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Abstract

With the exploding volumeof microarray experiments
comesincreasing interest in mining repositoriesof such
data. Meaningfullycombiningresultsfrom varied experi-
mentson an equal basis is a challenging task. Here we
proposea general methodfor integrating heterogeneous
datasetsbasedon theconsensusclusteringformalism.Our
methodanalyzessource-specificclusteringsandidentifiesa
consensusset-partitionwhich is ascloseaspossibleto all
of them.Wedevelopa general criterion to assessthepoten-
tial benefitof integrating multipleheterogeneousdatasets,
i.e. whetherthe integrated data is more informative than
theindividualdatasets.We applyour methodson two pop-
ular setsof microarraydatayieldinggeneclassificationsof
potentiallygreaterinterest than could be derivedfrom the
analysisof each individualdataset.

1. Intr oduction

Microarray experimentsprovide measuresof geneex-
pressionlevelsunderagivensetof experimentalconditions.
Varying the experimentalconditionseven slightly canpo-
tentially revealdifferentiallyexpressedgenes,or groupsof
geneswith similar expressionpatterns.As the volume of
microarraydatagrows,thereis increasinginterestin mining
large datarepositories.However, meaningfullycombining
experimentaldatafrom diversesourcesis a difficult prob-
lem.

Therehave beenseveral previous attemptstoward gen-
eral integrationof biologicaldatasetsin thecomputational
biology community. Marcotteet al. [15], for example,give
acombinedalgorithmfor proteinfunctionpredictionbased
onmicroarrayandphylogeny data,by classifyingthegenes
of thetwo differentdatasetsseparately, andthencombining
thegenepairwiseinformationinto asingledataset.Pavlidis
et al. [18] usea SupportVectorMachinealgorithmon sim-
ilar datasetsto predictgenefunctionalclassification.Both

methodsneedhandtuningwith any particulartypeof data
bothprior andduringtheintegrationfor bestresults.Ad hoc
approachesto dataintegrationaredifficult to formulateand
justify, anddo not readilyscaleto largenumbersof diverse
sources,sincedifferentexperimentaltechnologieshavedif-
ferent typesand levels of systematicerror. In suchan en-
vironment,it is not alwaysclearthat theintegratedproduct
will bemoreinformativethanany independentsource.

Among generalmethodsfor integrationandanalysisof
biologicaldata,clusteringis arguablyamongthemostpop-
ular anduseful.Clusteringmethodshave beenparticularly
successfulin organizing microarraydata and identifying
genesof similar or differentialexpression,see[4] and[7]
for more details,and are consequentlyusedas a starting
point for many geneexpressionstudies.

We proposea methodologyof consensusclusteringas
anapproachto integratingdiversesourcesof similarly clus-
teredmicroarraydata.We seekto exploit thepopularityof
clusteranalysisof biologicaldataby integratingclusterings
from existing datasetsinto a singlerepresentative cluster-
ing basedon pairwisesimilaritiesof theclusterings.Under
reasonableconditions,theconsensusclustershouldprovide
additionalinformationto thatof theunionof individualdata
analyses.Thegoalsof consensusclusteringareto (1) inte-
gratemultipledatasetsfor easeof inspection,and(2) elim-
inatethe likely noiseandincongruenciesfrom theoriginal
classifications.Figure1 picturesthis approach.

In this paper:� We developheuristicsfor performingconsensusclus-
tering,specificallyfor thatof solvingthemedianparti-
tion problemon setpartitions,thatwork well in prac-
tice on problemswith hundredsof datasets(e.g.dis-
tinct microarrays)of thousandsof entities (e.g. all
genesin yeast).� We investigatethe useof consensusclusteringfor in-
creasingthe reliability of microarraygeneexpression
data.Weshow thattheconsensusclusteris robust,even
whenderivedfrom smallnumbersof independentob-
servationseachwith up to 25%falseclassifications.
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Figure 1. Five “similar” clusterings of a hypo-
thetical data set and their consensus.

� There is no guaranteethat integrating two different
noisy datasetsyields a more meaningfulresult than
eitherdataseton its own. We developa generaldata-
independentcriterionfor assessmentof theefficacy of
aconsensusclustering.� To provetheutility of ourmethodsin practice,weinte-
gratecollectionsof variousdatasets,of both realand
simulateddata.We show how similar clusteringscan
be identifiedby experimentclustering(asopposedto
geneclustering),andshow thatbiologicallysimilarex-
perimentsindeedclustertogether.� Statisticalp-valuesareessentialto evaluatethemean-
ingfulnessof aproposedconsensusclustering.Wepro-
posetwo classesof p-valueswhich enableus to mea-
surethe significanceof the amountof agreementbe-
tweena “gold standard”clusteranda givenconsensus
setpartition.

