dimension. The
least-squares problem (1.5) is solved for y, € R™ by QR factorization of H, and
we obtain the new approximate solution x; of (1.1) from x,:=x,+V,,y, For
reasons of numerical stability, Saad & Schultz (1986) implement the Arnoldi
process using the modified Gram-Schmidt (MGs) method. This leads to the
following algorithm.

ALGORITHM 1.1 (GMREs implementation by Saad & Schultz (1986))
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Input: m, x,, ry:=b — Axq;
Output: x,, H

Arnoldi process:t

vy :=rof ||l
for k:=1,2,.,m do

w = Ay,

forj:=1,2,.,k do

M :=w'yj; W= W = N (1.6)

end j;

Mevri = W5 Va1 := W/ s i 1.7)
end k;
Solve (1.5) for y, by computing the QR factorization of H using m Givens
rotations; x, := xo + V,. yo, where V,, = [v,, v5,...,U,]. O

For future reference, we remark that in the Arnoldi method for computing
approximations of eigenvalues of A, one determines the spectrum of the m X m
upper Hessenberg matrix

H, :=V5yAV,. (1.8)
Note that H,, consists of the first m rows of the matrix H € R™*P*™ determined
by Algorithm 1.1.

The storage requirement of Algorithm 1.1 grows linearly with m, and the
number of arithmetic operations required grows quadratically with m. Therefore,
one generally chooses a fixed value of m, say 10=<m =50, and computes an
approximate solution x; by Algorithm 1.1. If the norm of the residual error
r:=b — Ax, is not sufficiently small, then one seeks to improve x; by solving a
minimization problem analogous to (1.2). This gives rise to the cyclic GMRES
algorithm, also introduced by Saad & Schultz (1986).

ALGorITHM 1.2 (Cyclic MREs(m) Algorithm (Saad & Schultz (1986))
Input: m, xq, rg:=b — Axy, £ >0;

Output: approximate solution x, such that ||b — Ax|| <¢g;
forj:=0,1,2,. until ||| <edo

z:=arg min |r,—Az| 1.9)
2eKn(A7)
Xjs1:=X+ 255 (1.10)
i =1 — Az
end J. a

The solution of (1.2) or (1.9) by the Arnoldi process gives rise to many

+The elements 7, defined in the algorithm are the non-vanishing entries of the matrix
H e RU"*1*™ in (1.4).
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vector-vector operations; see (1.6). These operations can be difficult to imple-
ment efficiently on vector and parallel computers due to their low granularity; see
for example Dongarra et al (1986, 1991), Chronopoulos & Kim (1990). The
present paper describes a scheme for the solution of (1.9) in which the Mgcs
method in Algorithm 1.1, i.e., the vector-vector operations (1.6), is replaced by
the QR factorization of a dense N X (m +1) matrix. This has the advantage of
making the implementation of our scheme more flexible than the implementation
of Algorithm 1.1; the QR factorization can be computed by an algorithm that is
well suited for the computer at hand. The number of arithmetic operations
required by our implementation of the cyclic GMrEs(/m) algorithm is roughly the
same as if Algorithm 1.1 were used for the solution of (1.9).

Other approaches to avoid the vector-vector operations (1.6) are described by
Hindmarsh & Walker (1986) and Walker (1988,1989). In Walker (1988, 1989)
two schemes that use Householder transformations, instead of the mgs method
(1.6) and (1.7), for computing orthonormal bases of Krylov subspaces K,,..1(4, r;)
are presented. These schemes might perform well on certain computers.
However, they require roughly two to three times more arithmetic operations
(depending on implementation details) than Algorithm 1.1, and this can make
these schemes slower than Algorithm 1.1.

In Hindmarsh & Walker (1986) the Krylov subspaces are represented by using
scaled monomial bases in the matrix A, i.e.,

Km-+-l(A1 r]) = span {G'Orj: o'lArjr"; a.mAmrj}

where the o0, >0 are scaling factors. The QR factorization of N X (m +1)
matrices with columns o,A*r, 0<k <m, are computed by using Householder
transformations. Computed examples in Hindmarsh & Walker (1986) and Walker
(1989) show this approach to yield poor convergence or even no convergence.
This is due to the fact that the bases {orkA"r,-}Z;o can be severely ill-conditioned;
see also Section 2 for a discussion. Our implementation is a modification of this
scheme. We replace the scaled monomial bases by better conditioned bases of
Newton form. This change of bases eliminates the numerical difficulties encoun-
tered with the monomial bases.

