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Abstract—In cognitive wireless networks where secondary
users (SUs) opportunistically access spectral white spaces of
primary users (PUs), there exists an inherent tradeoff between
sensing and transmission due to the competing goals of PU
protection and SU access maximization. This paper studies
means of sensing-transmission for SUs to better manage the
competing goals by defining utility function to reward the
SU for successful packet transmissions and to penalize it for
colliding with PU. To maximize the SU utility, we present a
threshold-based sensing-transmission structure that is optimal
under a technical constraint. Both perfect sensing and imperfect
sensing are considered, with or without SU acknowledgementof
reception. This SU access scheme optimizes SU access efficiency
while protecting PU performance. It sets a benchmark and
provides insight for the design of sensing-transmission control
in cognitive networks such as IEEE 802.22.

I. I NTRODUCTION

Cognitive radio has recently emerged as a potential tech-
nology to mitigate spectrum shortage by allowing secondary
users (SUs) to opportunistically utilize spectral white spaces
of primary users (PUs). To enable secondary cognitive spectral
access, PU protection is vital since PUs would not be inclined
to admit SUs without such assurance. To this end, the so-called
“Listen-Before-Talk (LBT)” strategy has been extensivelycon-
sidered because it requires little infrastructure supportand
planning. It should be recognized, however, both SU sensing
(listening) and PU collision caused by SU transmission incur
cost. In this work, we study optimal sensing and transmission
control of SUs in order to maximize SU spectrum usage while
providing satisfactory level of PU protection.

Various types of periodic sensing have been considered. The
state-of-the-art IEEE 802.22 standard considers periodicin-
band measurement (i.e., sensing), using both fast sensing and
fine sensing. There also exist prior works that assume a per-
packet sensing where the SU senses the PU channel for a
certain amount of time before each packet transmission [1],
[2], [3], [4], [5]. While periodic sensing, especially per-packet
sensing, simplifies the design of PHY/MAC protocol, the
question remains as to what the optimal sensing-transmission
control should be. This is particularly important when sensing
takes a long time in many practical cases. For instance, in
IEEE 802.22, the fine sensing time is 25ms for field-sync
detection of a standard DTV system in US [6], and a typical
sensing time is 10ms for the detection of cordless microphone
signals with reasonable fidelity [7]. This sensing time is rather
long and not negligible when compared to typical millisecond
packet duration. On the other hand, transmission without

sensing tends to cause more collisions with the PU, leading
to higher penalty. Therefore, we consider both the benefit
and penalty when designing sensing-transmission strategies of
SUs.

In addition, it is not well understood the impact of feedback
information from a secondary receiver (SU-Rx). While the
secondary transmitter (SU-Tx) cannot detect primary signals
during transmission, the SU-Rx is affected by the PU signal
interference when attempting to receive the SU-Tx signal. It
can send feedback information to the SU-Tx to indicate the
successful packet reception using ACK when PU is inactive, or
to indicate the packet failure using NACK (or the absence of
an ACK) because of PU interference. Though such feedback
may not be reliable, it can be explored by the SU-Tx for better
decision making.

Motivated by these issues, we study the following questions
in this paper:

• What is the optimal sensing-transmitting control, espe-
cially when the sensing time is large, as often in practice?

• What is the impact of (imperfect) feedback, which serves
as an indicator of the PU activity during a secondary
packet transmission?

To tackle these questions in this paper, we adopt a utility-
maximization framework. We define the objective of the SU
as to maximize its average channel access time, subject to
collision penalty imposed by the PU. We formulate it as an
unconstrained stochastic dynamic programming problem that
maximizes the average utility/return over time.

Our contributions are as follows: we establish that the
optimal spectrum access policy has a simple threshold-based
structure, under a technical constraint. The result holds for
both perfect and imperfect sensing, and is valid with or without
SU-Rx acknowledgement. Note that we assume general PU
idle time distributions, which differs from many prior works
on dynamic spectrum allocation. Our optimal scheme provides
a tight performance upper bound for LBT strategies. It can
serve as a benchmark for the performance of the rule-of-thumb
periodic sensing and shed light on the design of IEEE 802.22
sensing-access strategies.

II. RELATED WORKS

Compared to related works, this paper differs in one or
more of the following aspects: 1) general sensing-transmission
structure, including but not limited to periodic or per-packet
sensing; 2) general unslotted PU idle time distribution; 3)
emphasise on the interplay between PU protection and SU
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performance; and 4) considering perfect or imperfect sensing,
with or without SU-Rx feedback. We elaborate as follows.

Channel probing/selection has been studied where the objec-
tive is to maximize SU performance by intelligently deciding
the sequence of channel probing/sensing and optimal actionat
each channel, among a set of PU channels. In [8], the authors
showed that the optimal strategy on channel probing, guessing,
and transmission has a threshold-based structure. The authors
assume temporal independence of channel states in a slotted
structure and the state of each channel remains unchanged
in each slot. In comparison, our objective is to decide the
optimal sensing-transmission strategy in one PU channel and
we assume general unslotted PU idle time distributions. In
[9], the authors considered the MAC-layer sensing scheduling
for general PU idle/busy time distributions, and proposed
a scheme that optimizes the sensing period and probing
sequence to maximize the discovery of spectrum opportunities
in multiple channels. In comparison, our objective is to balance
the PU protection requirement and the SU access, which is not
considered in [9].

