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Abstract

We presenta methodfor theef�cient calculationof multi-resolutionradiosityform factors
usingprogrammablegraphicshardware.MipmappedID texturesareusedto allow for highly re-
�ned patcheswith themipmappingmechanismworkingasahardwareacceleratedoraclefor the
dynamiclinking of patchhierarchies.Theactualform factorvaluesfor unoccludedpatchesare
thencomputedwith theanalyticdifferentialareato polygonform factorusingprogrammable
graphicshardware. Theresultingmethodallows for theef�cient calculationof radiositysolu-
tions with re�ned patchhierarchiesaswell asform factorvaluesthat aremoreaccuratethan
thosecomputedwith thetraditionalhemicubealgorithm.

1 Intro duction

Theradiositymethodis apopulartechniquefor generatingrealisticimagesby solvingtherendering
equationfor Lambertiansurfaces. Radiositymethodsdivide the surfacesin an environmentinto
discretepatches,eachwith anunknown radiosityBi , andsolve thefollowing energy balanceequa-
tionsexpressingthe �ux leaving patchi asthesumof its emissive �ux (for light sources)plus the
re�ected�ux, computedasa linearcombinationof theradiositiesof all theotherpatches.
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Herer i is there�ectivity of patchi, Ei is its emissivity, andAi is its area.The“form factor”Fj i from
patch j to patchi is the fractionof the �ux leaving patch j thatarrivesat patchi. See[Cohenand
Wallace1993]and[Sillion andPuech1994]for furtherdetails.

Formfactorsareoftencomputedusingthehemicubemethod[CohenandGreenberg 1985],which
placesa cubeat thesurfaceof oneof thepatches,with its top faceparallelto thesurface.Thetop
face,andhalf of eachof the side facesbecomewindows for hardware rendering. All the other
patchesarerenderedinto thesewindows with colorsrepresentinguniquepatchIDs. The imageis
readbackfrom theframebuffer, andthe�ux fractionrepresentedby thedeltaform factorof each
pixel is summedinto the form factor representedby the pixel's ID value. To avoid the geomet-
ric overheadof usingsubdivided patchesalonga polygon,Max andAllison [1992] useGouraud
shadinghardware to interpolatebasisfunctionsalong triangularelements.Similarly, Nielsenet
al. [2001]usetexturesto storepatchid's for perspectively correcthardwareacceleratedform factor
computation.

To allow for the ef�cient solving of a radiositysolution,Hanrahanet al. [1992] describehow
multilevel patchhierarchiescanbeused,with sourceandreceiverpatchestreatedat varyinglevels-
of-detail. They usean oraclefunction for determiningthe linking of nodesthat is basedon an
estimateof unoccludedform factors.



We presenta methodfor thehardwareacceleratedcalculationof hierarchicalradiosityform fac-
torsusingmipmappedtexturesasamultiresolutionrepresentationof patchhierarchies.Mipmapped
texturesarecreatedwhich encodethepatchIDs eachtexel represents.Every patchat eachre�ne-
mentlevel is assigneda uniqueID. This ID is encodedasa color thatis laterrenderedto theframe
buffer duringthecalculationof form factors.Thus,any givenRGB color canbedecodedto a spe-
ci�c polygon,patchhierarchy level, andpatch.Employing mipmappedtexturesenablestheuseof
highly re�ned patchhierarchieswhich cancapturesubtleshadingfeatures,without the geometric
overheadin datastructuresandpolygontransmissionandset-upof apolygon-basedrepresentation.
It alsoactsasa hardwareacceleratedoraclemechanismfor the dynamiclinking of patchhierar-
chies. Speci�cally, mipmappingpermitsthehighestlevel of patchre�nementthatavoidsaliasing
with respectto patchvisibility, wherepatchesaremissedby hemicubedueto its limited resolution
andsamplingdensity.