We introduce notation necessary to describe our implementation. Let II,,_,
denote the set of polynomials of degree at most m — 1. The minimization problem
(1.9) is equivalent to the problem

min {1, ~ Ap(A)r| (1.9

pell,
whose solution we denote by p;. Then (1.10) can be written as
X=X+ pi(A)r. (1.10")
We represent p € I1,,_, by bases of Newton form {oII}-,(- — A))}7=¢, where
the o, >0 are scaling factors and the parameters A, € C are chosen with the aim
of making these bases fairly well-conditioned. The choice of the A, is discussed in
detail in Section 2. We propose to let the A, be suitably ordered eigenvalues of the

Hessenberg matrix H,, defined by (1.8) and computed by Algorithm 1.1. We
remark that the matrix H,, and its spectrum only have to be computed once.
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Introduce the matrix
m—1
B, := [aor,., o (A= MDrjyyomy [ ] (A - ).,I)r,.]. (1.11)
I=1

Then for any p €Il,,_, we have p(A)r;=B,,d for some vector d e C”. The
minimization problem (1.9’) is equivalent to the problem

min (|, — AB,.d| 1.9")
deC™

whose solution we denote by d;. Then (1.10") becomes

Xjv1:=Xx;+ B4, (1.10"

]

We are now in a position to outline our implementation of the cyclic GMRES(m)
algorithm: given an initial approximate solution x,, (i) choose m and compute x,,
as well as the m X m Hessenberg matrix H,, by Algorithm 1.1; (ii) determine the
eigenvalues of H,, and order them for numerical stability; and (iii) solve (1.9) for
j=1 by solving the equivalent problem (1.9") and updating the approximate
solution x; of (1.1) by (1.10"). We solve (1.9”) by computing a QR factorization of
the matrix AB,,. Details of this implementation are presented in Section 3.
Computed examples are described in Section 4, and Section 5 contains a summary
and a brief discussion on possible extensions.

2. A Krylov subspace Newton basis

If the matrix AB,, in (1.9") is severely ill-conditioned, then the corrections B,,d; to
x; in (1.10") cannot be computed with sufficient accuracy. The vector B,,d; may be
less sensitive to ill-conditioning of AB,, than the least-squares solution d; of (1.9")
is, but nonetheless, extreme ill-conditioning of AB,, gives rise to poor accuracy in
the vector B,.d;. In the algorithm presented in Section 3 we determine the QR
factorization of AB,, by first computing the QR factorization of

Biii= [aorj, o(A= Do, ][ (A - ).,I)r,.]. 2.1)
=1

This section shows how the condition number

maXc=1 | Bacll

K(Bpsi) = 2.2)

Mingy—; || Bpm+icll
where ¢ =[vo, Y1,y ¥m]' € C**', can be related to the condition number of
polynomial bases. Results by Gautschi (1979,1984) and Reichel (1985) on the
conditioning of monomial bases, as well as on the conditioning of polynomial
bases in Newton form in Fischer & Reichel (1989) and Reichel (1990), are
suggestive for the choice of basis of K,,.1(A, r;). It is the aim of this section to
provide a heuristic motivation for a basis of Newton form for K,,,,(A, r;).

For simplicity we assume that the matrix A is normal and has distinct
eigenvalues. Let A = UAU* be a spectral decomposition with U unitary and A
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diagonal. Here and below * denotes transposition and complex conjugation. Let
A(A) denote the spectrum and p = p(A) the spectral radius of A. We first study
the condition number «(B,,,;) when all the A, in (2.1) vanish. To simplify the
analysis we assume that the vector r; in (2.1) is given by r,=Ue, with
e:=N7"1,1,.,1]", and we choose the scaling factors oy := p*. Then the lengths
of the columns o, A*r; of B,,., are bounded by 1< ||o,A%r|| < N2 We obtain
the inequalities

max || B,, .|| = max ax [|U*B,icl| = (m +1)° "2max |U*B ¢l

liell=1 liclle=1

L4

2 ko'kA e

=(m + 1) " max
llke=1

=(m+1)"">’N " max max
llele=1 A A(A)

2.3)

and

min | B, ¢l = mm |U*B el <N min |U*B,,11cll

llel=1 licll==1
SnC)
where |- |l.. denotes the uniform norm.