2. Comparing Clusterings

Our consensusclustering idea dependson quanti-
fying the pairwise similarity betweendifferent cluster-
ings. A clusteringis a groupingof objectsby similarity,
wherean objectcanbelongto only onecluster. If we dis-
regard the distancesbetweenthe clusters,a clusteringis
equivalentto a set-partition.

Formally, a set-partition,� , of
��������	�
�	�
�
�
�	����

, is a
collectionof disjunct,non-emptysubsets(blocks,clusters)
that cover

�
. We denotethe numberof blocksin � by � ��� ,

andindicatethemas ��� 	 ��� 	�
�
�
�	 ���  �� . If a pair of different
elementsbelongto the sameblock of � then they areco-
clustered,otherwisethey arenot.

Many measuresof set-partitionsimilarity have beende-
velopedandimplementedtowardsolvingdifferentclassifi-
cationproblemssuccessfully. Among thesemeasures,the
simplestandwidely usedis theRandindex [19]. Othersin-
clude the AdjustedRand(correctionof Randfor chance)

by HubertandArabie[13], theFawlkesandMallows mea-
sure[8], and the Jaccardindex [6]. All of thesemeasures
arebasedon enumerationof pairsof co-clusteredelements
in thepartitions.

Given two set-partitions� � and � � , the contingency ta-
ble below classifiesthe pairsof elementsfrom �!� and �"�
basedon their co-clusterednessin eachpartition, andalso
in bothsimultaneously:

Part.1 / Part.2 co-clustered not co-clustered
co-clustered # $

not co-clustered % &
Thus, # equals the number of pairs of elementsco-

clusteredin both partitions, $ equalsthe numberof pairs
of elementsco-clusteredin � � , but not in � � , etc. Hence,
in termsof theagreementbetweenthetwo set-partitions,#
and & arecountsof pairsthat have beenconsistentlyclus-
tered in both partitions. On the other hand, $ and % in-
dicate inconsistenciesbetweenthe partitions.Notice that#(')$*'+%�'+& �-,/. �10 , the total numberof differentpairs
of
�

elements.
TheRandindex is definedas 2�34�5� 	 �"�76 � 34#8'9&:6�; , . �10 .

This is thenumberof pairwiseagreementsbetweenthepar-
titions, normalizedso that it lies between0 and 1. The
complementarymeasure,Randdistance,is definedas

��<
2(3=�5� 	 �>�16 � 3/$?'@%�6A; ,B. ��0 andit givesthefrequency of pair-
wisedisagreementsbetween� � and � � .

For our measureof choicewe accepttheun-normalized
form of theRanddistance,

&"34�5� 	 �>�16 � $C'D%
This distanceis a metric andis equivalent[9] to the sym-
metricdifferencebetweenthe setsof all co-clusteredpairs
in � � and � � (i.e. the symm.diff. of the equivalencerela-
tionsinducedby thepartitions).1

We notethat thesymmetricdifferencemetrichasa nice
propertythatit is computablein lineartime.Namely, #E'9$
and #�'D% arecomputablein F(3�� � � � 6 , F(3A� � � � 6 resp.,(asthe
sumsof thenumberof co-clusteredpairsin eachpartition,
i.e. G �  IHJ�K�L � ,BM!N� 0 , andsimilarly for � � . Also, it is possibleto
compute# in F(3 � 6 asshown in [2]. Thus,we will consider
computing &>3=� � 	 � � 6 an F(3 � 6 operationfor any two parti-
tionsof

�
elements.

3. ConsensusClustering

A consensusset-partitionshouldberepresentativeof the
givensetpartitions,that is, in termsof similarity it should

1 Régnier[20] andMirkin [16] wereamongthefirst to proposetheuse
of the symmetricdifferencedistanceas a dissimilarity measurebe-
tweentwo relations,andmake attemptsat the problemof finding a
medianrelation.



be closeto all given ones,or in termsof distance,it must
not be too far from any of them.Oneway to do this is to
find a partition that minimizesthe distanceto all the other
partitions.

CONSENSUSCLUSTERING(CC): Given O partitions,� � 	 � � 	�
�
�
 , �>P , find a consensuspartition � that minimizesQ � G PK�L � &"34� K 	 �?6 , where &>3 
�	�
 6 is the symmetricdiffer-
encedistance.

This problemis known in the literatureas the median
partition problem. Implicitly, it appearsas early as the
late 18th century [26]. The first mathematicaltreatment
goesback to Régnier [20], where the problem is trans-
formed into an integer program,and a branchand bound
solutionis proposed.Mirkin [16] offers an interestingax-
iomatic treatment,using propertiesof equivalencerela-
tions to prove someboundson the solution.Krivanekand
Moravek [14] and Wakabayashi[25], using different ap-
proaches,proved in 1986 that the medianpartition prob-
lem is NP-complete.A niceaxiomatictreatiseof theprob-
lem is given in Barth́elemyandLeclerc [1]. Wakabayashi
[26] givesan in-depthgraph-theoryanalysisof themedian
partitionproblem,from a perspectiveof relations,andcon-
cludesthatapproximatingrelationswith a transitive oneis
NP-completein general.