In [4], [5], the authors showed that by choosing a suitable
sensing time, the SU can achieve an optimal tradeoff between
the false-alarm probability and throughput. The works belong
to the category of periodic sensing. In comparison, we study
general sensing-transmission structure to maximize the SU
access time while achieving desired PU protection based on
the collision cost and the observation (sensing result and
ACK/NACK).

Assuming slotted PU activities, in [1], [10], the authors
derived the optimal operating point of the spectrum sensor,
access decision, and channel selection with constrained PU
collision probability. It was shown that the optimal spectrum
access should utilize the whole observation history, and the
joint optimization problem can be separated and simplified
to an unconstrained problem. Furthermore, authors in [11]
show that the results in [10] can be extended to unslotted
PU activities. The papers assume that the PU state transition
probability does not depend on time, and use a per-packet
sensing/transmission structure. Our focus differs and we do
not require the above mentioned assumptions.

In our preliminary work [12], we derived an optimal
threshold-based policy for the exponential idle time distribu-
tion relying on its memoryless property. The approach cannot
be generalized to other idle time distributions because thePU
state transition depends on time. In addition, perfect sensing
is also critical in [12], but not in this paper.

Centralized and distributed channel allocation and schedul-
ing algorithms (e.g. [13], [14]) have been proposed to enable
the spectrum sharing among users with cognitive radio ca-
pabilities in different network scenarios. In comparison,our
objective and assumptions differ.

III. SYSTEM MODEL

Consider an SU transceiver pair opportunistically accesses
a PU channel. The PU transmits its data at will and exhibits
a BUSY/IDLE usage pattern. It is unaware of SU activities.

The individual idle (X) and busy (Y ) periods are independent.
They follow distributionsfX(·) andfY (·) with meansx̄ and
ȳ, respectively.

The SU takes two actions: sensing and transmission. It
uses a spectrum sensor (e.g., based on energy or feature) to
determine whether the PU is idle or busy at a given time. The
non-ideal sensing is characterized by a false-alarm probability
Pf and a detection probabilityPd. False alarm (detection)
represents the event of declaring BUSY when the PU state
is IDLE (BUSY). Note that despite the best effort of the SU
sensor, sensing of current PU state cannot assure that the PU
will be idle in the future because PU traffic is not synchronized
or slotted. Thus, if the PU reclaims the channel when the SU
is transmitting, a collision happens.

Given ∆ as the SU time unit, we assume

• A fixed sensing timeKS∆, KS ∈ N ;
• A fixed SU packet lengthKT ∆, KT ∈ N .
• Relative short sensing/transmission time, i.e.,

KS∆, KT ∆ ≪ x̄, andKS∆, KT ∆ ≪ ȳ.
• Each successful SU packet earns a rewardR · KT ∆.
• Collision penaltyC per time unit∆.
• ∆ = 1 for notation simplicity.

As shown later, for the SU to apply its spectrum access
strategy to maximize its average utility/reward (benefit minus
collision cost), the PU or the regulator can adjust the collision
penaltyC to control the aggressiveness of the SU access and
the resulting collision rate observed by the PU. Therefore,
the PU/SU spectrum sharing system can achieve a desired
tradeoff between (SU) spectrum efficiency and PU protection
by adjustingC.

We also assume that the SU knows the PU idle time dis-
tribution. The distribution function can be estimated through
extensive measurement during the deployment of secondary
network, through various methods as in [15], [16], [9]. We
note that this assumption is no stronger than earlier works,
e.g., assuming exponential distribution and the knowledgeof
its parameter.

In practice, upon receiving a packet from the SU-Tx, the
SU-Rx may send an acknowledgement. The acknowledgement
here serves two purposes. First, it validates the packet trans-
mission of the SU. More importantly, it provides information
to the SU-Tx on whether a collision with the PU may have
occurred. In an ideal scenario for sensing collision detection,
a NACK (ACK) from the SU-Rx accurately signifies that a
collision with the PU has (not) happened during last transmis-
sion. However, in wireless communications, the SU-Rx may
be able to decode the SU-Tx’s packet even when the PT is
transmitting. Moreover, a NACK may result from SU channel
fading or interference from other users. Therefore, we view
the acknowledgement as an inaccurate information source for
collision detection, different from most existing works.

We define the following two probabilities:

γ1 = Pr[NACK|Collision with PU]

γ0 = Pr[NACK|No Collision with PU].
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Fig. 1. Sequences of Spectrum Access

Since the interference from the busy primary transmitter can
only worsen the packet error rate of SU-Rx, we haveγ1 >
γ0. When there is no capture effect at SU-Rx, i.e.,γ1 = 1,
the SU-Tx can accurately infer the absence of PU during the
previous transmission from the feedback ACK message from
SU-Rx. Furthermore, if the PHY technique used by the SU
link can mitigate the fading and noise fluctuation, then the
SU-Rx can decode the packet reliably when there is no PU
interference, i.e.,γ0 = 0. With γ0 = 0 and γ1 = 1, the SU-
Tx can infer accurately that a collision has happened when it
receives a NACK from SU-Rx, i.e., the ACK/NACK of the
SU can faithfully reflect the event of collision with the PU. In
general, we have0 ≤ γ0 ≤ γ1 ≤ 1.