Formulas (2.3) and (2.4) enable us to relate «(B,,+1) to the condition number
of a scaled monomial basis of Il,,. Following Gautschi (1979, 1984), we let {¢;}/,
be a basis of I1,, defined on a given compact set § =C, and introduce the operator
P:C"'511,

2 yeoAke (2.4)

k=0

= N2 min
fete=1

= min max
o k=1 AcA(A)

(Pe)(Q) = i néld),  LeS.

We equip the domain of P with the norm |-|l. and the range with the norm
I flls := max,.s|f(z)l. Let P~! denote the inverse of P. We define the condition
number of P by

'?S({qu};"n:o) =g(P):=|P| "P—l”,
where the norms on the right are induced operator norms. Thus,

S a0 @9

k=0

mm max
Ichh-=1 ZeS§

2 Yeebi ()

k=0

Let ¢j(A):=(A/pY, 0<j=<m, and S := A(A). Then formulas (2.2)-(2.5) show
that there is a vector 7; of unit length, such that

k(Bpi1) = (m+ 1)“”N‘1’2E,\(A)<{<%>}m 0). (2.6)

ji=
Gautschi (1979) has shown that if S is the interval [—p, p], then

(G-

J

K s({¢;}7~o) = max max
fclk=1 ZeS
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grows as (1 + \/i)'” with m. The case when S is an ellipse is discussed in Reichel

(1985). The condition number
=)L)
Ks -
P/ lj=0

J

grows exponentially with m for many compact sets S = C, and in view of (2.6) this
suggests that k(B,,+,) grows exponentially with m (for m < N) for many matrices
A and certain vectors 7;.

We now determine an upper bound for «(B,,+,), using the inequalities

2 ‘YkO'kA €

k=0

max || B,,1c|| <N”2max HU*B,,,+1¢ll = N max
=1 liclle= llel==1

o

m k
= max max 2 ( ) 27
=1 A€A(A4) | k=0
and
min | B,.sicl| = (m +1)° Zmin | U*B,nricllo = (m + 1) min || D, yeoeA*e
liell= liclke=1 llche=1 Hg=0 o
m A k
=N""(m+1)""min max | yk<—) . (2.8)
lche=1 AeA(A) lx=p p

It follows from (2.5), (2.7) and (2.8) that

K(Bm+1) <N1/2(m + 1)1/2 A(A)({¢/}/ 0) (29)

Formulas (2.6) and (2.9) illustrate that the conditioning of B,, ., can be studied
by determining the condition numbers of suitably chosen polynomial bases. Now
let B,,., be given by (2.1) with arbitrary parameters A, € C and r;= U*e. Then
inequalities analogous to (2.7) and (2.8) are valid, and we obtain, similarly with
(2.9), that

k(Bm+1) <N"(m + 1)1,2'?A(A)({¢j};n=0):

where the polynomials {¢;}/~, are of Newton form
i
& =¢ll¢-1),  O0sjsm. (2.10)
=1

Theoretical and computational results in Reichel (1985,1990) show that a
polynomial basis of Newton form with a suitable choice of parameters A; can be
much better conditioned than a basis of power form. In particular, in Reichel
(1990) the Newton basis is found .to be fairly well-conditioned on a compact set
S <=C when the A, are chosen to be Leja points (defined below) for S. This
suggests that a good choice of parameters A, in (2.10) would be Leja points for
A(A). However, A(A) is, in general, not explicitly known. We therefore choose A,
to be Leja points for A(H,,), where H,, e R™*" is the upper Hessenberg matrix
defined by (1.8), and is computed by the Arnoldi process in Algorithm 1.1.

We note in passing that other choices of fairly well-conditioned polynomial
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bases are possible. For instance, Joubert & Carey (1991) and de Sturler (1991)
propose the use of a basis of Chebyshev polynomials associated with an ellipse
that contains A(A). The conditioning of Chebyshev polynomial bases are
investigated in Gautschi (1977) and Reichel (1985).

Let § be a compact set in C. A point set {{;}iL, =S is said to be a set of Leja
points for S if

|{1] = max|{] (2.11a)
ZeS
j .
[T1g0 - 2l= max IL[ I& =&l j=1,2,.,m-1 (2.11b)
=1 e§ =1

Note that the set of Leja points for a given set S might not be unique.
Asymptotic properties of Leja points for compact sets of infinite cardinality were
first studied by Edrei (1939) and Leja (1957). In particular, if S is an interval, then
the Leja points for § are distributed roughly like zeros of Chebyshev polynomials
for S, and if instead S is a disk, then the Leja points for S are uniformly
distributed on the boundary of §; see Edrei (1939), Leja (1957), Reichel
(1990, 1991).

