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Abstract—Cognitive Radio (CR) is an attractive technology
to alleviate spectrum scarcity in wireless communications. It
allows secondary users (SUs) to opportunistically access the
licensed spectrum of primary users (PUs) so long as these users’
communications are protected. Therefore, protection of the PUs
is central to the adoption of this technology. In this paper, we
consider an SU that must protect multiple non-interfering PUs
simultaneously. These PUs may be heterogeneous in terms of
their activity statistics and protection requirements. Assuming
exponentially distributed idle times, we determine the limits on
successful SU transmission time in such cases, and demonstrate
the impact of these results on the channel selection problem. We
also derive a time-threshold optimal policy for PUs with general
idle time distributions and determine the conditions necessary
for this policy to hold. We then discuss the implications of our
results on related issues, in particular the information that the SU
needs to determine transmission policies satisfy PU constraints.

I. INTRODUCTION

Cognitive radio is a promising technology to mitigate spec-
trum inefficiency in wireless communications. It enables sec-
ondary users (SUs) to opportunistically access low-occupancy
primary spectral bands assuming the primary user (PU) access
is protected. Because legacy users have access priority, a
design goal of any opportunistic access strategy is to minimize
the SUs’ effect on licensed users’ transmissions. For example,
in the DARPA XG project [1], one of the three major test
criteria in the field test is “to cause no harm” [2]. This
goal has strong implications for both SU performance and
incentive to implement such schemes, as licensees will not
agree to accommodate secondary cognitive networks to their
own detriment. This is also one of the primary bottlenecks of
SU network performance. The spectrum access strategy of the
SU should aim to maximize the performance of SUs while
operating under the protection guarantee of PUs.

One often used protection metric is packet collision prob-
ability. In previous work, the researchers have developed
medium access schemes for secondary users under this type of
protection requirement, e.g., in [3], [4], [5]. While most work
has focused on the performance of SUs when interacting with
a single PU system, we focus on the case where an SU may
interfere with multiple PUs, where those PUs do not interfere
with each other in either the spatial or frequency domain.

Consider two motivating examples. Figure 1(a) illustrates
an SU transmitter-receiver that interferes with two pri-
mary receivers whose transmitters are independent and non-
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Fig. 1. SU in environments with multiple non-interfering PUs.

interfering. Both PUs transmit on a common channel, but are
sufficiently separated spatially. In the second example, pictured
in figure 1(b), we have PU1 and PU2 transmit on different non-
overlapping channels so that they are do not interfere with each
other. Under some circumstances the SU may have to access
some fraction of channel 1 and 2 simultaneously. In both cases,
the SU needs a transmission policy that protects the activity
of both PUs. The SU must determine its transmission strategy
based on the union of both PUs’ activities.

These examples raise some pertinent questions regarding
SU networks:

o What impact do multiple PUs have on SU performance?

o Is information of the unionized behavior of PUs enough
to determine sufficiently protective SU access strategies?

o What is the impact of multiple PUs on SU channel
selection?

Our paper addresses these questions. We show that for
multiple PUs with exponential idle time distributions, an SU’s



successful transmission time is only limited by the minimum
successful transmission time possible for a single PU or
the actual idle time of the channel. We use these results
to demonstrate the impact of multiple PUs on the channel
selection problem. We then derive the optimal policy for
general idle distributions under certain conditions. We also
investigate the impact of imperfect knowledge of the PUs in
determining policies that sufficiently protect each PU.

The paper is organized as follows. After discussing some
related work in Section II, we present our system model in
Section III. In Section IV we provide brief overview of the
results in [6] for single-PU systems. In Section V, assuming
PU exponential idle times, we derive an optimal transmission
scheme for a channel with multiple PU constraints, and inves-
tigate the implications of these results on channel selection.
In Section VI, we derive a time-threshold policy for a 2-
PU system with general idle time distribution, and present
the conditions necessary for such a policy to be optimal.
In Section VII, we discuss our results, and in particular
how the amount of knowledge of individual PUs affects SU
transmission policies. We conclude our paper in Section VIII.

II. RELATED WORKS

Much work has been focused on packet collision prob-
ability as the protection requirement for PUs. In [3], the
authors introduce time capacity, the proportion of time that a
DSAN can transmit without violating the PU’s packet collision
constraint, and determine the time capacity in a single-PU
system with exponentially distributed idle time under perfect
sensing assumption. In [6], the authors generalize their results
in [3] to consider PU general idle time distribution with both
perfect and imperfect sensing. Our work can be seen as a
direct extension of these works with multiple PU protection
constraints.

In [7], the authors formulate the PHY-MAC design of an
SU access scheme with imperfect sensing as a constrained
partially observable Markovian Decision Process which uses
the entire observation history to make optimal decisions. They
prove that their optimal access policy obeys a separation
principle which simplifies the joint design of the spectrum
sensor and MAC protocol. However, this work focuses on
a single PU protection requirement in a slotted structure,
whereas our work considers a single SU under multiple PU
protection constraints in an unslotted system.