CC is NP-completein general,yet it is not known
whetherit is NP-completefor any particular O . The case
of O �R�

is trivial, sincethe partition itself givesan opti-
mal solution.The caseof O �S


is alsosimple:given two
set-partitions,any of them solves the problem optimally.
Namely, herewewantto minimize &>3=�!� 	 �?67'T&"34� 	 �>�16 . The
triangleinequalityyields: &>3=� � 	 �?6!'@&>3=� 	 � � 6VUW&>3=� � 	 � � 6 ,
andweobviouslyachievethisminimumby choosingeither� � or � � . Nothingis known for OXUWY .

In light of its hardness,exactly solving large instances
of CC is intractable.Even so, exact methodshave been
implemented.Tüshaus[24] offers a branchandboundap-
proach,which works only for small

�
. Wakabayashi[25]

andGrötschelandWakabayashi[12] give a Cuttingplanes
solution,whichworkswell for

�
in thehundreds.

A variety of approximationshave also beenappliedto
this problem.From linear programmingrelaxationsof the
integerprogram[20], throughLagrangeanRelaxation[21],
to a numberof hill-climbing heuristics[20], [5] andmeta-
heuristicslike taboo searchand simulatedannealing[5],
noneof the approximationshave yieldedany performance
guarantees.

4. Heuristics

Wepresentthreedifferentheuristicsfor themedianparti-
tionproblem.In Section4.1wepresentasimplefactor-2ap-
proximationalgorithm.Thenwe give two fast,local search

heuristics,a greedyanda SimulatedAnnealing,basedon
oneelementmovesfrom oneblock to anotherin the me-
dianpartition.We discusstheimplementationin Sec.5

4.1. Factor-2 Approximation

Algorithm 1 Given an instanceof CC, selecta partition�[Z � � � 	 � � 	�
�
�
�	 �5P � thatminimizes
Q � G PK�L � &"34� K 	 �?6 .

In otherwords,this algorithmyields oneof the givenpar-
titions which minimizesthedistancefrom it to all the oth-
ers.

It is easyto show thefollowing lemma[9]:

Lemma 1 Algorithm 1 is factor-2 approximationto prob-
lemCC.

The time complexity of this algorithmis F(3/O � � 6 , since
it takes F(3 � 6 to computethedistancebetweenany two par-
titions,andthereare F(3BO � 6 pairs.

4.2. OneElementMoves

Anotherapproachguessesaninitial solutionfor theme-
dian,andimprovesthesolutionby moving aroundtheele-
mentsfrom oneblock to another. The initial guesscanbe
random,or, for example,theoutputof Algorithm 1.

One element moves between blocks are a natural
way to move from one to anotherset-partition.For ex-
ample moving element \ from block

�
into block



of�]�:�]	 \ 	�^_��	J�`
_	 Y �]� gives

������	�^a�:	J�`
_	 Y 	 \ �]� . If moves into
empty blocks, and moves from singleton blocks are al-
lowed,it is clearlypossibleto getfrom agivenset-partition
to any other. Thus,oneelementmovescanbe usedto ex-
plorethesetof all set-partitions.

Next, we show how thesumof distanceschangesaftera
oneelementmove.We definethecharacteristicvectorof a
set-partition�_b as: c Ked b �f� if f g andh areco-clustered,andc Kid b �)j otherwise.Thenit canbeshown that thesymmet-
ric differencedistancebecomes

&>3=� � 	 � � 6 � k��l K4m�d l . 3=c Ked � 'Dc Kid � <n
 c Kid � c Kid � 6
Then,thesumof distancesin CC of a medianpartition� to given � � 	 � � 	�
�
�
�	 �>P partitionscanbewrittenas:Q � k�ol b l P k��l K4p d l . 3=c Kid 'nc Ked b <n
 c Ked c Ked b:6

or aftersomealgebraQ � k��l K4p d l . c Ked 3/O <n
 k�ol b l P c Kid b:6?' k�ol K=p d l . k�ol b l P c Ked b
Let us definesomeusefulshorthandsat this point. For

given g 	 h the matrix c KidAq � G �ol b l P c Kid b countsthe num-
berof times g andh areco-clusteredin all 2*b set-partitions.