3. A new GMREs implementation

This section describes our implementation of the 6MREs method. We first note
that the GMRES method does not require the matrix A to be stored. When using
the implementations by Saad & Schultz (1986) (Algorithm 1.1) or by Walker
(1988), it suffices to compute matrix—vector products Au for certain vectors
u € R". In many applications the vector 8(A — t/)u, where & and 7 are real
constants, can be evaluated almost as rapidly as the vector Au. Matrices A with
this property arise from the discretization of partial differential and integral
equations. This is illustrated by the matrices used in the computed examples of
Section 4. It is convenient in our implementation to introduce a vector-valued
function mult (8, A, 1, u), whose value is 8§(A — 1)u. We use this function to
evaluate Krylov subspace bases of Newton form.

Let the components of x_, € RY be uniformly distributed in [-1,1] and
determine a scaling factor 8_, € R, such that

16— A(B-1x_1)ll =gleig b — A(Bx_)I. (3.1)

We let xq:=B_,x_, and 7r5:= b — Axy be input vectors for Algorithm 1.1, and
select the dimension m of the Krylov subspace K,,(A, r,), in which the algorithm
seeks a correction z, of xo. The purpose of this choice of x, is to obtain a fairly
good approximate solution that contains components of many eigenvectors of A.
Algorithm 1.1 yields a new improved approximate solution x; and the m Xm
upper Hessenberg matrix H,, defined by (1.8). The spectrum A(H,,) = {A;}/L, of
H,, can be computed by standard numerical software; in the computed examples
of Section 4 we used Eispack (Smith et al (1970)) subroutine HQR.
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Because A, B and x, contain real components only, so does the matrix H,,. The
eigenvalues A; of H,, are therefore real or appear in complex conjugate pairs. First
assume that A(H,,) is real. We can then use formulas (2.11¢) and (2.11b) with

:= A(H,,) to order the eigenvalues of H,. If the spectrum A(H,,) is not real,
then we modify the ordering scheme (2.11a) and (2.11b) so that for the ordered
eigenvalues A; we have that Im (A;) >0 implies A;,, = A;, where the bar denotes
complex conjugation. This modification of (2.11a) and (2.11b) allows us to work
with real vectors only.

ALGoRrITHM 3.1 (Modified Leja Ordering)
Input: set A(H,) consisting of m points that are real or appear in complex
conjugate pairs;
Output: ordered elements Ay, A,,..., A, of A(H,,);
Determine A, € A(H,) such that
A= max |Al, Im (A,) =0,
AeA(Hy)

forj:=1,2,.,m—1do
if Im (A;) >0 then

Ay = A
else
Determine A;.; € A(H,,) such that
i i
[T =M= max [TIA-ay, Im (A1) =0;
=1 AeA(Hm) I=1

If the maximum vanishes, then perturb real parts of non-ordered
elements of A(H,) slightly and maximize product over the new set
A(H,,) so obtained.
end if
end j; 0

The above algorithm can be implemented so that only O(m?) floating-point
operations are required.

We are now in a position to describe the computation of the matrix B,,., given
by (2.1). The following algorithm determines a matrix B,,,, =[b,, b4,...,0 me1] €
RV*(+1) and a diagonal matrix D,,., = diag (8,, §,,..,8,,+1), such that B, :=
B,, 1D, has columns of unit length.

ALGORITHM 3.2 (Computation of B,,,, and D,,.,)
Input: m eigenvalues Ay, A,,..,A,, of H, ordered by Algorithm 3.1, residual
n = b - Axl;
Output: matrices B, 1, D,11;

bi=r; 513= 1/”51”,

forj:=1,2,.,mdo

if Im (A;) =0 then _ _ _
bj+] = mult (8,, A, AI’ bl); 6i+1 = 1/"b1+1",



572 Z. BAL, D. HU AND L. REICHEL

else
if Im (A;) >0 then
by :=mult(§;, A, Re (4), b));
bjvz:=mult (1,4, Re(A), b;4,) + &, Im (A))°h};
gj+15= 1/||5j+1||; Sj+2:= 1/"5j+2”;
end if
end if
end j; O

Not counting the arithmetic operations required by the function ‘mult’, we see
that Algorithm 3.2 requires between 2(m + 1)N + O(1) and 2(3m + 1)N + O(1)
floating-point operations. Here and below the O(1)-terms are independent of N.