Sincetheoriginal hemicubealgorithmcomputesform factorsweightedby thenumberof pixels
eachpatchprojectsto, thehighly re�ned patchesin our work oftendo not projectto enoughpixels
to give suf�ciently accurateform factorvalues.To addressthis problem,in our work thehemicube
is usedprimarily for determiningvisibility betweenpatches,with theactualform factorvaluescal-
culatedusingtheanalyticdifferentialareato polygonsolutionexecutedin a fragmentprogramthat
is run in graphicshardware. To handlepartially occludedpatches,a hybrid approachis employed,
wherepartially occludedpatcheshave their form factorscomputedusingthe traditionalhemicube
method.

2 Mipmap Visibilit y Hierarchies

We have appliedour mipmappingtechniqueto progressive radiosityshootingwith modi�cations
to ef�ciently accommodatethe subdivision hierarchy. With shooting,the radiosityB andunshot
radiosityDB for all patchesareinitializedto theemissivity, whichis zeroexceptat thelight sources.
Thena successionof shootingpatchesPi arechosen,andthe energy of all patchesis updatedby
shootingunshotenergy fromPi toall otherpatches.Shootingis typicallyperformedby thefollowing
steps:

1. SelecttheshootingpatchPi basedonanunshotpowercriterion.

2. Calculate“column” form factorsfrom thatpatch

3. Updatetheradiosityandunshotradiosityof receiving patchesasdescribedby

DB j = DB j + r jFi j
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whereB is the patchradiosity, DB is the unshotradiosity, i is the shootingpatch, j is a
receiving patch,r j is the re�ectivity of patch j, andFi j is the form factor from patchi to
patch j.

In orderto accommodatethemipmaphierarchy severalchangesaremadeto thealgorithm.First,
theshootingpatchis selectedusinga greedyheuristic,describedin Section4.2, thatdelayspush-
pull operationson the hierarchies.The hemicubeis usedwith shootingpatchsizeandresolution



adaptedbasedon the unshotenergy of the patchhierarchy. During the form factor calculation
step,the mipmappedtexture IDs areusednot only to calculateform factors,but also to provide
linking betweentheshootingpatchandreceiving patchesatadaptedsubdivision levels.Finally, for
the “updateradiosity” step,ratherthanupdatingthe radiosityB andunshotradiosityDB, only an
unpushedradiosityDI is updated,thatis subsequentlyusedto updatetheB andDB termsduringthe
delayedpush-pulloperation.This is discussedin Section4.1.

Therole of mipmappingcanbethoughtof asa multiresolutionpatchlinking oracle,or it canbe
treatedasa simpleantialiasingmechanism.For a patchlinking point of view, mipmappinghasthe
effectof linking ashootingpatchto receiving patchesatsubdivision levelssuchthateachreceiving
patchprojectsto a uniform numberof elementson thehemicube.Thosepatcheswith small form
factorvalue,projectingto sub-pixel sizein thehemicube,getmergedto a coarsernodein thehier-
archy, while thosepatchesthatprojectto a largenumberof elementsarere�ned further. In addition,
we usea lower resolutionhemicubewhenshootinglessunshotpower, resultingin polygonspro-
jecting to lessareaon the screen,andthusresultingin coarsermipmaplevels. The overall effect
is thatsourceto receiver links have relatively uniform unshotenergy, sothatcomputationis evenly
distributedbasedonenergy contribution to theradiositysolution.

Usingmipmapscaneliminatealiasingwith respectto visibility by ensuringthatpatchesarenot
skippedwhensampledwith a hemicubeof lower resolution.Ratherthanskippinghigh resolution
patches,coarserresolutionpatchesareused.By default, this resultsin approximatelya one-to-one
mappingof hemicubepixel andpatches;in otherwords,mostpatchesappearasa singleelement
on the hemicube.It is desirableto have patchesmapto several pixels on the hemicubefor more
accurateform factorcalculations,particularlysincetheregularsamplingof thehemicubecombined
with theregularspacingof patchescausesaliasingwith respectto thenumberof pixelseachpatch
projectsto on thehemicube.This canbeaccomplishedby adjustingthe level-of-detail(LOD)bias
of a texture,whichhastheeffectof addinganoffsetto whichmipmaplevel is used.