Obviously
jsr c Ked�q r O . For conveniencewe lett Ked � O <D
 c KidAq , andnotethatall

t Kid areof thesamepar-
ity as O and range between

< O and O . We also letG ��l K4p d l . G �ol b l P c Kid b � G �ol K=p d l . c KidAq � 2 . With all
theabove,oursumbecomesQ � k��l K4p d l . c Kid t Kid 'u2 (1)

Let � be our initial guessfor a medianpartition, and
let its blocks be �E� 	 �v� 	�
�
�
�	 ���  �� 	 �w�  x� y � , where the last
block is theemptyblock.Thenmoving one-element,say z ,
from �E� to �v� , amountsto transformingthe set-partition� �{� � � 	 � � 	�
�
�
�	 ���  �� y � � into �}| �s� � � ; � z ��	 � ��~� z �:	�
�
�
J	 �w�  �� y � � . Sinceweallow movesinto emptyblocks
too, the total numberof blocks to which an elementcan
moveis always � ��� .

Thus,if c`|Kid is the characteristicvectorof �}| thechange
in
Q

afteranelementmove is� Q � k�ol K=p d l . 3=c Ked < c |Kid 6 t Ked
Because� and �}| areverysimilar it is obviousthatmost

of c Kid will beequalto their counterpartsc`|Kid . Thefollowing
straight forward Lemma quantifiesexactly which c Ked 	 c`|Kid
aredifferent.

Lemma 2 Let �}| be the set-partitionobtainedafter mov-
ing elementz in � to a differentblock. Also let c Ked and c`|Kid
bethecharacteristicvectorsof � and �}| , respectively, asde-
finedabove. Then

� if g*�� z and h��� z then c Kid < c`|Ked ��j� if g � z or h � z and c Ked ��� then c7|Kid ��j� if g � z or h � z and c`|Ked ��� then c Kid ��j
Thefollowing is adirectconsequenceof theabove.

Corollary 1 Moving z in � fromblock �E� to �E� , yields� Q!�`� �J�8� � k
all h�Z�� �h��� z

t � d < k
all hTZ�� �h��� z

t � d

Thus, to calculate
� Q

after moving z into a different
block, we needonly go throughthe

t Ked ’s associatedwith
theelementsin theblockswhere z is moving to andfrom.
The matrix

t
can be calculatedfrom the

�W�T�
matri-

ces c KidAq , which in turn can be obtainedby pre-processing� b 	���r��)r O in time F(3 � � O�6 . This givesus a fastway,F(3A� � � �7'�� � � � 6 steps,to updatethesumof distances
Q

af-
teramoveof anelement.

4.3. SimulatedAnnealing

We usethefastupdateabove to designa SimulatedAn-
nealingalgorithmfor themedianpartitionproblem.Thetar-
getfunctionto minimizeis

Q
, thesumof distances.A tran-

sition is a randompair of anelementz 	��Xr z r�� , anda
block to move it to $��4�`%�OI�4� 	��Er $J�4�`%�O]�4� r � ��' � � .
Algorithm 2 Given O set-partitions� b , �����]
�
 O , of

�
ele-

ments,

1. “Guess” an initial median�
2. Pre-processtheinput set-partitionsto obtain

t Kid
3. SA( trans.:( z 	 $J�4�`%�O �4� ), function:S)

4.4. GreedyAlgorithm

An alternativeto performingrandomoneelementmoves
is to performbestoneelementmoves,ateachstep(greedy),
towarda bettermedianpartition (while suchmovesexist).
We pre-process� into a matrix � , wherethe rows arethe
elementsof � and the columnsits blocks (plus an empty
block).An entry � Ked is indicativeof thecostof moving el-
ementg to block h , calculatedasfollows

� Kid � k
all ��Z�� d�V�� g

t K��

with
t K�� � O <f
 c K���q and � d definedas above. We let� K4p �  �� y � ��j .

In additionto � two
�

elementarrays,��$ and ��� are
maintained,where �X� K is equalto the leastof all entries� Kid in row g , and ��$ K is equal to the block (i.e. second
index) of the smallestof all entries � Kid in row g . � and
thevectors�X� and ��$ canbeobtainedfrom c Ked�q and � inF(3 � � 6 , sincewesumover

�
valuesfor eachelement.

The bestone-elementmove in � is the one that maxi-
mizes

� Q
, giventhat

� Q9� j
. It is easyto show from Cor.

1 that � Q �`� �1�?�!� � � � � < � � �
As � � � is fixed, maximizing

� Q
is equivalent to finding

theminimal � � � , whichis ��� � . Thus,thebestone-element
move for z is to block ��$ � . There are no one-element
movesleft if � K=p � � ��  P N < ��� K rWj for all elementsg .

Oncethebestoneelementmovehasbeenidentifiedit is
easyto seethat theupdatesof � , thevectors��� and ��$ ,
andfinally

Q
canbedonein F(3 � 6 time.

Algorithm 3 Given O set-partitions� b , �����]
�
 O , of
�

ele-
ments,

1. “Guess” an initial median�
2. Pre-processthe input set-partitionsand � to obtaint Kid and � Kid



3. Until bestoneelementmovesexist performthemand
update

Q
, � , �X� , and ��$ aftereach.