IV. PROBLEM FORMULATION

To exploit the spectrum opportunities in the PU channel
effectively while avoiding collision cost, the SU should adap-
tively schedule sensing and transmission. In other words, the
SU can potentially transmit multiple packets or sense multiple
times in a row, depending on the situation. Because the SU
does not always have complete information on the PU state
(IDLE/BUSY), this is a partially observable decision process.

A. PU State Transition

Since the PU’s traffic pattern is independent of the SU
activities, its state transition does not depend on the SU
actions. However, the PU state transition depends on the time
instance. Definet as the time elapsed since the PU’s most
recent state transition from BUSY to IDLE. Given that the
PU is idle at timet, the probability that the PU will remain
idle during the SU action (transmission or sensing) is

gS
t =

1 − FX(t + KS)

1 − FX(t)
, gT

t =
1 − FX(t + KT )

1 − FX(t)
, (1)

whereFX(·) is the cumulative distribution function of the PU
idle time, and superscriptsS and T represent that the SU
senses the channel and transmits a packet, respectively.

B. Information State

Denote the action space of the SU asA = {a :
1(Transmit), 0(Sense)}. After each action, the SU observes
the outcome of its action,Ot. For the sensing action,
OS

t ∈ {I(Sensing IDLE), B(Sensing BUSY)}; for transmis-
sion,OT

t ∈ {A(ACK), N(NACK)}.
Let pt denote the conditional probability that the PU is

IDLE at time t given (p0, a0, · · · , at−1, o0, · · · , ot−1), where
at is the action of the SU at timet, andot is the observation

after the action at timet. In other words,pt is the information
state at timet. As shown in Fig. 1, at the end of action, the SU
will update its estimation on the PU idle probabilitypt+KS

or
pt+KT

based on the observation it received. Specifically, by
Bayes’ rule, we have the following information dynamics:
Whenat = 0,

pt+KS
(OS) =







ptgS
t (1−Pf )

ptgS
t (1−Pf )+(1−ptgS

t )(1−Pd)
, OS = I

ptgS
t Pf

ptgS
t Pf +(1−ptgS

t )Pd
, OS = B.

(2)
Whenat = 1,

pt+KT
(OT ) =







ptgT
t (1−γ0)

ptgT
t (1−γ0)+(1−ptg

T
t )(1−γ1)

, OT = A
ptgT

t γ0

ptgT
t γ0+(1−ptg

T
t )γ1

, OT = N.

(3)
Since we assume that the SU knows the beginning of the PU
idle time, we havep0 = 1.

C. Immediate Reward

Given the current idle probabilitypt, the probability that
the PU will remain idle during a SU packet durationKT

at time t is ptg
T
t . Therefore, the probability that the SU

successfully transmits a packet (considering capture effect) is
ptg

T
t (1 − γ0) + (1 − ptg

T
t )(1 − γ1). Hence, the immediate

expected reward/utility the SU obtains at timet, rt(pt, at),
with information statept and actionat, is

rt(pt, 1) = [ptg
T
t (1 − γ0)R + (1 − ptg

T
t )((1 − γ1)R − C)]KT

rt(pt, 0) = 0.
(4)

D. Optimality Criterion

Let Xl/Yl be the length of thelth idle/busy period of the PU.
SinceX ′

ls andY ′
l s are independent and identically distributed

(i.i.d.) random variables, andX ′
ls are independent withY ′

l s,
the SU spectrum access in a long time duration can be treated
as repeated trials of access policy in a PU idle-busy cycle.
An access policy of the SU is a sequence of functionsπ =
[d0, d1, · · · , dt, · · · ], wheredt defines a mapping from the SU
belief spaceP = {pt} = [0, 1] to the action spaceA at time
t (recall thatt is the time elapsed since the beginning of the
latest idle period). Here, we consider the case where the SU
adopts the same spectrum access policyπ in each idle/busy
period. Our objective is to find a sensing-transmission strategy
that maximizes the expected average utility per time unit, i.e.,

max
π

lim
L→∞

(
∑L

l=1

∑Nl

t=0 rt(pt, at))/L

(
∑L

l=1 (Xl + Yl))/L
,

where,Nl is the number of actions taken in thelth idle-busy
period. The total utility the SU obtain during each idle-busy
cycle is identically and independently distributed. Therefore,
by the law of large numbers, we have:

lim
L→∞

(
∑L

l=1

∑Nl

t=0 rt(pt, at)/L)

(
∑L

l=1 (Xl + Yl))/L

a.s.
=

E[
∑Nl

t=0 rt(pt, at)]

x̄ + ȳ
.
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Sincex̄+ ȳ is fixed, we translate the average-utility optimiza-
tion to a problem that aims to maximize the total expected
utility in an idle-busy period. The optimal spectrum access
policy is the policy achieving the maximum utility function

V (0, p) = sup
π

Vπ(0, p), and

Vπ(0, p) = Eπ [

Nl
∑

t=0

rt(at, pt)|p0 = p],

whereVπ(0, p) is the utility achieved by policyπ.
Note here we assume that the SU can detect the beginning

of the idle period; i.e., the value oft is known perfectly.
This assumption is reasonable. Since the PU busy time is
long compared with the SU sensing time, to avoid collision
penalty, the SU performs multiple sensing on the primary
channel until it finds the PU idle. With a reasonable detection
performance, the SU can detect the beginning of the PU idle
period. The impact of inaccuracy on this detection is studied
through simulations in Section VII-E.

