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Abstract

A fundamentalssuein theoreticalcomputerscienceis that of establishingunambiguous
formal criteriafor algorithmicoutput. This paperdoesso within the domainof computer
aided geometricmodeling. For practicalgeometricmodelingalgorithms,it is often de-
sirableto createpiecavise linear approximationgo compactmanifoldsembeddedn R?,
andit is usuallydesirablefor thesetwo representationto be “topologically equivalent”.
Thoughthis hastraditionally beentaken to meanthatthe two representationarehomeo-
morphic,suchanotionof equivalencesufiersfrom avariety of technicalandphilosophical
difficulties; we adoptthe strongernotion of ambientisotopy. It is shavn here,that for
ary C?, compact,2-manifoldwithout boundarywhich is embeddedn R?, thereexists a
pieceavise linear ambientisotopic approximation Furthermorethis isotopy hascompact
supportwith specificboundsuponthe size of this compacteighborhoodThesebounds
may be usefulfor practicalapplicationin computergraphicsandengineeringdesignsim-
ulations.The proof givenreliesuponpropertiesof the medialaxis, which is explainedin
this paper
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1 Topologyin Geometric Modeling

Topologyhasmadefundamentatontritutionsto computerscience31]; with ap-
plicationsto domain-theoretifoundationgor programmindanguage$34], anes-
sentialrole in digital topology [26], and mary applicationsto complexity lower

bounds[8,25,39]. Topology also offers direct meansfor classifying solids, sur

faces,and cunes; the principal elementsof computeraidedgeometricmodeling
andcomputemgraphics As approximatioris anunavoidableaspecbf computation
with suchobjects,the questionof whetheranapproximationis “good enough”to

preseretheessentiafeatureof the objectis of centralimportanceWe discusshe

conceptof ambientisotopy, a topologicalnotion of equivalenceandgive condi-

tionssufficientfor anapproximatiorto offer suchequvalence.

Computeraidedgeometrianodelingis the proces®f creatingelectronicrepresen-
tationsof geometricobjects,usuallyin threedimensionsAlthough curved mod-
elscanbedesignedvith splines,algebraicsurfacesor implicitly via a subdvision
processpperationson the models,suchasvisualizationor finite elementanaly-
sis, might requirea piecevise linear (PL) approximatiorto the model. This work
addresseshe questionof when an objectand its approximationshouldbe con-
sideredto be topologicallyequivalentandpresentsa new theoremwhich guaran-
teesthat suchtopologically faithful approximationcan be achiezed on compact,
2-manifolds,which areembeddedn R?* andhave continuoussecondderivatives.
Recentdiscussiondave articulatedthe notion of ‘computationaltopology’ [14],
primarily asa combinationof topologyandcomputationaeometry Most of the
focusto date[14,17] hasignoreddifferentiability andapproximationTo the con-
trary, this work emphasizethe integrationof computationatopology differential
topologyandapproximation.

2 Ambient Isotopy and Approximation

Many geometricapproximatiomalgorithmsoffer no guaranteeaboutthe topology
of theoutput.Sometimest is guaranteedhatthe outputis homeomorphic¢o a de-
siredmanifold[2,24]. We argue herethata guarante®f homeomorphisnis insuf-
ficientfor mary of the applicationdor which the algorithmsaredesignedRather
examplesaregivenfor preferringa strongerequvalenceelationbaseduponambi-
entisotopy.

Definition 1 If X andY are subspacesfR?, thenX andY are ambientisotopic
if there is a continuousmapping



F:Rx[0,1] >R

sudthatforeacht € [0, 1], F(-,t) isahomeomorphisftomR? ontoR* sud that
F(-,0) istheidentityand F(X,1) =Y.

For otherfundamentaterms,thereaderis referredto thetext [22].

Althoughary two simpleclosedplanarcurvesareambientsotopic,Figurel showns
two simplehomeomorphicurves,which arenotambientisotopic* , wherethe PL

curveis anapproximatiorof thecurve ontheleft. In theright half of Figurel thez

co-ordinate®f someverticesarespecificallyindicatedto emphasizéheknotcross-
ingsin R? (All otherendpointshave z = 0). All endpointsof theline segmentsin

the approximatiorarealsopointson the original curve. Having this knottedcurve
asan approximantto the original unknotwould be undesirablan mary circum-
stancessuchasgraphicsandengineeringsimulationg6,7]. Thesepathologiesan
be preventedby extendingthe topologicalfoundationsfor geometricmodelingto

stipulateambientisotoyy for topologicalequialence.