5. Implementation

Wehavedevelopedageneralsoftwaresystem,CONPAS
(CONsensusPArtitioning System)[9], asa unified frame-
work for handlingset-partitiondatastructuresand opera-
tions on them, as well as dataextraction interfaces.In it
weimplementedthethreeheuristicsabove(Best-of-k,Best-
one-move, andSA-one-move). We usedthe algorithmsof
Wilf [17] to generateandenumerateset-partitions.Overall
the algorithmsarevery closeto real time. In its final ver-
sion,theslowestof thethreeheuristics,SA-one-move,runs
in undera minuteon aninstanceof

�¡���1j]j]j
, O � Y j]j , on

a450MHzPII, 192MBRAM PC.
Next, we assessthe performanceof our heuristicsin

practiceby (1) comparingthe overall performanceof all
heuristicson five simulatedandthreerealdatasets,and(2)
analyzingin detail thebestheuristic’s (SA-one-move)per-
formanceon completelyrandominput, andon meaningful
but noisy input. In the next sectionwe describeour stud-
iesonrealdatasetsandpointoutsomeinterestingfindings.

5.1. Comparison of the thr eeheuristics

In our first study we comparethe overall performance
of the threeheuristicson 7 datasets,five of simulatedand
two of realdata.PreliminarystudiesindicatedthatSA-one-
move andBest-one-move do not dependon thenumberof
set-partitionsgiven initially, when that number is higher
than20. Furtherstudiesareneededfor smallernumberof
setpartitions.Thus,all fivesimulateddatasets,2�� 	�
�
�
�	 2v¢
consistof 50 randomset-partitions.The numberof ele-
mentsin the set-partitionis

�£����j�	o^Ijx	���j�j�	o
Ij]jx	�^]jIj
re-

spectively. The two real data sets,yst and ccg, are de-
scribed in Section6. The resultsare shown in Table 1,
wheretheresultingconsensuspartitionsaresummarizedby

Data n k BOK BOM SAOM¤�¥�¦ 541 173 0.172 0.165 0.139%J%o§ 541 73 0.186 0.176 0.1392�� 10 50 0.173 0.147 0.1382v� 50 50 0.094 0.086 0.0612v¨ 100 50 0.059 0.054 0.0362�© 200 50 0.313 0.256 0.2312 ¢ 500 50 0.418 0.399 0.351

Table 1. Tests on seven data sets sho w good
perf ormance of SA-one-mo ve

theaveragesumof distancesto thegivenset-partitions,i.e.ª ��§ 
 Q FE« � Q ;_3 ,/. ��0 � O�6 .
The SA-one-move is averagedover 20 runs.Best-one-

movewasalwaysseededwith theBest-of-kresult,andSA-
one-move with a randompartition. As expected,the hill-
climbing,andthesimulatedannealingdid betterthanbest-
of-k in every test (therecould be a dataset, though, for
which Best-one-move cannotfind a oneelementmove to-
ward a better consensus,thus performing no better than
BOK). In all of the7 testdatasetsSA did betterthanBOM.

Our conclusionis thatSA-one-movedoesa goodjob in
betteringtheconsensus,oftenbetterthan20%thanBest-of-
k, andis thereforeourheuristicof choicefor solvingCC in
practice.

5.2. Efficacy of ConsensusClustering

Next, wedid amoredetailedstudyto analyzethebehav-
ior of SA-one-move on randomset-partitions.For various�

rangingfrom
^]j

to
�1j]j]j

, we generated̂
Ij

set-partitions
of
�

elements,andranSA-one-move
��j�j

timesfor each
�

.
Theresultsof thestudyarereportedin Table2.

It is clear from the table that on randomdatathe Avg.
SODvaluesof theconsensusaredistributedaroundmeans
thatdependon thenumberof elementsin theset-partitions.
Thedependenceis complex though,mostlikely becausethe
Symm.Differencedistanceis not normalizedor corrected
for chance.Note the apparentnon-monotonicityof thede-
pendence.If thepartitionsarestrictly bi-partitions,thenthe
dependenceis strictly monotonous(experimentalobserva-
tion). Thuswe suspectthat theexpectednumberof blocks
in aset-partitionof size

�
is intimatelyconnectedto theran-

domsymm.differencedistance,althoughmorestudiesare
needed.