Another related issue is how SUs find and choose channels
from a pool of potential spectrum bands to transmit on to
optimize throughput. In [8], the authors devise an iterative
optimization algorithm for max-min fair allocation of channels
in a multi-hop CR network. However, their model assumes a
static but spatially heterogeneous channel environment such
that SUs are not concerned with PU protection requirements.
In [9], the authors model the problem as a multi-armed bandit
problem to decide the best channel(s) to sense and access.
In the special case where all bands are statistically identical,
the authors show that the myopic policy is optimal and is
equivalent to Whittle’s index policy. On the other hand, our

channel selection work focuses on the implications of time ca-
pacity on selecting multiple bands for simultaneous use by an
opportunistic user. In [5], while the authors propose a medium
access control scheme for multi-channel parallel transmissions,
our work provides explicit performance guarantees while we
do not provide a protocol.

III. SYSTEM MODEL

Consider an SU that operates within the interference range
of two or more non-interfering PU networks. We assume the
PUs transmit on a channel or set of channels which the SUs
are trying to opportunistically access. Because the PUs are
non-interfering, simultaneous transmission of two PUs does
not result in collision between them.

A. Primary Users

Our system model is similar to [6] but extended to include
multiple PUs. The PUs are assumed to be non-cooperative with
the SUs and with each other, and access the channel without
sensing. PUs are also non-interfering, i.e. they can transmit
at the same time. This can be as a result of spatial reuse as
in figure 1(a), or because they communicate on separate non-
overlapping channels, as in 1(b). For our analysis, we assume
packet-based transmission for all PUs.
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Fig. 2. Timing diagram for PU/SU system model.

Figure 2 illustrates the activity of each user. All PUs are
assumed to be working under capacity, such that each PU’s idle
and active time durations are random and governed by random
distributions. The PUs’ activity is assumed to be stationary and
ergodic. Each PU i has an idle time denoted by V),;, along
with an idle probability distribution function of fy . (-), and
cumulative distribution function of Fy(-). Let E[Vp;] = vp;.

The number of packets transmitted per active period is also
random and denoted as N,;, with E[N,;] = n,; and packet
length L for all users. We define an active interval of the ¢th
PU as L,; = N, L, with E[L,;] = l,; = np; L. We can then
calculate the idle probability of each PU as a; = vffl

We denote the mean idle and active times of the union of the
PU activity as v/ and I/, = n! L. We note that n/ is the mean
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the unionized user as shown in figure 2. The idle probability
of the unionized activity is then o’ = v,vﬁ The relationship
between the individual PUs’ activity and their union will be
investigated in greater detail in section IV.

Each PU i also has a packet collision probability require-
ment denoted 7);, defined as the probability of SU collision
with the ith PU. Over a time interval [0,7], we denote the
number of packets transmitted by the ith PU as N, and
the number of collisions experienced by that user as A;.
The probability of one of the i¢th PUs’ packets experiencing
collision is denoted:

ppi = Prpacket collision of ith PU]

where:

and the PU protection requirement is thus:

Ppi <miy Vi (1)

We assume that the collision constraints for all PUs are
known to the SUs a priori. These constraints must be satisfied
for all PUs regardless of the number of SUs wishing to access
the channel.

B. Secondary User Transmission

The access behavior of SUs is similar to [6], with the key
difference being that the SU must protect multiple heteroge-
neous PUs. A synopsis of the model in [6] is as follows:

o Packet Length: The SU packet length is denoted A, and

we assume A < vp;, A < Ly;, and A < L.

o Sensing: We assume perfect sensing by the SU, such that
any time an SU is sensing the channel while any PU is
transmitting, the SU will always detect the presence of the
PU and stay idle. We assume that SU sensing follows the
listen-before-talk (LBT) principle, where the SU senses
the channel before allowing transmission.

e Collision Detection: Whenever an SU and PU transmit
simultaneously, we assume that both experience collision
and the SU can detect the collision. Because we have
assumed that A < [, we are always able to detect
collision if a PU arrives during an SU transmission.
Perfect sensing combined with LBT ensures that packet
collisions occur only if a PU accesses the channel while
an SU is already transmitting. This ensures that for any
single PU active period, at most each PU will only
experience one packet collision. Some typical collisions
with a PU are shown in Figure 2.

o Knowledge of Individual PUs: We assume that the SU
has knowledge of the idle/active distributions of each
individual PU a priori, i.e. fvp Np;, 1; for all PUs,
indexed by i.

o Performance Metric: The SU’s performance metric is
the time capacity, the percentage of time that the SU
can transmit successfully under the collision probability
constraint. This metric is defined as below:

i

. SU’s successful access time in [0, T']
Cs = lim
T—o00 T

)

Since the channel observed by the SU has idle probability o/,
clearly Cs < o/

IV. OPTIMAL POLICY FOR SINGLE-PU SYSTEM

In [6], the authors determine an optimal SU transmission
strategy in a single PU system with exponential idle time
distribution. Specifically they showed that the SU’s optimal
transmission policy depends on how long the PU has been
idle for the current idle period. Let ¢ be the amount of time
that has elapsed since the beginning of the latest idle period,
and @(t) be the channel state at time ¢:

O(t) € {Idle, Busy}. 3)
The authors also define a time-related decision metric
1— Fy,(t)
gt) = ———. “)
(®) Ty, (t)

This can be considered the inverse of the likelihood of the
conditional collision probability if the SU transmits at ¢.