Fig. 1. NonequvalentKnots

Otherproblemsarisefor surfaces(2-manifolds)in threedimensionsSomealgo-

rithmscomputeatriangulatedsurfaceC' to approximateheboundaryF' of aclosed,
finite volume,with aguarante¢hatC' is homeomorphito F' [3,4]. It iswell-known

thatthis doesnot guarante¢hatthe complemenof C, R* — C, is homeomorphic
to the complemenof F, R* — F, meaningthat thereis no guaranteghat F' and

C areequialentlyembeddedn R?. An ambientisotopy betweernC' and F', onthe

otherhand providessucha guarantee.

The classof PL surfacespresentsanotherdomainin which topologicalguaran-
teesaredesirable Even guaranteeinghat the commonedge contraction operator

* Thedifferentknot classification®f 0, and47* areindicated.



producesan objecthomeomorphido its input requiressomecarefor simplicial
complees[18]. Preserationof genusduringapproximatiorby a polygonalmesh
[16] alsorequiresconsiderableare.

The theorempresentecdereproves an approximationtechniquewhich preseres
ambientisotopy over animportantsub-clas®f 2-manifolds.

3 RelatedWork

Throughouthearticle,for ary integern > 0, the notationC™ will referto afunc-

tion (or manifold) having continuougerivativesof ordern; C* will likewiseindi-

catecontinuoudderivativesfor all non-n@ative integers.The relatedwork comes
from two broadareasmathematiceandcomputerscience.

3.1 Mathematics

The sub-disciplineof differentialtopology PL topologyandknot theoryarethe
mostrelevant,for which key summaryreferencesregiven,below.

In differentialtopology extensionof isotopiedo ambientsotopiess accomplished
onaC* manifoldwithout boundaryby constructinga tubular neighborhood22].
The assumptionof C*° is naturalwithin that contet, but is not invoked here.
Rather our resultsonly requireC? continuity.

From PL topology therearenecessarandsufiicient conditionsfor anisotopy of
compacipolyhedrg32, Theoremd.24,p. 58] to beextendedo anambientisotopy.
A commontechnicaltool for proving compactsupporf of anambientisotopy is
the classof functionsknow as‘pushes’[9]. A generalizatiorof a pushis usedin
theproofgivenhere.

In knottheory ambientisotopy theoremgocusuponknotdiagramg20,21]. Finite
sequencesf Reidemeistemovesareknown to presere ambientisotopy overknot
diagrams An alternatve definition of ambientisotopy canbe given[32] in terms
of commutatve diagrams.

5 A function f from X ontoitself hascompacsupporif thereexistsacompacsetAd C X
suchthat f is theidentity exceptpossiblyon A.



3.2 ComputerScience

The catalystfor this paperwaswork on the problemof constructingan approxi-
matingsurfacemeshgivenonly a sampleof pointsfrom the surface.This problem
wasformalizedandbroughtto the attentionof the computergraphicscommunity
in aseminall992papen23]. AmentaandBern[1,2] describedhecrustalgorithm
for which they could shav, undersomeconditionson the surfaceandthe sample,
that the outputapproximatesgeometrically the surfacefrom which the samples
weredravn. A latersimplification[3] of thisalgorithmwasshowvn to producea PL
(triangulatedmanifoldhomeomorphito thesurfacefrom whichthesamplesvere
taken,usinga somavhatcomplicatecargumentinvolving coveringspacesBoth of
theseapproachessethe medialaxis

Betweenary two points,z,y € R?, letd(z, y) denotethe usualEuclideandistance
andfor ary two setsX, Y C R?, letd(X,Y) = inf{d(z,y)|z € X,y € Y}.

Definition 2 Letz € R* andS C R". Apoints € S is anearespointon S to z if

d(z,s) = inf{d(z,t) | t € S}.

Themedialaxis of S, M A(S), is the closuee of the setof all pointsthat haveat
leasttwo distinctneaestpointson S.

This conceptwvasoriginally definedfor objectrecognitionin thelife science$10].
Oneinvestigationof the mathematicapropertiesof the medialaxisandits associ-
atedtransformfunction[15] is restrictedto geometrywithin the plane.More gen-
erally, therehasbeenbroadattentionto the medialaxisin R within the computer
sciencditerature wherethetopologicalanddifferentiablenvestigation$35,37,38]
aremostdirectly relevantto our maintheoremaboutambientisotopy.