E. Optimality Equation

DefineV (t, p) as the maximum expected utility the SU can
obtain at timet with information statep. We have

V (t, p) = max
{0,1}

{

L(t, p), M(t, p)
}

, (5)

whereL(t, p) andM(t, p) are the expected utility the SU can
obtain by sensing the channel (L istening) and transM itting a
packet, respectively. Specifically, we have

L(t, p) =
∑

i∈{I,B}

Pr[OS
t+KS

= i]V (t + KS, pt+KS
(i))

M(t, p) = [pgT
t (1 − γ0)R + (1 − pgT

t )((1 − γ1)R − C)]KT

+
∑

j∈{A,N}

Pr[OT
t+KT

= j]V (t + KT , pt+KT
(j)).

(6)

V. PERFECTSENSING WITHOUT ACK/NACK

In this section, for easy illustration, we consider a simple
scenario where the spectrum sensor can detect the PU state
accurately when it senses the channel, i.e.,Pf = 0, andPd =
1. We also assume that there is no acknowledgement from SU-
Rx to SU-Tx, and a SU transmission is successful if and only
if it does not collide with the PU, i.e.,γ0 = 0, andγ1 = 1. In
this case, the SU updates information state as:

pt+KS
(OS) =

{

1, OS = I,

0, OS = B;

pt+KT
= ptg

T
t .

(7)

Therefore,V (t, p) can be simplified as:

V (t, p) = max
{0,1}

{

pgS
t V (t + KS , 1) + (1 − pgS

t )V (t + KS , 0),

[pgT
t (R + C) − C]KT + V (t + KT , pgT

t )
}

.

Note we assume that the sensing result is IDLE only if the
PU channel is idle during the whole sensing duration.

To avoid collision penalty, the SU should keep sensing the
channel if it knows the channel is busy (i.e.,pt = 0) until the
PU becomes idle again, at which time the next idle-busy cycle
begins. Hence,

V (t, 0) = 0, ∀t ∈ [0, Xl + Yl]

V (t, p) = max
{0,1}

{

pgS
t V (t + KS , 1),

[pgT
t (R + C) − C]KT + V (t + KT , pgT

t )
}

.

(8)

Lemma 1. V (t, p) is a convex function of p for a given t.

Proof: For 0 ≤ λ ≤ 1, 0 ≤ p1, p2 ≤ 1, we show that
V (t, λp1+(1−λ)p2) ≤ λV (t, p1)+(1−λ)V (t, p2), following
a similar argument as in [17]. Suppose that the initial state
p is determined by flipping a biased-coin with probabilityλ
that a head appears. If a head appears, we choose the initial
state asp = p1, else,p = p2. If we know the outcome of
the coin flipping, the most reward we can get isλV (t, p1) +
(1 − λ)V (t, p2). On the other hand, the most reward we can
get if we do not know the outcome of the coin flipping is
V (t, λp1 +(1−λ)p2). Since we can always do no worse with
more information, the result holds.

Note that this proof does not require any assumption on the
sensing performance and ACK/NACK mechanism, and thus
applies to all cases in the paper.

Next, we define a technical condition under which we can
derive an optimal threshold-based policy. Define

T ∗ = min{τ : gT
t <

C − (1 − γ1)R

(γ1 − γ0)R + C
, ∀t > τ}. (9)

Whenγ0 = 0, γ1 = 1, this condition is simplified to

T ∗ = min{τ : gT
t < C/(R + C), ∀t > τ}. (10)

The physical meaning ofT ∗ is that the SU should not
transmit afterT ∗. To elaborate, recall thatgT

t is the conditional
probability that the PU will not return to the channel during
the SU’s transmission of lengthKT , given that the PU is
idle at timet. Relying on (9) and the definition of immediate
rewardrt(pt, at) as in (4), we have∀t > T ∗, rt(1, 1) < 0, i.e,.
all transmissions afterT ∗ will result in a negative immediate
return even when the channel is known to be idle at timet.
Therefore,V (t, 1) = 0, ∀t > T ∗.

Two cases exist:T ∗ < ∞ andT ∗ = ∞. In the first case, we
present an optimal threshold-based policy in this paper. Inthe
latter case, we need approximations to calculate the optimal
policy. The physical meaning ofT ∗ < ∞ is as follows: for
t large enough, the probability of primary return during a
SU transmission is high enough, and thus the potential cost
outweighs the potential gain, ifC is chosen appropriately.
Many distributions satisfy the conditionT ∗ < ∞. Examples
of such distribution include uniform distribution, Gaussian
distribution, Rayleigh distribution, a class of Weibull distri-
butions with the shape parameterβ > 1, and a class of beta
distributions with parameterα ≥ 1.