The optimal transmission policy ¢*(¢) is defined as the
maximum probability that the SU can transmit at a particular
instance ¢ in the current idle period. For a single PU system
with general idle time distribution:

1, if g(t) >~*, ®(t) = Idle
p*, if g(t) =~* ®(t) = Idle 3)
0

,  otherwise,

q ()=

where v* and p* are determined from the collision probability
requirement:

/ Jv, (T)dr +p*/ Jv, (7)dr = min(n,n, 1).
Tig(T)>v* Tig(T)=7* ©)

It is further shown that when ¢(¢) is monotonically decreas-
ing over ¢, the optimal policy reduces to:

q(t) = {(1)’

where T* is determined by fOT* Jv, (T)dr = min(n,n, 1).
When the PU has exponentially distributed idle time, ¢(t) is
constant for all ¢, resulting in an optimal transmission policy:

. P
¢ (t) {07

where p* is the optimal probability of transmission that can
be achieved without violating the collision constraint. From
(6), p* = n,n, where n,, is the average number of packets per
transmission and 7 is the packet collision constraint. Notice
that p* is the probability that a single collision occurs during
an idle/busy cycle of the PU’s activity without violating the
PU packet collision constraint.

if ¢t<T* ®(t)=Idle
otherwise.

@)

if ®(t) = Idle

otherwise,

@)



It was also proven that as SU packet length A decreases,
throughput increases. As A — 0, with a given SU transmission
policy ¢, the time capacity equation C(q) can be written as:

@ Jya(ndrdt  Gu(g)
Cela) = vp + Uy B vp +1p’ ®

where G4(q) = [;° fv, () - fg q(7)drdt. For the exponential
case, Cs = ap®.

V. OPTIMAL TRANSMISSION POLICY FOR
HETEROGENEOUS PUS WITH EXPONENTIAL IDLE TIMES

In this section, we determine the optimal transmission policy
in an environment with heterogeneous, non-interfering PUs.
We assume that all PUs have exponential idle and general
busy time distributions, and that the SU knows the channel
statistics and collision constraints of each individual PU. We
first discuss this model for two PUs, and then extend it to
M users. Using these results we then investigate the channel
selection problem.

A. 2 PUs with Exponential Idle Times

Our goal for the 2 user case is to determine the SU
transmission policy that maximizes throughput while ensuring
that the packet collision probabilities of PU1 and PU2 satisfy
their collision constraints.

The objective function is as follows:

Cs(q)

phi(q) <mi, ie{1,2}
where p£;(q) is the packet collision probability of PU 4 under
policy ¢(t).

Since we are now dealing with the union of two PUs
activities, with idle distribution fy () and average active time
l;, we rewrite equation (9) as:

ST Ay fy a(r)drdt
B vy, + 1,

We define ®4(t), Po(t) as the activity indicator for PU1
and PU2, and ®’(t) as the indicator for activity observed by
the SU, such that:

q)/(t) _ {Busya

max
q(t):0<q(t)<1 (10)

subject to

Cs(q) (1)

if ®1(t)or Oo(t) = Busy

12
otherwise, (12)

Idle,
As defined previously, the two primary users have idle times
Vp1 and V), with means v, and v,s. They are assumed
to have general active time distributions, with n,; being
the average number of packets/transmission for user ¢, and
both have packet length L. We note that this can easily be
generalized for non-equal packet lengths, or even for non-
packetized transmission situations.
We first make two observations that aide analysis:

Observation 1: The idle time distribution of the union of the
PUs’ activity is also exponential. As shown in figure 3, if the
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Fig. 3. Collision Protection with 2 PUs.

SU senses an idle channel at some time t¢g, because of the
memoryless nature of the exponential distribution, the time
until the channel becomes busy again is V) = min(V},1, Vp2).
Since both Vj,1,V,2 are exponentially distributed, it follows
that V] is exponentially distributed with rate parameter 1/v;,:

1 1 1
— =4 —. (13)
1)[) Up1 Up2

Observation 2: Since the PUs are independent of each other,

the idle probability of the channel is:
(14)

/
o = (1(g.