This tablecanbe usedto tell if the consensuspartition
is meaningful(i.e. how close(tight) arethe dataset’s par-
titions). Namely, if the Avg. SOD of a consensuspartition

n Avg. SOD n Avg. SOD
20 0.1143 250 0.3816
30 0.0864 300 0.4416
40 0.0682 400 0.4327
50 0.0577 500 0.3658
75 0.0423 600 0.3112
100 0.0341 700 0.2719
120 0.2246 800 0.2407
150 0.2142 900 0.2163
200 0.2948 1000 0.1963

Table 2. The dependence of the Consensus
Partition Avg. SOD on

�
is non-monotone



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

10 20 30 40 50 60 70 80

d(
C

on
se

ns
us

, O
rig

in
al

) 
(a

ve
ra

ge
d 

ov
er

 1
00

 r
un

s)

Noise ( # one element moves / size of set-partition * 100 )

n = 20
n = 50

n = 100
n = 150
n = 200
n = 300
n = 500
n = 800

Figure 2. Performance of the SA-one-mo ve
heuristic under noise . Each point represents
20 runs of the SA, for k = 50 given set-
par titions. Evidentl y, good results are ob-
tained even for noise levels of up to 25%.

of a given profile of set-partitionsis closeto the average
in the tablefor that

�
, thenwe canconcludethat the pro-

file of set-partitionsarelikely toospreadout for theconsen-
susto beinformative.

5.3. A NoiseStudy

We designeda noisestudyto assesshow well our algo-
rithm eliminatesinherentnoisein the original clusterings.
Givena set-partition,noiseis introducedin it by perform-
ing oneelementmoves.If

�
is the numberof elementsin

partition � , and � the numberof oneelementmoves,we
definetheamountof noiseas: ��; � . An � -noiseneighbor-
hoodof a partitionincludesall partitionsat most � oneel-
ementmovesaway from it. We show elsewherethatoneel-
ementmovesarea goodmeasureof noise[9].

To evaluateour algorithmon noisyinput,we performed
a Monte-Carlostudywherefor a given level of noise,we
generatedO randomset-partitionsin the � -noiseneighbor-
hoodof an original one,andthencalculatedtheir consen-
suspartition.Werepeatedthis100timesfor eachnoiselev-
elsbetween

��j
and ¬ j:­ , andfor differentvaluesfor

�
(the

sizeof the set-partitions),and O , their number. The results
for theSA-one-moveheuristicareshown in Fig. 2.

6. Data and Clusterings

Weappliedourmethodsto expressiondataof yeast(Sac-
charomycescerevisiae). A comprehensive resourcefor
yeast microarray data is the SaccharomycesGenome

Databaseat Stanford2 where more than 600 experi-
mentson yeastareavailable(asof January1, 2003).Here
we will usethe populardatasetsby Cho et al.[4], Spell-
man et al.[22], and Gaschet al. [11], all obtainedfrom
the SGD. See Filkov et al. [10] for reviews of meth-
odsusedto analyzethedataof thefirst two.

The Cho et al. andSpellmanet al. datasetswerepro-
ducedin studiesof cell cycling genesof yeast.Thefirst one
consistsof 17 microarrayplates(17 experiments),of 6601
orfs. The second,consistsof threedifferent datasets(al-
pha,cdc15,andelu) of 18,24,and14 experiments,respec-
tively of 6177orfs.Bothof theseexperimentsareknown as
the cell cycling genes(ccg) experiments,consistingof 73
experiments.

In the third experiment,alsoknown as the yeaststress
(yst) experiment,theresponsesof 6152yeastorfs wereob-
servedto 173differentstressconditions,like sharptemper-
aturechanges,exposureto differentchemicals,etc.

To clusterthemicroarraydatasetsweusedourown clus-
tering tools,developedin earlierstudies[3], basedon me-
dian link, hierarchicalclustering,with the Euclideanmet-
ric asthemeasureof distance.We clusteredtheyeastORFs
for eachexperimentin the datasets.We seta thresholdof
50clustersin ourclusteringtool.Thedatasetswerecleaned
of missingvaluesby discardingrows thathadany, andthe
ORFswerematchedacrossall datasets,leaving uswith 568
genesand246setpartitions.

7. Integrating RealData

The ideaof consensusclusteringis to combinesimilar
clusteringsinto onerepresentativeclustering.We judgethe
benefitof anintegrationby whethertheresultingAvg.SOD
is closeto the Avg. SOD of a similar numberof random
set-partitions.In 7.1weshow interestingresultsof consen-
susclusteringof integrateddatasets,whenwe don’t know
how closetheclusteringsare.In 7.2 we aim to do a better
job by first identifying similar clusterings,via clusteringof
theclusterings,andthenfinding theconsensuswithin those
similargroupsof clusterings.

7.1. All experiments

First of all, we attemptedto integratethe set-partitions
from theSpellmanet al. data.Thecombineddatasettotals
56 conditions(18 in alpha,24 in cdc15,and14 in elu).