The condition,T ∗ < ∞, does not hold for all distributions.
For example, for Weibull distribution withβ < 1, T ∗ may
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be infinite becausegT
t is an increasing function oft. Such

distributions are not as common. In this case, we need to set
T ∗ large enough so thatP (X > T ∗) is small enough and we
approximateV (t, 1) = 0 for t > T ∗.

Exponential distribution is a special case, wheregT
t is a

constant due to its memoryless property. By exploiting it,
an optimal scheme was derived in [12], where an optimal-
stopping technique is used that does not involveT ∗. The
technique does not apply to the general case where the PU
state transition may depend on timet.

In the rest of the paper, we assumeT ∗ < ∞. We note that
the PU busy time distribution is insignificant. The results in
this paper apply to all busy time distributions.

We first introduce the following lemma.

Lemma 2. V (t, p) increases in p for a given t.

Proof: We use backward induction to prove this Lemma.
By convexity, we haveV (t, p) ≤ pV (t, 1), and thusV (t, p) =
0 ∀p ∈ [0, 1] whent ≥ T ∗. Therefore,∀t ≥ T ∗, V (t, p) is an
increasing function ofp. Suppose that fort ≥ T ∗−k, V (t, p)
increases inp. Then, for t = T ∗ − k − 1, we have the first
term on the RHS in (8), i.e.,pgS

t V (t + KS , 1), increases in
p linearly with constant slopegS

t V (t + KS , 1) ≥ 0; and the
second term, i.e.,[pgT

t (R + C) − C]KT + V (t + KT , pgT
t ),

also increases inp by the induction hypothesis. Therefore,
V (T ∗ − k − 1, p) is an increasing function ofp.

With the previous two lemmas, we are ready to show the
structure of the optimal spectrum access strategy.

Theorem 1. The following policy is optimal

a∗(t) =

{

1 (Transmit), if pt > p∗t
0 (Sense), otherwise,

(11)

where0 ≤ p∗t ≤ 1 is a threshold, which depends on timet.

Proof: The first term on the optimality equation (8) is a
linear increasing function ofp with a non-negative constant
slopegS

t V (t+KS , 1) for any givent. The second term on the
optimality equation (8) is a convex and increasing function
of p becauseV (t + KT , p) is a convex function ofp. In
addition, L(t, 0) = 0 > −C = M(t, 0). Therefor, there
exists at most one intersection between the two functions,
as illustrated in Fig. 2. This intersection, when exists, isthe
thresholdp∗t . When the intersection does not exist, we set the
thresholdp∗t = 1. BecauseM(t, p) ≤ L(t, p) for p ≤ p∗t and
M(t, p) ≥ L(t, p) for p > p∗t , Eq. (11) defines an optimal
policy.

Next, we present a property for a special class of idle time
distributions where fX (x)

1−FX (x) is a decreasing function ofx. In
this case, we have

Lemma 3. V (t, p) is a decreasing function of t.

Proof: We prove the above result by induction. Because
fX (x)

1−FX (x) decreases inx, from (1), we have bothgS
t and gT

t

decrease int. For t ≥ T ∗, we haveV (t, p) = 0, and thus
the result holds trivially. Suppose that the result is true for

00
p

L(t, p)

1p∗t

M(t, p)−C

Fig. 2. Illustration ofL(t, p) andM(t, p)

t ≥ T ∗ − k. For t = T ∗ − k − 1, by the induction hypothesis,
we have:V (T ∗ − k − 1 + KS , 1) ≥ V (T ∗ − k + KS, 1).
BecausegS

t decreases int, we haveL(T ∗−k−1, p) ≥ L(T ∗−
k, p). Furthermore,gT

T∗−k−1 ≥ gT
T∗−k, and thuspgT

T∗−k−1 ≥
pgT

T∗−k. According to Lemma 1,V (t, p) increases inp, we
have V (T ∗ − k − 1 + KT , pgT

T∗−k−1) ≥ V (T ∗ − k − 1 +
KT , pgT

T∗−k). Again, by the induction hypothesis, we have
V (T ∗ − k − 1 + KT , pgT

T∗−k) ≥ V (T ∗ − k + KT , pgT
T∗−k).

As a result,M(T ∗−k−1, p) ≥ M(T ∗−k, p). Therefore, we
have

V (T ∗ − k − 1, p) = max
{

L(T ∗ − k − 1, p), M(T ∗ − k − 1, p)}

≥ max{L(T ∗ − k, p), M(T ∗ − k, p)
}

= V (T ∗ − k, p),

which completes the proof.
For these distributions,M(t, p) increases inp. Then, for

decreasinggT
t , we can find the value ofT ∗ by solving

gT
T∗ =

C − (1 − γ1)R

(γ1 − γ0)R + C
.

For general distributions that satisfy the technical constraint
T ∗ < ∞, we can first find at large enough so that condition
(9) is satisfied. Then, we can use backward induction find the
optimal thresholdp∗t and the maximum utility functionV (t, p).