Theissueof rigorousproofsfor the preseration of topologicalform in geometric
modelingappeargo have beenfirst raisedregardingtolerancesn engineeringle-

sign[11,12,36],but thesepaperdid not specificallyproposeambientisotopy asa

criterion. The classof geometricobjectsconsideredvasappreciablyexpandedoy

theoremdor ambientisotopicperturbation®f PL simplexesandsplines[5-7].

In responséo the exampleof Figurel, atheoremwaspublishedfor ambientiso-
topic PL approximationof 1-manifolds[27]. The proof utilizes ‘pipe surfaces’
from classicalifferentialgeometry29]. Theimprovedapproximations shavnin
Figure2. Thereis arelatedstudyof curves,comparingthemto a-shapeg19] via
ambientisotopieq33].



Fig. 2. AmbientlsotopicApproximation

4 Existenceof Ambient Isotopy Via the Medial Axis

This sectioncontainghemainresultof the paper For thereaders corveniencewe
briefly summarizethe salientaspectf the simplified crustalgorithm[3] asthe
basisfor our extensions.

Let M be a C?, compact,2-manifoldwithout boundarywith an embeddingF :
M — R3; let F denotetheimageof M underE. (By embeddingwe meanthat (i.)
EisC?, (ii.) E isinjective, (iii.) thedifferentialof E is everywherenon-singular
and (iv.) that M is homeomorphido F when F' is given the relative topology
inheritedfrom R3. Our terminologyfollows [13, §ll]; seeAppendixA for more
discussion.)

It wasshawn [3] thatthereexistsa PL (triangulated)manifold C' which is embed-
dedin R? suchthatevery vertex of C' belongsto F' andthat therealso exists a
homeomorphismk : C' — F', definedby mappingeachpoint of C' to the nearest
pointon F'. Furthermorefor eache € C,

d(c,h(c)) < 0.165 - d(h(c), MA(F)).

The creationof sucha homeomorphismassumeghat the verticesof C' form a
‘sufficiently dense'samplingof F', meaninghatfor everypointx on F' thedistance
from z to the neareswertex of C' is at mostsome0.08 timesthe distancefrom z

to M A(F) [3]. Theparticularvaluesof 0.165 and0.08 werechoserfor corvenient
numericalmanipulationwithin the cited proof,andcould possiblybeimproved.



4.1 PrepamatoryLemmas

Lemma3 hasappearedn the literature[37], usingdifferentterminology In order
to keepthis paperself-containedyve also presentits proof in AppendixA. Note
thatLemmas3, 4 and 7 would be falsewithout somehypothesisaboutthe differ-
entiability of F', whereourassumptiorof C? is suficient.

Lemma3 d(F, MA(F)) > 0.

PROOF. SeeAppendixA. 0O

Lemma4 If ¢ is any point not on F', thenany line sggmentfrom F to ¢ having
lengthd(q, F) is perpendiculato F'.

PROOF. Seege.q.,[30, Theoreml]. O

Thefollowing definition,restatedrom [38], is usefulwithin our next lemma.

Definition 5 Let A be a closedsubsetof R*. A pointp € R" is a non-tender
relativeto A if there existsa shortesipathfrom A to p which cannotbeextendedo
bea shortespathto anypointbeyondp.

Proposition6 Letp bea non-extenderrelativeto F', thenp € M A(F).

PROOF. See[38], whereit is shovn that M A(F) is in factthe closureof the set
of non-extendergelatveto F'. (N.b., Wolter adoptdifferentterminologyfor these
sets:his cut locusis equivalentto our medialaxis He shaws that the closureof

the setof non-etenderss the sameasthe closureof the setof pointswith atleast
two nearesheighborsasin Definition2). Seg[38, Definition 3.4.1],[38, Definition

3.4.11], andthefollowing remarks® O

Lemma7 Let#; and7i, beunitlengthnormalsto F' at two distinctpointsp; and
po. Supposehatthetwolines?, (t) = p; + tii; andéy(s) = py + siiy intersectat a
pointg, wheet, s € [0,00). Then

max(d(p1, q), d(p2, q)) > d(F, MA(F)).

