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Abstract

A fundamentalissuein theoreticalcomputerscienceis that of establishingunambiguous
formal criteriafor algorithmicoutput.This paperdoessowithin thedomainof computer-
aidedgeometricmodeling.For practicalgeometricmodelingalgorithms,it is often de-
sirableto createpiecewise linearapproximationsto compactmanifoldsembeddedin 
�� ,
andit is usuallydesirablefor thesetwo representationsto be “topologically equivalent”.
Thoughthis hastraditionallybeentaken to meanthat the two representationsarehomeo-
morphic,suchanotionof equivalencesuffersfrom avarietyof technicalandphilosophical
difficulties; we adoptthe strongernotion of ambientisotopy. It is shown here,that for
any ��� , compact,2-manifoldwithout boundary, which is embeddedin 
�� , thereexistsa
piecewise linear ambientisotopicapproximation.Furthermore,this isotopy hascompact
support,with specificboundsuponthesizeof this compactneighborhood.Thesebounds
maybeusefulfor practicalapplicationin computergraphicsandengineeringdesignsim-
ulations.The proof given reliesuponpropertiesof themedialaxis,which is explainedin
thispaper.

�
E-mail address:amenta@cs.utexas.edu.This authoracknowledges,with appreciation,

funding from the NationalScienceFoundationundergrantnumberCCR-9731977,anda
researchfellowship from theAlfred P. SloanFoundation.Theviews expressedhereinare
thoseof theauthor, notof thesesponsors.� E-mail address:tpeters@cse.uconn.edu. This authoracknowledges,with appreciation,
fundingin partialsupportof this work from theNationalScienceFoundation,undergrant
NumberDMS-9985802,andfrom theUniversityof Connecticut2000Schoolof Engineer-
ing Initiative.Theviews expressedhereinareof thisauthor, notof thesesponsors.� E-mailaddress:acr@cse.uconn.edu.Thisauthoracknowledges,with appreciation,fund-
ing in partialsupportof thiswork from theNationalScienceFoundationundergrantCCR-
0093065and from the University of Connecticut2000Schoolof EngineeringInitiative.
Theviews expressedhereinareof thisauthor, notof thesesponsors.

Preprintsubmittedto Elsevier Science 11December2001



1 Topologyin GeometricModeling

Topologyhasmadefundamentalcontributionsto computerscience[31]; with ap-
plicationsto domain-theoreticfoundationsfor programminglanguages[34], anes-
sentialrole in digital topology [26], and many applicationsto complexity lower
bounds[8,25,39].Topology also offers direct meansfor classifyingsolids, sur-
faces,andcurves; the principal elementsof computer-aidedgeometricmodeling
andcomputergraphics.As approximationis anunavoidableaspectof computation
with suchobjects,thequestionof whetheranapproximationis “good enough”to
preservetheessentialfeaturesof theobjectis of centralimportance.Wediscussthe
conceptof ambientisotopy, a topologicalnotion of equivalence,andgive condi-
tionssufficient for anapproximationto offer suchequivalence.

Computer-aidedgeometricmodelingis theprocessof creatingelectronicrepresen-
tationsof geometricobjects,usually in threedimensions.Although curved mod-
elscanbedesignedwith splines,algebraicsurfacesor implicitly via a subdivision
process;operationson the models,suchasvisualizationor finite elementanaly-
sis,might requirea piecewise linear (PL) approximationto themodel.This work
addressesthe questionof when an object and its approximationshouldbe con-
sideredto be topologicallyequivalentandpresentsa new theoremwhich guaran-
teesthat suchtopologically faithful approximationcanbe achieved on compact,
2-manifolds,which areembeddedin � � andhave continuoussecondderivatives.
Recentdiscussionshave articulatedthe notion of ‘computationaltopology’ [14],
primarily asa combinationof topologyandcomputationalgeometry. Most of the
focusto date[14,17] hasignoreddifferentiabilityandapproximation.To thecon-
trary, this work emphasizesthe integrationof computationaltopology, differential
topologyandapproximation.

2 Ambient Isotopy and Approximation

Many geometricapproximationalgorithmsoffer no guaranteesaboutthetopology
of theoutput.Sometimesit is guaranteedthattheoutputis homeomorphicto ade-
siredmanifold[2,24].We argueherethata guaranteeof homeomorphismis insuf-
ficient for many of theapplicationsfor which thealgorithmsaredesigned.Rather,
examplesaregivenfor preferringastrongerequivalencerelationbaseduponambi-
entisotopy.