In Fig. 3, we show the optimal threshold for cases where
C = 10, 20, andKS = 1, 5, 30. The PU idle time is uniformly
distributed in[0, 1000], and the packet length is set asKT = 5.
The per time unit reward is set to beR = 1. We have the
following observations: The threshold is time-dependent,and
there is no obvious structure. The larger theKS , the smaller
the threshold; i.e., the SU senses less often when sensing time
is larger. The larger theC, the larger the threshold; i.e., the
SU senses more often to avoid collision penalty. We also note
that T ∗ is smaller for largerC, as shown in the figure.

VI. GENERAL CASES

In this section, we consider more general scenarios, i.e.,
with SU-Rx acknowledgement, and with imperfect sensing.

A. Perfect Sensing with (Imperfect) ACK/NACK

Assuming sensing is perfect, we consider the situation
where the SU-Rx sends an ACK to the SU-Tx for a successful
transmission. The probability of receiving ACK/NACK is

Pr(OT
t+KT

= A) = pgT
t (1 − γ0) + (1 − pgT

t )(1 − γ1)

Pr(OT
t+KT

= N) = 1 − Pr(OT
t+KT

= A).
(12)
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Fig. 3. Threshold for SU Access Decision

The SU-Tx updates its belief upon the reception of
ACK/NACK, pt+KT

(OT
t+KT

), based on (3). The value func-
tion at timet given the current information statep is

V (t, p) = max
{0,1}

{

pgS
t V (t + KS , 1), M(t, p)

}

, (13)

where M(t, p) is expressed as in (6). Next we show a
threshold-based structure, similar to that in previous section,
is optimal.

Lemma 4. With SU-Rx acknowledgement, the optimal utility
function V (t, p) increases in p for a given t.

Proof: We prove the result by induction ont. By con-
vexity, we haveV (t, p) ≤ pV (t, 1) = 0, ∀t ≥ T ∗. Then,
the statement holds fort ≥ T ∗ trivially. Suppose it holds for
t ≥ T ∗ − k. First note that the first term on the RHS of (13)
increases linearly withp with a constant slopegS

t V (t+KS , 1).
Thus if we prove the second term on the RHS of (13),
i.e., M(t, p), also increases inp, we then prove the Lemma.
Take the first-order derivative ofM(t, p) with regard top for
t = T ∗ − k − 1 as follows:
dM(t, p)

dp
=gT

t ((γ1 − γ0)R + C)KT

+ gT
t (γ1 − γ0)V (t + KT , pt+KT

(A))

− gT
t (γ1 − γ0)V (t + KT , pt+KT

(N))

+
gT

t (1 − γ0)(1 − γ1)V
′(t + KT , pt+KT

(A))

pgT
t (1 − γ0) + (1 − pgT

t )(1 − γ1)

+
gT

t γ0γ1V
′(t + KT , pt+KT

(N))

pgT
t γ0 + (1 − pgT

t )γ1

Becauseγ1 > γ0, we have:

pt+KT
(A) > pt+KT

(N),

and thus by the induction hypothesis, we have:

V (t + KT , pt+KT
(A)) ≥ V (t + KT , pt+KT

(N)).

Thus, the sum of the second and the third terms ofdM(t,p)
dp

is non-negative. The last two terms ofdM(t,p)
dp

are also non-
negative due to the induction hypothesis thatV (t, p) increases
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Fig. 4. Threshold for SU Access Decision with ACK/NACK

in p for all t ≥ T ∗ − k. Therefore,M(t, p) increases inp for
t = T ∗ − k − 1; and we complete the proof.

Now, we are ready to present an SU optimal sens-
ing/transmission strategy in the presence of (imperfect)
ACK/NACK:

Theorem 2. Assuming perfect sensing and acknowledgement
on collision detection, an optimal policy is:

a∗(t) =

{

1 (Transmit), if pt > p∗t
0 (Sense), otherwise

(14)

Proof: The key is to prove thatM(t, p) is convex and
increasing inp, which is not obvious because of the negative
p term involved in (6). See Appendix VIII-A for details.

The calculation ofp∗t is similar to that in the previ-
ous section. In Fig. 4, we show the optimal threshold for
KS = 1, 5, 30. The PU idle time is uniformly distributed over
[0, 1000], and the SU transmission length is set to beKT = 5.
The per time unit reward is set to beR = 1. We observe that
the more certain the feedback information is about the PU state
(the larger theγ1 for a fixed γ0), the smaller the threshold.
The threshold is also lower than the case without ACK. This
is because that more accurate information about the PU state
allows more aggressive SU transmission. Similar to the case
without ACK, p∗t = 1 for t > T ∗.

B. Imperfect Sensing

Now we consider a scenario where the spectrum sensor has
imperfect detection performance(Pf , Pd) with/without SU-
Rx acknowledgement. First, we have the following result for
V (t, p).

Lemma 5. The optimal utility function V (t, p) with imperfect
sensing increases in p for a given t.

The proof is similar to that in the previous section, and
thus omitted here for brevity. Next, we present the following
property ofL(t, p).