Thedisadvantageof biasingmipmaplevelsis thatit resultsin form factorlinking to lowerresolu-
tion patchlevelsandthereforelower resolutionradiositysolutions.Thusthereis adistincttrade-off
betweenthespatialresolutionof thepatchhierarchy usedandtheprecisionof theform factorvalues
computedfor eachpatch.In thenext sectionwedescribehow to avoid thistrade-off with ananalytic
methodthatallows for minimalamountsof LOD biasingwhile still computinghighprecisionform
factorvalues.

3 Analytic Form Factor Computation

Baumet al. [1989] discussa numberof different typesof errorsthat exist from the useof the
hemicubeincludingtheform factoraliasingproblemdiscussedpreviously. Their work payspartic-
ularattentionto thehemicubeform factorerrorsintroducedby violationsof the“proximity assump-
tion”. This occurswhenthe distancebetweenthe centerof two patchesdifferssigni�cantly from
thedistancetheiredges.To addressthisproblem,they proposeahybrid algorithmthatusesanalytic
differentialareato polygonform factorcomputationfor light sourcesandpairsof patchesof close
proximity. For computationalef�ciency their hybrid methodusestheoriginal hemicubealgorithm
for patchesthatarefarapart.

3.1 Hardware Implementation

In our work, therelatively smallpatchesmadepossiblethroughtheuseof mipmappedID textures
makesform factoraliasinga signi�cant sourceof error, particularlywhena low level-of-detailbias
is used.To addresstheseerrorswe useanalyticdifferentialareato polygonform factorcalculation
for mostpatchesusinga fragmentprogramexecutedin graphicshardware. Thusthe mipmapped
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Figure1: Differentialareato polygonform factorsarecomputedanalyticallywith the geometry
shown.

texturesdo not needto be heavily biasedto avoid aliasing,with the hemicubeusedprimarily for
determiningvisibility, and the actualform factorvaluesreadfrom the alphachannelof a 32-bit
�oating point framebuffer.

The geometryusedfor computinganalyticaldifferentialareato polygonform factorsis shown
in Figure 1. The differential areais placedat the receiving patchsincethe receiving patches
aremipmappedtexels,andarethustypically small with respectto the shootinghemisphere.The
analyticcomputationcanbeexpressedas:

FdA j Ai =
1

2p

n

å
i= 0

Nj �Gg

whereNj is the normalof the differential surface,andGg is a vectorwith a directioncomputed
from thecrossproduceof Rg andR(g+ 1)%4) (shown in Figure 1) andamagnitudeequalto theangle
betweenRg andR(g+ 1)%4) (gamma)in radians.

The form factorsarecomputedusinga fragmentprogram. The program�rst writes the patch
ID to the red andgreenchannels,andthe polygonID is written to the blue channel.The receiv-
ing patchcenteris determinedandsubtractedfrom theshootingpatchcorners(which arefragment
programparameters)to computethenormalizedR vectors.Determiningtheanglegammabetween
thesevectorsrequiresan ArcCosoperationwhich is not directly supportedunderARB Fragment
Program.We implementedthis operationusinga 2048entry16-bit lookuptablewith linear inter-
polationbetweenvalues.Sincethereceiving patchis oftenfar from theshootingpatch,thevalueof
ArcCos(g) is oftensmall.This is alsothepartof this functionthatbehavesleastlinearlyandis thus
leastsuitedfor a linearly interpolatedlookuptable. To alleviate this problemwe make theentries
of thetablenon-uniformby takingtheArcCosinput to thefourth power prior to lookupandtaking
the cubedroot of eachvaluewhencomputingthe lookup table. The remainderof the fragment
programrequiresstraightforwardusageof crossproductanddot productoperationswith the�nal
form factorvaluewritten to thealphachannelof theframebuffer.