From equations (13) and (14), we can derive an expression
for nj,:

o = aan
!
Yp _ Upl . Up2
vh+nl L vp +np L vy +npel (15)
Np1 Np2 Np1Mp2
:n;:v;(i+i+uL
’Upl Upg ’Upl’Upg

Since the union of the two PUs results in an activity
pattern with exponential idle time, we know that the optimal
transmission policy will be:

*, if®'(t) = Idle
S = {p (t)

. (16)
0, otherwise,

Therefore the remaining question is to determine p* that satis-
fies (1) for each PU. Here we present an intuitive explanation;
a rigorous derivation of p* can be found in Appendix A.

Notice that p* is the probability that a single collision occurs
during any single idle/busy cycle of the unionized activity.
With 2 PUs, a collision with PU 7 only occurs if the other PU
is idle. This means that:

aop™ < npim,

y 17)
aip” < np2m2.
It follows that p* can be written:
p* < min(Z2R D2 ) (18)

9 (5]



Given this result for p*, we obtain the following theorem.

Theorem 1. The maximum time capacity of the SU in a

channel with the unionized activity of two PUs is:
Cs = a'p* = min(Cy1,Cso,0’) i € {1,2}

where Cs; = a;npin;, which is the maximum time capacity
that can be achieved in the single-PU system consisting of the
ith PU.

19)

Proof: The result follows directly from equations (18),
(14) and time capacity equation Cs = o'p*. ]

Figure 3 lends intuition to this optimistic result; we see
that the PUs mutually protect each other from collision. This
protection reduces the collision probability of each PU by a
factor that equals the other PU’s busy probability, as seen in
equation (17), allowing p* to be increased proportionally. This
offsets the lower channel availability caused by the presence
of multiple PUs. In other words, the channel availability is
reduced but the SU can transmit more aggressively.

We note that in some cases, both PUs will be protected
to the point that their collision probability constraint cannot
be violated. In this case the SU transmits with probability 1
during idle periods, and the time capacity is limited by the
idle probability o/ of the channel.

B. M PUs with Exponential Idle Times

We again assume the SU has perfect knowledge of the M
PUs’ mean idle/busy times vp;, 1y, @ € {1,...M}, where
the PUs have exponentially distributed idle time and generally
distributed busy time, and that all PUs transmit using the
same packet length L. We also assume the SU knows the
corresponding 7; for all each PU 7. Observation 1 still holds
in this case with V) = min(V};;), i € {1...M}, so the optimal
transmission probability follows (16), where ®'(t) = Idle
when all M users are idle.

We can rewrite (13) and (14) as follows:

M

1 1
=y (20)
v;, ; Upi
M
o =] Q21
=1

v
my= 2L~ 22)
=1

With M PUs, the SU collides with PU ¢ only if the other
M — 1 PUs are idle. Therefore:

M
[ cir™ < npimis Vi, j #i. (23)
j=1

As a result, p* follows the same format as (18), with

. 673
* = — NN, 1). 24
ey Lo et 1) -

Corollary: The time capacity for M PUs follows Theorem 1:

min

iy 1).
z‘e{l...M}(ammm’ )

Proof: The proof follows directly from Theorem 1. H
Since each PU in the system reduces the o', with larger
M there is less chance of actually being limited by a PU
instead of the idle probability. However, the reduction of each
PU’s collision probability due to protection still holds, and is
stronger due to the addition of more and more PUs.
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Fig. 4. Cs vs. M Homogenous Users (vp = 100,np1 = 100, L = 1)

In figure (4), we can see this relationship between the
SU’s time capacity Cs and the number of PUs. We consider
homogenous PUs for simplicity. We can see that for up
to 4 users, C stays constant. This is because the SU can
increase p* without reaching one. We emphasize that Cj is
the percentage of time that the SU can transmit. With 4 users
or more, however, o’ becomes the limiting factor (i.e. p* = 1
for M > 5).

C. Channel Selection

We now investigate the implications of our results on
channel selection. Consider a scenario where the SU can
choose from a set of licensed independent channels. The SU’s
performance may benefit by choosing and operating in several
channels simultaneously.

Theorem 1 provides insights on how to select channels to
maximize the total throughput. That is if an SU can choose
a set of PU channels to access simultaneously with the goal
of maximizing throughput, it should choose PU’s with similar
single user capacities. However, attention must also be paid
to the idle probabilities as well, since as the number of users
grows, the significance of the channel idle probability o grows
also. Thus, we see that channel selection must consider the
interaction between the single-PU time capacities Cy; and their
idle probabilities «;.

To investigate these factors’ interaction in channel selection,
we consider an SU that chooses from a pool of M channels.
Each of the M channels is licensed to a PU with exponential
idle time, with vy; and n,,; as described before, and we assume
that the PUs are independent of each other. Each channel
has bandwidth of By, and gaussian noise with distribution
N (0, 0?). We define the performance metric R of our channel



selection algorithm as the average throughput, which is the
product of the time capacity Cs and the Shannon capacity of
the channels selected:

P

s = Cs Byl 14+ ———), C{l1..M}.