We compute the QR factorization

Em+1= Qm+1Rm+l (32)

where Q,,., € RV*™*Y s orthogonal, O7¥.,,0,,., =1, and R,,,, € R"*Dx(m+D
is upper triangular. We can choose an algorithm for computing the decomposition
(3.2) that is suitable for the computer at hand; see, e.g., Chu & George (1989a,b),
Dongarra et al (1986,1991), Luk (1986), Pothen & Raghavan (1989) and
references therein for a variety of algorithms. The standard sequential algorithm
for computing this factorization uses Householder transformations and requires
2(m +1)°N + O(1) floating-point operations (see Golub & Van Loan (1989,
p212)) and this is the computationally most demanding step in each iteration. In
the computed examples in Section 4 we compute the QR factorization (3.2) by
using Householder transformations, which are implemented with level 1 or level 2
BLAS (Golub & Van Loan (1989)).

The next step of our implementation is to compute a QR factorization of the
matrix AB,,, where B, is given by (1.11). This can be accomplished with fairly
little work, given the factorization (3.2). We use the fact that the columns b; of

B, satisfy a recursion relation. If A; e R then
by =8,(A—ADb; (3.3a)
and if Im (A;) >0, then
bj1=58,(A—Re (A\))b;
bjr2=8,(A— MDA — N)b

where g] = 1/"5/” Let Qm+1 = [‘71) fiz:---;qm-l-]] and Rm+l = [71) FZ)"': ?m+l] =
[Bi]72. Then by (3.2), for 1<j<m+1,

(3.3b)

- - i
Be=b;=0,F= E GrPyj- (3.4)
k=1
First assume that A; € R. Then, by (3.3a) and (3.4), for 1sj=<m,
AB,,H.]ei = A§m+1ﬁm+1ej = g]AEI = 5j+1 + SII\IEI
i+ _d i ~ _
= kZ TuPrj+1 T 3,')‘,'1(2 GiPri = 2 Ge(Prjer + 8MiPi) + @juiBje jor-
=1 =1 k=1
3.5)
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Let
) Pij = Prjrr ¥ O;AiPujs I<ksj (36)
Pjv1;1= Pivtjer
Then (3.5) can be written
j+1
ABi1e;= 2 Giby; (3.7)
k=1

If instead Im (A;) >0 for 1 <j<m —1, then we obtain from (3.3b) and (3.4) that

AB,,,+lel- = AE,,,+1§,,,+1€]~ = gIAEI = bj+1 + g] Re (A/)EJ
j* ~ i
=2 GiPrjr1+ 0 Re )2 Gibi
k=1 k=1
i
= 2 fik(ﬁk,jﬂ +0;Re (Aj)ﬁkj) t Jjr1Pje1,j41 (3.8)
k=1

and
ABm+1ei+1 = A§m+1§m+lej+1 = 5]+1A5,-+1

J - ~
= §:8,01(Brje2 + Re ()P jr — 8; Im (1))
k=1

+ G418 01(Bjrrjea + RE W1 1) + Fj428j11B 42,42 (3.9)
Let
Prii= Prj+1+ 8; Re (A)Pu 1sksj
Pjr1j= Pj+1j+1
Prjer = 8i1(Brjrz + Re (A)Pie1 = 8; Im (A,)°Py), 1=<sks=j (3.10)

Pisrje1i= 5/+1(ﬁ/+1,j+2 + Re ()‘j)ﬁjﬂ.iﬂ)
ﬁj+2,,'+1 = 5/+1ﬁj+2,j+2-
Then we have

j+1 j+2

AB,..16;= D, Gibuj and AB, 16501 = > Gubrjr (3.11)
k=1 k=1
and it follows from (3.8) and (3.11) that the (m + 1) X m matrix R = [5;] satisfies

AB,, =0 ..R (3.12)

where p;:=0, if 1<j+1<k<m+1. A QR factorization R = QR, where
0 eR**m GTO =1 and R e R™™ is upper triangular, can be determined
by using only m Givens rotations. This factorization and (3.12) are used to solve
(1.9”). We summarize our implementation.

/