SA-One-Move wasrun on eachthreeof theSpellman’s
subsets,andon thecombinedset.TheresultingAvg. SODs
are: alpha,

j�
��]�1
��
, cdc15,

j�
���j \ 
 , elu,
jx
��1j:® Y , and com-

bined,
j�
���ja®

. We wanttheAvg. SODto beassmallaspos-
sible, thus,integratingthedatasetsis beneficialfor all but

2 http://genome-www.stanford.edu/Saccharomyces/



cdc15,which appearsto be a “tighter” set to begin with.
Theothersbenefitfrom theintegration,especiallyalpha.An
interestingthing happenswhenthe Cho et al. datais inte-
gratedwith the Spellmanet al. data.Namely, the 17 set-
partitionsof Choet al. yieldeda consensuswith Avg. SOD
of
j�
�� \ ^ . Whenjoined to the 56 partitionsof Spellmanet

al. theAvg.Soddroppedto
j�
�� Y]¯ 
 . Comparedto theabove,

Spellman’s datais much tighter than Cho’s, and only the
secondonebenefitsoverall from theintegration.

Integratingacrossstudies,we usedour heuristicon all
246set-partitionsof yst andccg. Individually, they scored
Avg. SODsof

j�
��7®�®a�
and

j�
�� Y]¯ 
 , respectively, and inte-
gratedanAvg.SODof

jx
��1°�^ ¯ . ThisgoestosaythatGasch’s
datawasnotas“tight” asthecell cycling genesdata.Again,
therewasa certaingainfrom theintegration.

It is,of course,interestingto observetheco-clustereden-
tities in theactualconsensuspartitions.Herewe briefly re-
port on two randomexamplesfrom theconsensusof Spell-
man’s data,illustrative of its generalutility. The following
twogeneswere,asexpected,co-clustered:YPR178w, apre-
mRNA splicing factor, andYOL039w, a structuralriboso-
malprotein.Bothareinvolvedin transcription.Likewisethe
following two genesoccur together:YHL027w, a meiosis
transcriptionfactor, and YLR097c, whosefunction is un-
known. Again we leave out the detailedsummariesof the
consensuspartitionsfor thefull versionof this paper.

Although thereweresomebenefitsto the integrationof
the whole datasets,they arenot spectacular. This was to
beexpectedasthe246experimentsweredifferent,andthus
causeddifferentreactionsin theyeastgenes.To do a better
job at theconsensuswe mustidentify similar experiments,
i.e.experimentsin whichthegeneswereclusteredsimilarly,
accordingto thesymmetricdifference.Wedescribeoneway
to do thatin thenext section.

7.2. Clustered Experiments

We usedthe symmetricdifferencedistanceto cluster
theclusterings(i.e. identify similar experiments).First off,
we built a matrix of distancesbetweenall 246clusterings.
Then,we fed this distancematrix into our clusteringtool
(averagelink, hierarchicalclusteringwith Euclideandis-
tanceasthemetric).Againwelimited theoutputto 50clus-
ters.The elementsof eachclusterareexperiments,named
following the original experiments.Thus,ccg compriseof#:� �>± # � , %J&:% � , and ²7�=³ � , andyst of the rest.The resulting
clustersaregivenat ourwebsite.3

Theresultingclustersshow withoutadoubtthatbiologi-
cally similar experimentsactuallyclustertogether(mostof
thecell-cycle experimentsareclusteredin separategroups

3 http://www.cs.ucdavis.edu/´ filkov/integration/

from the rest,althoughtherearemorethanonesuchclus-
ters).

For each cluster of experiments (i.e. set-partitions),
we calculated the consensusclustering. The result-
ing Avg. SODsshow betterconsensuses,i.e. tighter sets,
thantheoverall integrationof theprevioussection.We no-
ticed that for smaller numberof experimentsin a clus-
ter, the Avg. SOD becomeslarger than the oneof all 246
set-partitions.This is dueto normalizationissueswith the
Avg.SODof consensusesof smallsetsratherthanthetight-
nessof theconsensus(asmentionedabove for O[µ 
]j this
becomesanissue).

Anotherinterestingthingis thattimecourseexperiments
of bothdatasetsclusteredtogetherandyield verynicecon-
sensuses.This, arguably, points toward the utility of mi-
croarraydataasgenome-scaletoolsfor monitoringperiodic
genechange.Pleaserefer to our websitefor more insight
into theclusters.

The proceduredescribedabove is in fact a general
method for meaningful data set integration: (1) iden-
tify similar experiments,and (2) computethe consensus
for the similar groupsof experiments.As we seethe ob-
tainedconsensuspartitionsarelikely to beverymeaningful
biologically.

8. P-valuesfor SetPartitions

A commonapproachto evaluatingthequalityof agiven
clusteringof a given dataset is to checkwhetherknown
propertiesof the items are reflectedwithin the clustering.
For example,in clusteringmicroarraygeneexpressiondata,
we would expecta subsetof geneswith identicalpromoter
binding sites to appearwithin the sameexperimentally-
derivedcluster. However, without rigorousassociatedprob-
abilities(p-values)thesignificanceof suchobservationscan
beunclear.