R Cs(S)|S[Bologa( +|S|Boo_2) S }
(26)
Our objective function is:
P
= s B L+ =3
S agggr{rlfﬁﬂ(/’. (S)[S|Bolog2(1 + |S|B()02) (27)

where C5(S) is the time capacity of the channels in subset S.

Because of the interaction between time capacity and «/,
one may need exhaustive search to consider all possible com-
binations. The complexity of exhaustive search is exponential,
so we consider a suboptimal heuristic algorithm. We define a
myopic algorithm that greedily takes the channels with highest
Cy; until throughput R begins to decrease. We define the
algorithm as follows:

1. The SU orders the M channels by their individual capaci-
ties. Therefore:
a1Np1M1 = QNP2 = . N MMM -

2. The SU adds the channels in that order to its pool until the
R, value obtained is less than the previous.

Numerical Comparison

To generate our numerical results, we use statistics collected
from real trace data taken in the 850-870MHz band. The
spectral data is collected in 0.0ls snapshots, with a DFT
frequency resolution of 8.333kHz, taken over a duration of 100
minutes. Within the measured band, we select 50 channels with
different idle probabilities, shown in Figure 5(a), where black
ticks represent PU activity and white ticks represent idle time.
Due to very high power transmitters used, PU activity can be
determined by the application of a simple energy threshold
method, with low-level processing to eliminate false alarms
caused by noise. We note that each of the channels only has a
bandwidth of 25kHz; these channels are mainly of interest
because they exhibit a large number of on/off cycles, and
statistical heterogeneity.

In our simulations, we run 10,000 iterations of the greedy
algorithm over varying levels of power P. For each iteration,
we randomly select 10 of the 50 channels as our SU channel
pool, since an exhaustive search for the optimal allocation
takes exponential computation time. For these 10 channels,
o, Up; and ny,; are obtained from the measured data. The v,,;s
for all 50 channels range from 1 to 90s, and the n,;s range
from 1.5 to 12.8s. We use the time resolution as the PU packet
length, so L = .01s. We set n; = .001 for all PUs, By = 1 for
all channels, and assume that they are AWGN channels with
noise density of 1. The optimal channel set S and capacity is
found by exhaustive search using equation (27).
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TABLE I
NOTATION FOR 2-PU SYSTEM

Jvpi (1) PDF of PU 7 idle time
Py, (t) CDF of PU i idle time
f{,’pi (t) PDF of PU i residual idle time
F";pj (t) CDF of PU ¢ residual idle time
f"/pi (t) PDF of PU1{JPU2 idle time
Fy, (1) CDF of PU1{JPU?2 idle time
a; Probability PU 7 idle
o Probability all PUs idle
Psi Probability PU 1 starts the idle period
fsi(t) Idle time PDF given PU ¢ starts the current idle period
hi(t) Probability that PU 4 ends current idle period at time ¢
0ij(t) Probability that PU j ends current idle period given PU 4 starts
gi(t) Time decision metric for PU ¢

Figure 5 compares the performance of the myopic algorithm
with the optimal channel selection over power P. In figure
5(b), when P is low, there is very little difference between
the myopic and optimal choices. This is because power is
the limiting factor in the throughput in the low-SNR regime.
However, as power goes up, the greedy algorithm is much
less likely to result in the optimal throughput values. In this
case, the idle time probability o’ shrinks very quickly as the
number of channels goes up, and therefore the time capacity
limits R;. However, the throughput difference between the
suboptimal and optimal selections seem quite close even in
the high SNR regime. For example, at an SNR of 40, the
throughput achieved by the myopic algorithm is only 13%
less than the optimal throughput on average. This implies that
the myopic algorithm achieves fairly strong rate performance,
although it should be noted that the difference between these
two algorithms can be large in degenerate cases.

Figure 5(c) shows that the average number of channels that
leads to the optimal capacity also increases as P increases.
However, because of the limits of the channel idle probabili-
ties, the number of channels begins to level off for higher P.
We also see that the myopic algorithm results in consistently
less channels being allocated, particularly as power increases.

This result implies that channel selection is more than a
matter of choosing the channels with best time capacities at
any time. With higher power, the idle probability of the chan-
nels becomes a limiting factor of performance, and therefore
must be considered quite carefully when designing channel
selection schemes.

VI. OPTIMAL TRANSMISSION POLICY FOR PUS WITH
GENERAL IDLE TIME DISTRIBUTIONS

We now derive the optimal transmission strategy for two
PUs with general idle time distributions under certain condi-
tions. Table I lists all notations used in the derivation.

A. Framework

In the 2 PU case, we first notice that the idle time distribu-
tion depends on which PU finishes transmitting last before a
given idle period. Figure (6) demonstrates these two situations.
When the ith PU’s transmission is the most recent to end

PUL
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Fig. 6. Timing diagram showing two types of idle periods.

before a given idle period, we say that PU i starts the idle
period that follows. It follows that the unionized PU idle time
distribution can be rewritten:

fV}f (t) = pslfsl (t) + p32f52 (t) (28)

where pg; is the probability that an idle time starts with PU ¢,
and fs;(t) is the PDF of the unionized PU’s idle time given
that the idle period starts with PU 1.