3.2 Partial Occlusion

Theanalyticcomputationusedby the fragmentprogramis only accuratein theabsenceof occlu-
sion. With the original hemicubealgorithm,partially occludedpatchesprojectto fewer pixels on
the hemicube,which hasthe propereffect of reducingform factorvaluesfor thosepatches.By
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Figure2: Examplesof the differentwayspartially occludedpatchescanbe dealtwith. In (b) the
hemicubeis usedfor binary visibility determinationin (c) a hybrid approachis appliedwith the
original hemicubeusedfor partially occludedpatches.Noticethebright patches(pointedto by the
arrows)causesby errorsfrom countingpixelsonthehemicube.In (d) thesebrightpatcheshavehad
their form factorvaluesclampedby theanalyticallycomputedvalues.

ignoringpartialocclusionandonly usingthehemicubefor binaryvisibility determinationandun-
occludedanalytically computationfor form factor values,sharpshadow aliasingis exhibited as
shown in Figure 2(b). We thustake a hybrid approachto form factorcalculation,whereanalytic
form factorcomputationis usedfor mostpatches,andthe original hemicubemethodis usedfor
selectpatchesthat areestimatedto be partially occluded.A patchis estimatedto be partially oc-
cludedif it neighborsapatchthatis fully occludedfrom theshootingpatch.This is implementedby
settinga �ag for all patchesthat for all visible patchesreadfrom thehemicubeID buffer, andthen
usingthetraditionalhemicubealgorithmfor thosepatchesthatneighborapatchwherethis �ag not
set.With this techniquepartially occludedpatchesareproperlyanti-aliasedwith accuracy equalto
theoriginal hemicubealgorithmasshown in Figure 2(c). This same�gure alsoillustratesseveral
bright patcheswherethe original hemicubemethodover estimatesthe form factorfor that patch.
Theseartifactscanberemovedby usingtheanalyticallycomputedform factorvaluesto clampthe
maximumform factorvalueasshown in Figure 2(d).

4 Implementation Details

A numberof algorithmvariationsmustalsobe madeto ef�ciently accommodatethe mipmapped
patchhierarchiesusedin ourwork. Theserelateto theoperationsrequiredfor keepingthedifferent
patchlevels up to date,and the properselectionof shootingpatcheswhen theseoperationsare
avoided.

4.1 Hierarchy Updating

For eachpolygona quadtreepatchhierarchy is stored. Eachpatchcontainsthe radiosityB, the
unshotradiosityDB, andtheunpushedradiosityDI . During shootingonly theDI partof eachnode
is updated,which is usedlaterduring thedelayedpush-pulloperations[Hanrahanet al. 1992]. In
addition to the hierarchy, for eachpolygon the total unshotpower is storedand kept up-to-date
duringtheshootingprocess,in orderto guidethechoiceof thenext shootingpolygon,asdescribed
in thenext section.

Thepush-pulloperationconsistsof pushingthereceivedradiosityDI to theleavesof thehierarchy
by addingradiosityreceivedat higherlevelsandthenpulling energy towardtheroot by averaging
there�ectedradiosityfrom lower levels. Beforeshooting,a push-pullmustoccursothatthepush-
pull DI valuescanbeaddedto theB andDB partsof all nodesin thehierarchy. Applying apush-pull
to all polygonscanbeexpensive sincethecostof theoperationis proportionalto thetotal number



of patches,sothenumberof push-pullsshouldbeminimized.