8.1. Fixed SizePartitions

Our first classof p-valuesevaluatesthe likelihood that
thegivenclusteroccurswithin a partof a randompartition
of
�

itemsinto O parts.
We notethatthenumberof suchpartitionsis countedby� . P � , theStirling numbersof thesecondkind, which arede-

finedby therecurrence� . P �v� O � . �8�P � ' � . �8�P �
TheBell numbers ��3 � 6 countthetotalnumberof setparti-
tionsof

�
items,andaregivenby

��3 � 6 � .kP L � � . P �



We define
�?� 3 �C	 O 	 # 	 $�6 to be the probability that there

existsa part containingat least # membersof a predefined
subsetof $ items in a randompartition of

�
items into O

parts.
We claim that

�?� 3 �C	 O 	 # 	 $J6 canbeefficiently computed
for # � $�; 
 usingtheformula:

�?� 3 �C	 O 	 # 	 $J6 � G �K�L �8¶ � K4· G . �5�dAL!¸ ¶ . �E�d¹· � . �»º K y dA¼P ��� �
� . P �

Ourargumentisbasedoncountingthenumberof setpar-
titions containingsucha prescribedblock. When # � $�; 
 ,
sucha block canoccurat mostoncein any givenpartition.
Theelementsof this block consistof gvU�# elementsfrom
thesubsetof $ elementsand h of the

��< $ remainingele-
ments.Theremaining

�T< 3=g>'�ha6 elementsmustform aset
partitionwith O <W� parts.

8.2. Fixed ShapePartitions

Oursecondclassof p-valuesevaluatesthelikelihoodthat
thegivenclusteroccurswithin a partof a randompartition
of prescribedshape.Note that the the probability which a
givenclusterappearswithin apartitioninto

�X<W�
elements

and a singletonset is much larger than a bipartition into
equal-sizedsubsets.By conditioningon the shapeof such
partitionswecancorrectfor suchphenomena.

Let
�½�¾�A� � 	�
�
�
�	/� P � beanintegerpartitionof

�
, i.e. a

multisetof positive integerssuch G PK�L � � P ��� .
We define

�>
 3 �¿	 # 	 $J6 to betheprobability that thereex-
istsapartcontainingatleast# membersof apredefinedsub-
setof $ itemsin a randomsetpartitionof shape

�
.

Weclaimthat
�5
 3 �?	 # 	 $J6 canbeefficiently computedus-

ing therecursiveformula:

�>
 3 �¿	 # 	 $J6 � G�ÀN�Á�Â ¶ � K=· ¶ . ���b H � K�·
¶ . b ·

' G Â�Ã HN�Á]Ä ¶ � K=· ¶ . ���b H � K�· b ��ºÆÅ bJÇ peqeqeq p b�È�É p � p ��� K�¼
¶ . b ·

where
�5
 3 �]��	 # 	 $J6 �Êj

for # � j
and

�>
 3 �]�:	 # 	 $�6 �Ë�
if# ��j(r $ .

Our argumentis basedon countingthenumberof ways
that thefirst block of size

� � containsthegivencluster, by
selectingthe g � # of $ prescribedelements,and

� � < g non-
prescribedelements.If the first block doesnot containthe
requisitenumber, we countthenumberof sub-partitionsof
shape

�A� � 	�
�
�
�	4� P � whichdo,conditionedonthenumberof
unusedprescribedelements.

9. Discussionand Future Work

In this paperwe describeda combinatorialapproachfor
integratingheterogeneousdatabasedon consensuscluster-
ing, and developedvery fast heuristicsfor it. Becauseof
their generalityandspeed,our algorithmsareof indepen-
dent interestin datamining, classificationand consensus
theory, especiallysincethey work onlargeinstances.Onar-
tificial datathealgorithmsperformvery well, identifying a
goodconsensusevenundersignificantnoise.We wereable
to get interestingresultsby applyingthemto real data,al-
thoughmoreexperimentsareneededto assesstherealvalue
of the method.In the last sectionwe presenteda general
methodfor dataintegrationandhypothesisgenerationand
discovery, similar to two dimensionalclustering,but inde-
pendentof specificdatasimilarity metrics.

We are working to improve our consensusclustering
methodsin severalways,but mostlyto establisha fully au-
tonomous,objectivewayto assesswhendatasetscanbein-
tegratedand yield a more informative consensusthan the
individualclassifications.

We mentionherethat thereis interestfor similar prob-
lemsin AI anddatamining communities.Recently, Strehl
and Ghosh [23] addresseda similar problem as ours,
which they alsocall consensusclustering.Their optimiza-
tion problem considersa different function, one based
on information theoretic conceptsof commonnessbe-
tween clusters,and their solution is basedon different
heuristics.Although the methodsare different (our meth-
odsareindependentonthenumberof clusterings,theirsare
insensitive to missingdata)it would be interestingto com-
parethemsystematically.
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