6 Note,finally, thatWolter alsodefinesa notionof medialaxis,only directly applicableto
compactyegularclosedsubsetof R”.



PROOF. Let 4,(t,) = ¢2(s;) = ¢; without loss of generality we assumethat
t, = d(p1,q) > sq = d(p2,q) > 0. Fort € [0,00), let B; be the closedball
centerecht/, (¢) of radiust andnotethatfor all ¢ € [0, 00), we have thatp, € 9B,
(wherethe notationg indicatesthe boundary) By Proposition10 in AppendixA,
thereexistssomet, > 0 suchthatfor all ¢ € [0, %], |B; N F| = 1. Let

t; = sup{t € [0,00) | |[ByN F| =1};

notethat {p;,p2} C th sothatt; < t¢,. Any pointof B, N F mustbe on the
boundaryof B;, becausary interior pointof B;, whichalsoappearedh F would
alsobecontainedn B;, _. for someappropriatelysmallpositivee; thisis precluded
by our choiceof ¢;. Likewise, obsere that for ary ¢ > ¢, thereare points of

F in theinterior of B, andhencethat/,(¢,) is a non-extender By Proposition6

we musthave ¢(t;) € MA(F). Hencemax(d(p1, q),d(p2,q)) > d(p1,41(t1)) >

d(F, MA(F)), asdesired. O

4.2 Main Theoem

In this section,we shav thatthereexists an ambientisotopy of compactsupport
betweerthesurfacesF’ andC'. Thisis themaintheorenof this paper To establish
this, we first definethe following functions.

Considetthevectorfrom c to its nearespoint, 4(c) on F'. Let ¢* denotethis nearest
pointto ¢ andlet cc* denotethevectore* — c. Any pointof C suchthatc = ¢* will
be calleda fixedpoint” of C. Let C denotethe setof all fixed pointsof C.. Note,
by Lemma4, thatfor ary ¢ ¢ C, thevectorec® is normalto F atc*.

Definethetwo functionsh andh, from C into R3 sothat

h(c) =c+2- ¢, and

Let I = image(h) andF = image(h).
Lemma 8 Thefunctionsh : C — F andh : C — F are homeomorphisms.
7 Eachsamplepointis a fixed point of C' andthereis nothingthat precludesa subsebf

sometriangleof C' from beinga subsebf F', meaningthatall pointsof thatsubsetvould
alsobefixedpoints.



PROOF. Obsenrethatforarny c € C,

d(c*,¢) = d(¢*, h(c)) < .165 - d(¢*, MA(F)); and
2-d(c*, c) = d(c*, h(c)) < .33-d(c*, MA(F)).

Sinceboth (c) andh(c) lie alongnormalsto F at c*, theseindicatedsmall dis-
tancesfrom M A(F) aresuficient to concludefrom Lemma7 thatboth s andh
are1-1. The otherpropertiesrequiredfor h andh to be homeomorphism&llow
easily O

Theorem 9 Thele existsan ambientisotopyof compactsupportbetweerthe sur-
facesF andC.

PROOF. DefinethefunctionA : C' x [0,1] — R? sothat

¢ + 3tec, if t € [0,1/3], whereé = h(c),
Ale,t) =< c+3(t — 1/3)ect, ift € [1/3,2/3], and
¢ +3(t—2/3)cct ift € [2/3,1].

Notethatbetweerl) and1/3, this deformsthe surface ' into C, betweenl /3 and
2/3 thisdeforms® thesurfaceC into F, andbetweer2/3 and1, this deformsthe
surface F into F. Let i(F, F) denotethe set{A(c,t) | ¢ € C,t € [0,1]}. By
Lemma7, A is 1-1ontheset(C'\ C) x [0,1]. (Onc € C, A(c, s) = A(c, t) for all
s, t €[0,1].)

Now, letid : [0,1] — [0, 1] betheidentity mapandletr : [0,1] — [0, 1] bethe
function
(2) = 2, if z €10,1/3], and
Sl +a)/2 ifze(1/3,1]

Let A"(c, s) = A(c, 7(s)). Obsenethat A" (c, t) alsodeformsE into F, but the set
C x {1/3}, whichwasmappedo C underA is nov mappedo F' = A(C,2/3) =
A"(C,r(1/3)). We interpolatebetweenA(c, s) and A" (¢, s) to definethe ambient
isotopy.