Lemma 6. L(t, p) is a convex increasing function of p.
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For convenience, recall

L(t, p) =
∑

i∈{I,B}

Pr(OS
t+KS

= i)V (t + KS , pt+KS
(i)).

The key is to prove thatL(t, p) has non-negative first and
second order derivatives with regard top. Notice thatL(t, p)
with imperfect sensing is similar toM(t, p) with SU-Rx
acknowledgement except that the first-order item (rt(pt, 1))
in M(t, p) is not 0. The Lemma can be proved following a
similar argument as in the appendix, and thus omitted here.

Note that we have already shown that the total expected util-
ity of transmitting a packetM(t, p) is a convex and increasing
function ofp for cases with/without SU-Rx acknowledgement.
Together with the above lemma, we next show an optimal
structure for the utility-based spectrum access problem. Define
p∗t = min{p : L(t, p) ≤ M(t, p)}, and p∗∗t = max{p :
L(t, p) ≤ M(t, p)}. If the set {p : L(t, p) ≤ M(t, p)} is
empty, set bothp∗t andp∗∗t as1.

Theorem 3. When the detection performance of sensing is
imperfect, the following policy maximizes utility:
If p∗t = p∗∗t ,

a∗(t) =

{

1 (Transmit), if pt > p∗t
0 (Sense), if pt ≤ p∗t .

(15)

If p∗t < p∗∗t ,

a∗(t) =

{

1 (Transmit), if p∗t < pt < p∗∗t

0 (Sense), if pt ≤ p∗t or pt ≥ p∗∗t .
(16)

Proof: The key is to prove that bothL(t, p) andM(t, p)
are convex and increasing inp, which we have already done.
SinceL(t, 0) = 0 ≥ M(t, 0), we have the above result.

The optimal strategy indicated by Theorem 3 is still
threshold-based, but it could have two thresholdsp∗t andp∗∗t .

When p∗∗t = p∗t , only one threshold exists. For example,
we show the single decision threshold in Fig. 5 for different
values ofKS. The same settings for the packet length and the
PU idle time distribution are used. We also observe a lower
threshold for larger sensing time.

VII. S IMULATION RESULTS

In all simulations, the PU idle time is uniformly distributed
in [0, 1000], and the SU packet length isKT = 5. The per
time unit reward isR = 1, and the mean of PU busy time
is set as500. Therefore, the available spectrum opportunity
is 50%. The performance shown in this section is normalized
with respect to the sum of average PU idle and busy time.
To investigate the impact of small, comparable, and large
sensing time on the performance, we setKS = 1, 5, 30 in
our simulations.

Our performance metrics are SU average utility, SU
throughput, and PU collision rate. SU throughput refers to
SU successful transmission time normalized by the PU IDLE-
BUSY cycle. SU throughput is upper bounded by the available
channel opportunity50% when there is no capture effect at
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SU-Rx. PU collision rate quantifies the interruption of the SU
transmission on the PU, defined as:

P c
p =

Total Number of PU Packet Collisions
Total Number of PU Packets

, (17)

where we assume that the PU packet (time unit) length is∆
without loss of generality. When there is acknowledgement
from SU-Rx to SU-Tx, every ACK is treated as a sign for a
successful transmission (including capture effect).

A. Perfect Sensing without ACK/NACK

The performance of the proposed scheme is shown in Fig. 6.
We observe that the numerical results obtained via backward
induction match with the simulation results. When there is
no collision penalty, i.e.,C = 0, the SU can fully utilize
the spectrum opportunities by constantly transmitting packets.
The throughput decreases with the collision costC, and so
does the PU collision rate. Therefore, the PU can adjustC
to achieve its desired protection (i.e., collision rate), and thus
effectively control the aggressiveness of the SU access. The
proposed scheme achieves the optimal tradeoff between SU
throughput and PU protection for a givenC.
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B. Perfect Sensing with ACK/NACK

With SU-Rx acknowledgement, we consider imperfect
SU/PU collision detection whereγ0 = 0.1, γ1 = 0.1, 0.5,
and 1. Recall thatγ0 is the packet error rate due to fading
or noise, andγ1 < 1 represents capture effect at the SU-Rx.
The larger the value ofγ1, the larger the posterior probability
of PU being idle whenOT = A, and thus the more certain
the knowledge of SU on the PU state. Simulation result for
KS = 30 is shown Fig. 7. We can observe that when collision
cost is small (or zero), the SU obtains higher average utility
with higher capture effect. However, whenC is large, the SU
obtains higher average reward with better collision detection.
In other words, there exists a tradeoff between the capture
effect at SU-Rx and information on PU state. WhenC is
small, smallerγ1 is desired; whenC is large, largerγ1 is. We
also observe that a larger collision cost leads to smaller PU
collision rate and smaller SU throughput. Again, the collision
cost can effectively balance SU throughput and PU protection.
For smallerKS, the trends are similar, but the performance
difference at different values ofγ1 is smaller.

C. Imperfect Sensing

To test the impact of imperfect detection, we setPf =
0.1 and the detection probabilityPd at various values. We
observe that the SU utility decreases asPd decreases, a result
of higher collision penalty. We also observe increasing the
collision penalty reduces the SU throughput and PU collision
rate. The simulation result is omitted due to space limit.