4.2 Selection of Shooting Patch

Typically, theshootingpatchselectedis thepatchwith thehighestunshotenergy. Theuseof patch
hierarchiesmakesthis muchmoredif�cult becauseof thesheernumberof patches,aswell asthe
fact the unshotpower is not necessarily“known” for a given patch,sincethe push-pulloperation
maynot have occurred.To avoid a push-pulloperationon all patches,theshootingpatchis chosen
usinganapproximategreedyselectioncriteriaasfollows:

1. Selectthepolygonwith greatestunshotpowerandapplypush-pull

2. Recursively traversedown the patchhierarchy from the root in a greedymanner, following
thepatchwith thegreatestunshotpower

3. Stopjustbeforetheunshotpoweror sizeof child patchesreachesbelow threshold,andshoot

Althoughthismethoddoesnot �nd theoptimalshootingpatch,in practicewehavefoundit to work
well, andit only requiresonepush-pulloperationpershootingpolygon.Furtherpush-pullscanbe
avoidedby selectingpatchesfrom thesamepolygonfor consecutiveshootingiterations.

4.3 Texture Encoding

Sincetexturememoryis limited, it canbeimpracticalto createahighresolutionmipmapID texture
for every polygon in a scene. Fortunatelythis can be avoided by storing the patchID within a
polygonin a mipmappedtextureusedfor all polygons.Then,whenID renderingis performed,the
positionpatchID andhierarchy level within thatpolygonis written to theredandgreenchannelsin
16-bit precisionwhile thepolygonID is storedin thebluechannelin 16-bit precision.If morethan
65,536polygonsweredesired,theredandgreenchannelcouldalsobeusedfor storingpolygonIDs
or higherprecisionframebuffer readbackscouldbeperformed.

5 Results and Conclusion

We evaluatedour techniqueusinga PCwith anAMD Athlon-64FX 2.2GHz processor, two giga-
bytesof memory, andNvidia GeForceFX5900Ultra graphicscard.Hemicubefaceswererendered
oneata timeto differentpartsof theframebuffer andreadbackin asingleoperation.Theradiosity
solutionseenin Figure3(a) wasgeneratedin 2.7 secondswith 16 shootingiterations. The scene
consistsof 402polygonsandover47,000patches.Noticethewell de�nedshadowsunderthechairs,
aswell asredhueon thelight sourcere�ectedfrom thenearbyredwall from wall light re�ections.

The scenein Figure3(b) contains3138polygons,andjust over 90,000patches.The radiosity
solutionshown wascomputedin 9.0secondswith 32 shootingiterations.Sinceour techniqueuses
shooting,theradiositysolutioncanbeviewedprogressively for betterinteractivity.

For eachshootingoperationapproximatelytwo-thirdsof thetimeis spentcomputingform factors
while therestof thetimeis usedto addradiosityto thesoftwarepatchhierarchies.Of thetimespent
computingform factors,half thetime is spentperformingframebuffer readbacks,while therestof
the time is spentrasterizingpolygonsto thehemicubeframebuffer runningtheanalyticfragment
program.

Our work focuseson the problemof form factorcomputation.Our timing resultssuggestthat
furtherperformanceimprovementscouldbegainedby mappingtheremainingoperationsnecessary
for radiositycomputationto theGPU.In contrastto our work, for example,Carret al. [2003] cal-
culateform factorsin a preprocessingstep,andusegraphicshardwareto computematrix radiosity
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Figure3: Theradiositysolutionshown in (a) wascalculatedin 2.7 secondsafter16 shootingiter-
ationsusingover 47,000patches.Sinceour techniqueusesshooting,theradiositysolutioncanbe
viewedprogressively for betterinteractivity. This radiositysolutionshown in (b) wascalculatedin
9.0secondsafter32shootingiterationswith over90,000patches.

solutions.Coombeetal. [2004],ontheotherhand,maptheentireradiositymethodto theGPU.The
key innovationof our work is that themethodwe describesupportshierarchicalradiositywithout
geometricoverheadandperformson the GPU adaptive linking of sourceanddestinationpatches
at different levels-of-detailfor the ef�cient computationof radiositysolutions. We areobviously
interestedin mappingtheremainingpartsof theradiosityalgorithmto graphicshardware.
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