Definethefunction

G:Rx[0,1] >R
so that for eachp e (R \ i(F,F)) U C, G(p,t) = p for all ¢; for a point
pei(F,F)\C, let(c,,s,) = A'(p) anddefine

G(pt) = Al [t-r+ (1 =1)-id](sp)),

8 Thechoicesof thevaluesl /3 and2/3 herearearbitrary but arenotrelatedto the useof
the constan®.33 within the secondnequalityin the proof of Lemma8. Thevaluesof 1/3
and2/3 usedherecould bereplacedoy ary valuesa, 3, suchthat0 < o < § < 1. The
technicaldetailsof the proofwould changeput the underlyinglogic would bethesame.



where[t - r + (1 —t) -id] : [0,1] — [0, 1] isthemapz — ¢ - r(z) + (1 — 1) -

Obserethat,for eacht, [t-r+ (1 —t)-id] is abijectionon [0, 1] andhencehemap
G(-,t) is bijectivefor fixedt € [0, 1]. To seethatG(-, ¢) is continuouspbsere that
the boundaryof z(F F) is preciselyF' U F'; asG(-,t) is clearly continuousn the
interiorof i(F, F) it sufficesto checkthatG(-, t) fixesevery pointin F'U F, which
it doessinceboth0 and1 arefixedby [t - » + (1 — ¢) - id]. Finally, obsere thatfor
allp, |G(p,t1) — G(p, t2)|| < |[t1 — to| - .165 - d(F, M A(F)), from whichit easily
followsthatG is continuounR? x [0, 1].

NotethatG(p, 0) is theidentity functionon R?, that{G(c,1) | ¢ € C} = F and
thatG is anambientisotopy betweenC' andF. O

5 Conclusionsand Futur e Dir ections

Theoreticafoundationdor geometricalgorithmsshouldaddressopologicalchar
acteristicsasis demonstratetdy examplein this paper The maintheoremproven
in this papersignificantly expandsthe classof manifoldsknown to have PL ap-
proximationswhich presere thetopologicalcharacteristicef the givenmanifold.
Specifically suficientconditionsaregivenfor aPL (triangulated ppproximatiorto
beambientlyisotopicto a givenC? compact2-manifold,without boundarywhere
the manifoldis assumedo be embeddedn R?. Furthermoreit is shavn thatthis
isotopy hascompactsupportwith a specificupperbounduponthe distanceof this
compactsetfrom the original manifold. This quantitatve boundmay be usefulin
practicalapplicationsn computegraphicsandengineeringThemagnitudeof this
boundis generallyinverselyproportionalto the numberof approximatingfacets.
Typically, in practicalcomputingapplicationsit is desirableo minimizethis num-
berof facets.Thereis no claimin this paperaboutachiezing any suchminimality
andthis minimality relationremaingo beinvestigatedbothfor thework presented
herefor 2-manifoldsandfor work by previousauthorson 1-manifolds.
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A Proofof Lemma3

Recallthatann-dimensionalC’* manifoldis a (seconccountableHausdorf) topo-
logical spaceM togetherwith a collection of maps(which we call charts) such

that:

(1) eachchart¢ is ahomeomorphisng : U — U’ ¢ R™, whereU is openin M

andU’ is openin R”;

(2) eachpointz € M isin thedomainof somechart;and
(3) for any pairof charts¢ : U — U' C R* andy : V — V' C R*, the“change

of coordinatesnap” ¢yt : (U NV) = ¢(UNV)is CE.

Sucha collectionof mapsis saidto beanatlasfor M. (Notethatary atlascanbe
enlagedsothatit is in factmaximalwith respecto propertiesl, 2, and3, above.)
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Priorto proving Lemma3, we stateandprove thefollowing supportingoroposition.
Again, similaragumentsappeain theliterature[35,37].

Proposition 10 Let p be a point of F and## € R? a unit vectornormalto F at
p. Thenthere existssomee > 0 sud that the closedball B.(p + €ii) of radiuse
centeedat p + efi intersectsF' at exactlyonepoint, p.

PROOF. Theamgumenthastwo parts,dealingwith thelocal andglobal structure
of F', respectrely. We begin with thelocal agument.Considera pointp € M and
itsimagep = E(p) € F.Let¢ : U — U’ C R? beachartwith p € U andconsider
the C? function f = E o ¢~ mappingU’ to R3. Letp’ be ¢(p). We would like to
seethatthereis a neighborhoodV of p' andans > 0 sothatary sphereof radius
s tangento thesurface f (W) meetsf (W) atasinglepoint.