D. Comparison with Periodic LBT

We consider periodic LBT where the SU senses the channel
for KS unit time and transmits forKT unit time if it is idle.
The SU keeps sensing if the sensing result is busy. We set
KT = 5 and KS = 1, 5, 30. The average utility of periodic
LBT and that of our proposed scheme are shown in Fig. 8. For
periodic LBT, the SU utility decreases linearly with respect to
C because both the SU throughput and the PU collision rate
are determined byKS andKT , but notC. In comparison, we
observe utility gain as large as several-folds for the proposed
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scheme, especially for long sensing time. Similar observations
hold for cases with acknowledgement and imperfect sensing.

We also compare the throughput performance of the periodic
LBT and the proposed policy, where we first run simulations
using the periodic LBT, and then find the appropriate collision
penalty C for the threshold-based strategy to achieve the
same PU collision rate. The throughput improvement achieved
by the threshold-based policy varies between2% − 40%. In
general, the gain is higher when the sensing time is moderate,
and SU-Rx acknowledgement is present.

E. Error in Detecting the Beginning of Idle Period

To study the impact of the inaccuracy in detecting the begin-
ning of idle period, we introduce a random delay, uniformly
distributed in [1, 3KS], to the time that the SU detects the
PU transition from BUSY to IDLE. This error, upto90, is
relatively large compared to the average idle length500 for
KS = 30. The impact of imperfect timing is shown in Fig. 9.
In the simulation, we assume the sensing is accurate, and there
is no ACK/NACK. We observe small performance degradation
compared with the ideal detection of PU transition time. The
performance loss is larger with longer sensing time due to
larger timing errors.
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VIII. C ONCLUSIONS

In this paper, we study general sensing-transmission struc-
tures for SUs in a cognitive radio network. The SU receives a
reward for successful transmission, and a penalty for colliding
with the PU. By maximizing its average utility, the SU
achieves a balance between its average channel access time
and the collision penalty imposed by the PU. The structure
is flexible—the collision cost can be used to control the
aggressiveness of the SU access and to limit the interruption
on PU transmission. Because the scheme resides in the MAC
layer, it simplifies the design of SU networks.

The optimality of our scheme requires that SU has the
knowledge of PU idle time distribution, that it can detect the
start of PU idle time, and that there exists a finite “stopping
time”. While these assumptions may not always hold in
practice, our results provide a tight performance upper bound
for general LBT strategies. They can serve as a performance
benchmark for the rule-of-thumb periodic sensing, and shed
light on the design of IEEE 802.22 sensing/access strategies.

Our current access structure focuses on one SU (pair)
accessing one PU channel. It is future work to study the cases
with multiple PU bands and multiple SUs, which is a non-
trivial task. Another possible extension is to study the impact
of SU power control.
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APPENDIX

A. Proof of Theorem 2

Proof: If we prove that the expected utility of transmis-
sion with ACK/NACK M(t, p) is convex and increasing in
p, we can reach the result using the similar argument as in
Theorem 1. We have already proved thatdM(t,p)

dp
≥ 0. Next,

we show thatd
2M(t,p)

dp2 ≥ 0.

d2M(t, p)

dp2

=
gT

t (γ1 − γ0)g
T
t (1 − γ0)(1 − γ1)

(pgT
t (1 − γ0) + (1 − pgT

t )(1 − γ1))2
V ′(t + KT , pt+KT

(A))

−
gT

t (γ1 − γ0)g
T
t γ0γ1

(pgT
t γ0 + (1 − pgT

t )γ1)2
V ′(t + KT , pt+KT

(N))]

+
gT

t (γ0 − γ1)g
T
t (1 − γ0)(1 − γ1)V

′(t + KT , pt+KT
(A))

(pgT
t (1 − γ0) + (1 − pgT

t )(1 − γ1))2

+ (
gT

t (1 − γ0)(1 − γ1)V
′′(t + KT , pt+KT

(A))

pgT
t (1 − γ0) + (1 − pgT

t )(1 − γ1)
)2

+
gT

t (γ1 − γ0)g
T
t γ0γ1V

′(t + KT , pt+KT
(N))

(pgT
t γ0 + (1 − pgT

t )γ1)2

+ (
gT

t γ0γ1

pgT
t γ0 + (1 − pgT

t )γ1
)2V ′′(t + KT , pt+KT

(N))

=(
gT

t (1 − γ0)(1 − γ1)

pgT
t (1 − γ0) + (1 − pgT

t )(1 − γ1)
)2V ′′(t + KT , pt+KT

(A))

+ (
gT

t γ0γ1

pgT
t γ0 + (1 − pgT

t )γ1
)2V ′′(t + KT , pt+KT

(N))

≥0

Here, we use the convexity ofV (t, p) in p. When p = 0,
L(t, 0) = 0; while M(t, 0) = (1−γ1)R−C < 0. SinceL(t, p)
is a linearly increasing function ofp, andM(t, p) is a convex
increasing function ofp, therefore, at most one intersection
ion exists betweenL(t, p) andM(t, p), which is the threshold
for decision time slotp∗t .