To determine pg;, the activity of the PUs is observed over
time period T', where T is the length of the first N’ idle/busy
cycles of the unionized PU. I}, B}, I}, B} are the kth idle and
busy periods of PU7 and the unionized user. We assume that
every cycle begins with an idle period for ease of analysis.
Therefore:

N’

T=>I,+Bj
k=1

L 29)
m=1

ie{1,2}

where R; < Iy .| + By, .. and in general Ny # Ny # N'.

Since the PU must end a transmission for every idle/busy
cycle, each PU ends NV; transmissions during 7". An idle period
results if the other user is idle during one of these events.
Defining N;; as the number of idle periods started by PU i, we
know that over long interval T', Ny — aa N1, Nyz — a1 Na,
and their sum is the total number of idle periods of PU’ over
[0,T]. We can now derive pg;:
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Up2

Up1 + Up2

(30)

where the 4th step results from the law of large numbers.
Similarly, pse is derived as:

€19

To determine fs1(¢), fs2(t), from figure (6) we can see that

when PU 1 starts the idle period, V) = min(V}1,V};), where

V52 is a random variable denoting a remdual idle period of PU
2. When PU2 starts, V) = min(V}];, V};2). To determine the
unionized idle period dlstrlbutlon we must obtain the residual

idle time distribution of each PU, which can be written as:

B 1-— va(t) B 1-— va (t)
== = o (32)
It follows that:
Far®) = frp O = By, (0] + fu, (1 = Fiy (8)), 33)
fs2(t) = fur (1 = Fv,, (O] + fr,. (O[1 = Fur (8)]. (34)

Both (33) and (34) can be separated into two functions that
represent which PU begins transmitting first, terminating the
idle period. We say that this PU ends the current idle period.
We define a set of functions ¢;;(t) as the portion of the idle
time distribution that represents the jth user ending the current
idle time period given the ith user starts the idle period:

o (1) = ﬁ@UU—R"U]
$12(t) = fur, (O)[1 = Fy,, (t)]
o () = ﬁwUH—Ru@] G
Ba(t) = funy (1 — Fi, (1)

We can then rewrite (28) as follows:

fvy(t) = psifa(t) + psafsa(t)
= psit{fv,, [ = Fyy, (D) + fvy, O[1 = Fy,, (D]}
sl fvy (O = Fy, (O] + fv,, (O = Fy (D]}

= ps1[P11(t) + d12(t)] + ps2(p21(t) + Paz(t)].
(36)

B. Optimal Policy in a 2-PU System

The derivation of an optimal policy for 2 PUs is based on
the single PU case. In this paper we focus on distributions that
result in 7 optimal policies. We start by rewriting (36) as:

fvi(8) = paa[d11(t) + @12(1)] + psa[d21(t) + P22(1)]
= ha(t) + ha(t),

where h;(t) represents the probability that the ith user ends
the current idle period at time ¢. They are defined as:

hi(t)
ha(t)

(37

= ps1$11(t) + ps2a1(t), (38)

= ps1912(t) + psadaa(t). (39)

We then define two decision metrics g1 (t), and go(t) as

_F ,
ai(t) = 1T(:)(t) (40)
@m—3%§§9 1)

Similar to the original metric, g1(¢) and g2(t) are the inverse
of the likelihood of the conditional collision probability with
user ¢ given that the SU has transmitted at time ¢. Given these
equations, we present the following theorem.

Theorem 2. To satisfy the collision probability constraint of
PU 7 in a 2-PU system, an optimal transmission policy follows
the form:

1, if  gi(t) > ~f, @'(t) = Idle

q*(t) = pt, if gi(t) =~ @(t) = Idle  (42)
0, otherwise,
with 7 and p] are determined from:
/ ha(r)dr + ! / ha(r)dr

7:9i (1) > 7',191'(7')/:771 (43)

in v, + 1, 3

= min(ny;n;————, 1).

Tpilli Ui ¥ lpi7

Proof: We first note that (43) is a modified version of
(6). Since we are only interested in protecting PU ¢, the full
idle time distribution fy, in (6) is replaced with h;(t). The
idle/busy multiplier on the right side of (43) is necessary
because the integral calculates the PU ¢ collision probability
under policy ¢*(t) for an average PU’ cycle , whereas n,,;1;
is the collision requirement for an average cycle of PU i.
Recalling (9), we now prove that the policy ¢*(¢) presented
in (42) is optimal over any other policy ¢(t). The proof is
presented in (44), and is similar to that presented in [6] for
the optimality of (5) in a single-PU system. |