As E is anembeddingthe derivative of f atp’, denoted D f(p')], hasrank two.
Since f is C?, [Df(x)] is a continuousfunction of z on U’, we may selecta
neighborhoodV’ C U’ of p’ sothat [Df(z)] hasrank two on all of V. If we
thenfix a boundedcorvex neighborhood#?, of p’ and K a compactset satisfy-
ingW, C K C V then

(1) for someB > 0, all secondpartial derivativesof f are boundedabove in
absolutevalueby B > 0 ateverypointin Wy,

(2) f is ahomeomorphisnof W, ontothe imageof f, whengivenits relatve
topology and

(3) for someb > 0, for all z € W, andall h € R?, |

[Df()](R)]| = bl|A]l.
By applyingafirst-orderTaylor formula(seege.g.,[28]) to f, for ary z,y € Wy,
fy) = f(z) + [Df(@)](h) +r(h)

whereh = y — z andr = r, is aremaindeterm(which depend®n x). Fixing, for
the moment,a specificx € W, the kth coordinateof this remaindetermmay be
boundedy

1 & 0% f .
5 i,jzzl 83]1837] (h”)hlhj’

for someh* ontheline segmentbetweenr andz + h. (Recallthat f is C?, sothat
thesepartialsexist.) In particular the quantityabove canbe boundedn absolute
valueby B ||h||%, in which case||r(h)||> < v3B||h||*. Solet S be a sphereof
radiuss, tangentto the surfacegivenby f at the point f(z). As S is tangentto
f(W,), thedistancerom thepoint f(x + k) — r(h) to thecenterof thespheres at
least

(b [[Al])? + 5%,

14



by thedefinitionof b. Obsenre thatif thisdistanceexceedss + ||r(h)||, thenwe can
besurethatthepoint f(« + k) doesnotlie in (or on)thisspherelf s < b%/(4v/3B)
and||h|| < b/(v/6B), then

(blIRl)? + 52 > s+ V3BIIR]* 2 s + Ir(R)]],

asdesiredIn particular we may selecta neighborhoodV c W, aboutp’ sothat
for ary x, y € W andary sphereS of radiuslessthand? / (4v/3 B) whichis tangent
to F" at f(x), we canbeguaranteethat f (y) falls outsidesS.

Now we work with the global structureof F'. For a pointp on F', we let p denote
E~'(p). For eachpointp € F, selectachartg, : U, — U, C R* sothatp € U,

the local agumentabove assertghat thereis a neighborhoodV, of p’ = ¢,(p)

andans, > 0 sothatevery sphereof radiuslessthens, tangentto E' o qs;l(Wp)

meetsE o ¢;1(Wp) atasinglepoint. (We index the objectsg,, U, etc.by p rather
thanp or p' to simplify the notation.)Let C, = ¢,'(W,) andlet C denotethe
collection{C,|p € F'}. Now, asE is anembeddingthetopologyof A is identical
to the relative topologyon F' (and E is a homeomorphisnwhen F' is given this
topology).In particular for everyp € F, thereis a neighborhoodV, of p sothat
N, N F = E(C,). Let~, besmallenoughsothattheopenball B, (p) of radiusy,

centeredatp is containedn V. Finally, for eachp, define

D,=C,NE Y(FN B, ;p)

andlet D betheopencover {D, | p € F}. Notethatfor eachp € F, we have
p € D,. If Sisasphereof radiuslessthanv,/2 tangento the surfaceF' atapoint
r € E(D,), thenS is a subsetB,, andhenceary pointin the intersectionof F
andS mustactuallylie on E(D,). If, furthermore S hasradiuslessthans,, then
S meetsE(D,) atasinglepoint. So,lete = min(s,,v,/2). O

The e constructedabove canbe taken to be a continuousfunction of p; as F' is
compacttheabove agumentyieldsa singlevalueof ¢ > 0 applicableto theentire
manifold,asexpressedn thefollowing corollary

Corollary 11 Thee existse > 0 sothatfor everyp € F andunit vector7 which

isnormalto F atp, B(p + €ii) N F = {p}.

Theproof of lemma3 follows immediatelyfrom theabove:

PROOF of Lemma 3. It is animmediateconsequencef the previouslemmathat
thereis s > 0 sothatary spheretangentto F' of radiuss or lessmeetsF' ata
singlepoint. Recallthatthe medialaxisof F is theclosureof thesetof pointsin R?
with atleasttwo nearesheighboron F'. Obserethatif m is apointonthemedial
axisof F andd(m, F) = ¢, thenfor ary ¢ > 0 thereis atangentsphereto F' of

15



radiusc + e which containsatleasttwo pointsof F. Henced(F, M A(F)) > sp >
0. O
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