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® Powersof aMatrix and Matrix Polynomial
® \ector Algebra

® \ector Spaces

Powersof a Matrix and Matrix Polynomial

If A is a square matrix, then we define the nonnegative integer power of A to be
A =
A'=AA---A

If A is invertible, then we define the negative integer powers to be
A—n — (A—l)n — A—IA—I A—l
If A is a square matrix, we have a matrix polynomial in A as

p(A=al +aA+a,A +---+a A"

Example 1
If A is a n-th order square matrix and A“ =0, evaluate (I — A)™".
Solution:

wA=0

= A=

= A= =AY+ A+ A 4k AT =]

-'.(I —A)_l :I +A+ A2+_._+ Ak—l



Definition of Vectors

We often use two kinds of quantities, namely scalars and vectors.
A scalar is a quantity that is determined by its magnitude;
A vector is a quantity that is determined by both its magnitude and its direction.

Equality of Vectors: two vectors a and b are equal, if they have the same
length and the same direction.

Representations: in Cartesian coordinate system, the vector can be described

using real numbers. If the given vector a has an initial point P(X,Y,,Z) and

a terminal point P (X,,Y,,Z, ), then the vector a can be described as

a=Ple=[X2—X1,y2—y1,Zz—Zl]

And the norm \a\ =Ja+a +a.

Another representation of vectorsis a=[a, a, a,]=ai+a,j+ak,

where i, J, K are the standard unit vectors in the positive directions of the axes
in a Cartesian coordinate system.

Basic Properties of Vectors:
» Zerovector 0 has length 0 and no direction.

» Negative vector —a has the length \a\ and the direction is opposite to that

of a.
> Unit vector is a vector of norm 1

Vector Addition and Scalar Multiplication

If a=[a, a, & and b=[b b, b,] aretwo vectors, then

atb=[ath atbh azth]
ka=[ka ka, ka,]

Basic Properties:

» atb=b+a (at+b)+c=a+(b+c)
» at0=0+a=a a+(-a)=0

» k(atb)=ka+kb (k+h)a=katla

> k(la)=(khHa 0a=0

» la=a (-Da=-a
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Inner Product or Dot Product

Definition: if aand b are two vectors and @ is the angle between a and b,

then the dot product or Euclidean inner product asb is defined by
ab=|a||bjcos& =ab +a,b, + ab,

Angle between two vectors:

: a-b
The angle € between the vectors is cosfd =——

[aflbl

Orthogonality:
The inner product of two vectors is zero if and only if these vectors are
perpendicular.

Properties of the Dot Product:

asb

<[al[b

> Schwarz inequality:

asb

> Triangle inequality: < \a\ + ‘b‘

Orthogonal Projection:

Orhtogonal projection of a vector a in the direction of a vector b is defined by

b

p=proj,a= a—b

of

Example 2

If vector a is perpendicular to any vector, show a is a zero vector.
Proof:
" ais perpendicular to any vector

.. for any vector £, asf =0
especially, if f=a,thus asa=0

METE)

therefore, a is a zero vector.

Zero vector is perpendicular to any vector.



Example 3

Show vector ¢ and vector (asc)b-(bec)a are orthogonal vectors.

Proof:
[(asc)b-(bec)a]ec
=[(asc)b]ec-[(bec)a]ec
=(asc)(bec)-(bec)(asc)
=0

Thus cand (asc)b-(bec)a are orthogonal vectors.

Vector Product or Cross Product

Definitions: if a and b are two vectors, then the cross product or vector product
isavector V=axb=[v, Vv, V]

The vector v can be obtained from the expansion by the first row of the
symbolical third-order determinant

1 ] k
a, a,| la, a,|. [|a, a,
v=la, a, a,|= 1- It
b, by b, by|" |b b,
b, b, b,
The length of the vector V is given as |a xb|= |a| |b| sinf

The direction of the vector v is perpendicular to both aand b.

Example 4

If two vectors a and b, a| =10, b| =2 and asb=12, Evaluate |a>< b|.
Solution:
a-b=|a||b|cos6’
cosf = a-b —é
allb] 5
C.sin @ =i
5

~.|axb|=|allp|sing =16
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Example 5

Given axb=cxd,axc=bxd,show a-d isparallelto b-c.
Proof:
If a-d is parallel to b-c,then (a-d)x(b-c) should be O.

" (a-d)x(b-c)=axb+dxc-dxb-axc
=axb-cxd+bxd-axc=0

therefore, vector a-d is parallel to vector b-C.

Scalar Triple Product

If &, b and c are three vectors, then the scalar triple product is defined by

a1 a2 a3
as(bxc)=|b, b, b,
C1 CZ C3

The absolute of the scalar triple product is the volume of the parallelepiped
with @, b and c as edge vectors.

Example 6

Given three vectors a=i+4j-4k, b=-51+5]+k and c=-6i+j+5k, show these three
vector are in the plane.

Proof:

Because the absolute of the scalar triple product is the volume of the
parallelepiped, if the volume is zero, we can say the edge vectors are in the
same plane.

a, a, a, |1 4 4 |1 4 4
Thus, as(bxc)=b, b, by|=]-5 5 1|=/0 25 -19/=0
¢, ¢ ¢l |6 1 51 [0 25 -19
Therefore, vectors &, b and C are in the same plane.

% If aeb =0, then vector ais perpendicular to vector b;
% If axb =0, then vector ais parallel to vector b;

% If a<(bxc)=0, then vectors a, b and ¢ are in the same plane.



Vector Spaces

In a nonempty set V, we define two algebraic operations:

(1) vector addition: Va,feV=>a+ eV

(2) scalar multiplication: Vo eV,Vke R= ka eV

For vector addition:

» atb=b+a

» (atb)t+c=at(b+c)

» there is an object 0 in V, such that 0+a=a for all a in V

» for each a in 'V, there is an object —a in V, such that a+(-a)=0
For scalar multiplication:

» k(atb)=katkb

» (k+l)a=ka+tla

» k(la)=(kl)a

» foreveryainV, la=a
If V follows all the axioms above, then V is called a vector space.

Example 6
Let V =R’ and we define the addition and scalar multiplication in V for two

vectors a=[a @,] and b=[b Bb,] and ascalar k as follows:

at+b=[a a]+[b b]=[a+b 0]
ka=kla a,]=[ka 0]
First, Va,feV=a+feV ad VaeV,VkeR=kaeV are
satisfied.

But there is no zero vector in V, such that [a, a&,]+[? ?]=[a a,]

So set V is not a vector space with stated operations.