Using Theorem 2, we can now show that an optimal policy
for certain combinations of distributions is a time-threshold
policy.
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_ / "l (7) — a()ha()a(r)dr
= (1) — q(7)]h; (T)g(T)dT
/T oo 1O a4 / o

lg(7) — (7)) ha(r)dr + /

7:9i (1)<}

>
T:9i(T) 2]

:fy;‘{/o q*(T)hi(T)dT—/o q(T)hi(T)dT}
vy, + 1, 0

> (npini — nmm)ﬁ =
pi i

(6 (7) — a(F)Jha(r)g(r)dr + /

[¢"(7) — a(D)]hi(T)dr

7igi(r)=7;

[¢"(7) — a(P)]hi(T)dr}

(44)

Theorem 3. When ¢ (¢) and go(t) are monotonically decreas-
ing, an optimal transmission policy is a time-threshold based
policy of the form:

if t<T*®(t)=Idle

. (45)
otherwise,

where T can be determined using Theorem 2.

Proof: By Theorem 2 above and Corollary 1 in [6], we
know that if only PU i is constrained and g;(¢) is monotoni-
cally decreasing an optimal policy is a time-threshold policy
of the form:

. 1, if t<TF @' (t)=Idle
(0= e (6)
0, otherwise.
with threshold T determined by:
Tr V! +l/
hdeT:minni iu,l . (47)
| e (i)

Assuming now that both PUs are constrained, we obtain
T}, Ty by applying Theorem 2 to both PUs. Without loss of
generality, assume that 7" = min (77}, T5), so that if the SU
transmits with the policy defined in (45) with 7" = 77, then
the collision constraint of PU1 will be satisfied with equality,
and PU2 will satisfy its constraint with inequality. Because no
other policy can improve the time capacity while satisfying
PUI’s constraint, we conclude that the 7" policy is optimal,
with:

T* = min(T}, T3). (48)

|
Under this policy, from (9) the time capacity equation is:

Jo vy (@) dt+ T [y, (t)de
v, + 10, '

Cs = (49)

VII. DISCUSSION AND FUTURE WORK

We discuss the implications of our results on PU protection,
and SU policy making when the SU has imperfect information
of the PUs in the system.

A. PU Protection

These implications are self-evident. As Theorem 1 shows,
with knowledge of the PUs’ transmission behaviors, we can
ensure the protection requirements of all PUs while maintain-
ing SU time capacity. The SU time capacity is limited by the
lowest time capacity under any single PU or the unionized
channel availability with M PUs.

In contrast, in Theorem 2 we have shown that without any
knowledge of the individual PU’s idle/active time distributions,
we cannot determine a p* that can ensure the PU protection
requirements. On the other hand, if we are able to determine
the v,; and n,; parameters from scrutiny of the unionized
active time distribution, we would essentially see the same
situation as in Theorem 1.

B. The Imperfect Information Problem

Although we assume the SU has perfect knowledge of the
PUs in the system, in practical systems such knowledge is not
guaranteed. We plan to investigate this issue comprehensively
in future work, and present a motivating example of this
problem here.

To that end, consider a 2-PU system in which the only
knowledge available to the SU is the minimum protection
requirement 7’ of all PUs, and the packet length L of PU
transmissions. We also assume that the SU can obtain the joint
statistics v;, and n;, of the system through channel observation.
Furthermore, we assume both PUs have exponential idle
time distributions for simplicity. The idle time still follows
observation 1, so an optimal transmission strategy follows
(16).

However, without knowledge of each PU’s statistics, an
optimal policy of the form in (16) is difficult to obtain. For
example, a policy that attempts to treat the system as a single
PU:

AN s /
(1) = {anpn , if® (t).— Idle (50)
0, otherwise,

cannot guarantee that the collision constraint of each PU is
satisfied for any value a > 0.



To see this, we assume, without loss of generality, that PU1
is the limiting user of the unionized activity:

a1np1n < QaNpan2,

np1771
(65

<1

Without knowledge of wp;, 1, We set p* = an,n’ to be
less than the optimal value assumed above (due to PU1 being
the limiting user). Using (15), it can be shown that for:

p* = an;n/ < nz;;j?l (29
we need 1 n
a< ﬁﬂ (52)
' oq

Therefore, without knowledge of n,;, we cannot find an
appropriate value for a.

For example, if an SU observes unionized activity with
parameters v; = 50, n; = 150, L = 1, ' = .001, this can
result from two different pairs of PUs: v, = vp2 = np1 =
np2 = 100, or vy1 = ny1 = 67, vp2 = nye = 200, with
n1 = 12 = .001 in both cases. However, from equation (52)
the former case requires a value of a < 1.33, while the latter
requires a < .89. In fact, for a given set of parameters v,
ny, and o', a unique set of parameters vy1,np1, Vp2, Np2 can
be found which violates collision constraints for any value of
a> 0.

However, we also note that we have not taken into account
what information may be learned from the distribution of ;).
Since it is assumed that the SU can measure the channel’s
idle/active periods, which then determines v;) and n;,, scrutiny
of the distribution of N, may yield close estimates of the
distributions of N1, Np2, which can be used to determine
Tip1, Np2.

Histogram for v_*w/n_=67,n =200
) pl p2
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Fig. 7. Histogram of Nzl) when busy periods of PUs are constant. (vp1 =

np1 = 67, vp2 = np2 = 200, L=1)

For example, consider the case where v,1 = ny, = 67,
Vp2 = 200 = nye = 200, L =1, n; = 12 = .001, and assume
the PUs transmit a constant number of packets in each busy

period. The resulting distribution for IV, is shown in figure 7.
It is obvious that {n,1, npe} = {67,200}. With equations (13),
(15), and (18), one can determine a transmission probability
that is non-trivial.

For given values for v/, n;, Nnp1, and n,o, the values for
Up1, Up2 are unique. However, p* still may not be achieved
because we do not know which 7); corresponds to which PU.
This means we must use 1’ for both 7; on the right side of
(18), to ensure that both users are sufficiently protected. If the
actual p* does include the larger 7; value, we could end up
with a suboptimal transmission probability p.

This example demonstrates the challenges involved with SU
policy making. Determining the individual statistics of the PUs
in the system is of central importance. This can be difficult due
to the actual activity of the PUs as well as the limitations of SU
sensing. This is an issue which requires further investigation.

C. How Useful is the T Optimal Policy?

The most general optimal policy in a system with multiple
PUs with general idle time distributions would be a strong
result with many implications in real-world scenarios, which
we leave for future study. However, our preliminary work in-
dicates that many combinations of practical distributions meet
the conditions for an optimal 7™ policy in a 2-PU system. For
example, a uniform distribution combined with several other
distributions (uniform, exponential, Weibull) always results in
a T* optimal policy. Under certain conditions, exponential-
Weibull and Weibull-Weibull combinations also result in this
policy. In such cases, computation involved in SU policy-
making could be greatly reduced. Therefore, we conclude that
this result in itself has strong implications in the design of
cognitive radio systems.

VIII. CONCLUSION

In this paper, we study the effect of multiple PU protection
requirements on SU policy making and performance under
the assumption of both exponential and general idle time
distributions of PUs. For exponential idle times, we address
two major issues. First, we find that SU access time is only
limited by the minimum access time of each individual PU
constraint and the unionized idle probability of the joint
channel. When there are multiple PUs, they provide mutual
protection to each other. In other words, SUs observe less
opportunities, but can transmit more aggressively.

We then present a channel selection problem based on
our results where the SU can select channels among a set
of independent PU channels to maximize SU throughput
while protecting PUs.We consider a simple myopic policy that
sorts channels based on time capacity. While the policy is
suboptimal, it achieves good performance compared to that of
the exhaustive search in the low SNR regime.

For PUs with general idle time distributions, we show that
if the time-related decision metric devised is monotonically
decreasing for all PUs, then an optimal policy is a time-
threshold based policy. We then discuss the implications of
our results. In particular, we show that knowledge of the



statistics of individual PUs is vital to determine policies
which guaranteed sufficient protection of all PUs. This finding
provides insights on the requirements of sensing techniques.
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APPENDIX A: DERIVATION OF OPTIMAL TRANSMISSION
PoLiCcY IN 2 PU SYSTEM WITH EXPONENTIAL IDLE TIME

Referring to (29), it follows that the number of the ¢th PU’s
packets N,,;, transmitted in [0, 77 is:

N;
ZBk+NR, ie{1,2}, (53)
k=

where Npg, is the number of packets transmitted in the 7th
user’s remaining time R;.

We define A as the number of collisions that occur in
[0,T7]. Since there are N’ idle/busy cycles of unionized PU
activity, we can rewrite p* as:

Ne. (54)

The fraction of collisions the ith PU experiences is:

Pr[PU i transmits before PU j|®'(¢) = Idle]
= PriV,; < ij]

= [t - F 0

1/vpi v;)

(55)

B 1/vpi + 1/vp; B Upi

Using (1) and (53) we can derive packet collision probability
Ppi for ith PU:

N...
c li ct
.= lim
p;m T— o0 Npi
7
’Up 2
= lm e e
T—oo L1 Z Bl + N
L Zsk=1"k R;
/ —T Nl
g e e G N
T—o00 Up’i T- Ni%(zk 1B +NR)
= (S, Ti+BL+R:) (56)
T *
) s
= lim U il v
= = :
T—o0 Upi mnpz

»

p Vpi + i P
! / ,

Upi Uy + 1, Lo
/

(0%
JE— * .
= P <,
Qi Mpg

where the third step is due to the law of large numbers, since
the number of cycles N;, N’ — oo as T' — oc.
With (56), we set p,; = n; and solve for p*:

pr S g (57)
We therefore conclude that:
e o
p* = mm(;}nplnl, a—fnpgng, 1). (58)