Definition 1 If � and � are subspacesof � � , then � and � are ambientisotopic
if there is a continuousmapping
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��� � �������! #"%$'& � �
such that for each (*) �+�, #"%$ , �.-0/  (21 is a homeomorphismfrom � � onto � � such that�3-4/  5� 1 is theidentityand

�.- �  %" 1768� .

For otherfundamentalterms,thereaderis referredto thetext [22].

Althoughany two simpleclosedplanarcurvesareambientisotopic,Figure1 shows
two simplehomeomorphiccurves,whicharenot ambientisotopic9 , wherethePL
curve is anapproximationof thecurveontheleft. In theright half of Figure1 the :
co-ordinatesof someverticesarespecificallyindicatedtoemphasizetheknotcross-
ingsin � � (All otherendpointshave :;6 � ). All endpointsof theline segmentsin
theapproximationarealsopointson theoriginal curve.Having this knottedcurve
asan approximantto the original unknotwould be undesirablein many circum-
stances,suchasgraphicsandengineeringsimulations[6,7]. Thesepathologiescan
bepreventedby extendingthe topologicalfoundationsfor geometricmodelingto
stipulateambientisotopy for topologicalequivalence.
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z = -1
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Fig. 1. NonequivalentKnots

Otherproblemsarisefor surfaces(2-manifolds)in threedimensions.Somealgo-
rithmscomputeatriangulatedsurface< toapproximatetheboundary

�
of aclosed,

finitevolume,with aguaranteethat < is homeomorphicto
�

[3,4]. It is well-known
that this doesnot guaranteethat thecomplementof < , � �>= < , is homeomorphic
to the complementof

�
, � ��= � , meaningthat thereis no guaranteethat

�
and< areequivalentlyembeddedin � � . An ambientisotopy between< and

�
, on the

otherhand,providessuchaguarantee.

The classof PL surfacespresentsanotherdomainin which topologicalguaran-
teesaredesirable.Evenguaranteeingthat the commonedge contractionoperator

9 Thedifferentknot classificationsof ? � and @BA � areindicated.
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producesan object homeomorphicto its input requiressomecarefor simplicial
complexes[18]. Preservationof genusduringapproximationby a polygonalmesh
[16] alsorequiresconsiderablecare.

The theorempresentedhereprovesan approximationtechniquewhich preserves
ambientisotopy overanimportantsub-classof 2-manifolds.

3 RelatedWork

Throughoutthearticle,for any integer CED � , thenotation <>F will referto a func-
tion (or manifold)having continuousderivativesof order C ; <HG will likewiseindi-
catecontinuousderivativesfor all non-negative integers.The relatedwork comes
from two broadareas,mathematicsandcomputerscience.

3.1 Mathematics

The sub-disciplinesof differentialtopology, PL topologyandknot theoryarethe
mostrelevant,for whichkey summaryreferencesaregiven,below.

In differentialtopology, extensionof isotopiesto ambientisotopiesis accomplished
on a <HG manifoldwithout boundaryby constructinga tubular neighborhood[22].
The assumptionof <HG is naturalwithin that context, but is not invoked here.
Rather, our resultsonly require< � continuity.

FromPL topology, therearenecessaryandsufficient conditionsfor an isotopy of
compactpolyhedra[32,Theorem4.24,p. 58] to beextendedto anambientisotopy.
A commontechnicaltool for proving compactsupportI of anambientisotopy is
theclassof functionsknow as‘pushes’[9]. A generalizationof a pushis usedin
theproofgivenhere.

In knot theory, ambientisotopy theoremsfocusuponknotdiagrams[20,21].Finite
sequencesof Reidemeistermovesareknown to preserveambientisotopy overknot
diagrams.An alternative definitionof ambientisotopy canbegiven[32] in terms
of commutativediagrams.

I A function J from K ontoitself hascompactsupportif thereexistsacompactset LNMOK
suchthat J is theidentityexceptpossiblyon L .
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3.2 ComputerScience

The catalystfor this paperwaswork on the problemof constructingan approxi-
matingsurfacemeshgivenonly a sampleof pointsfrom thesurface.This problem
wasformalizedandbroughtto theattentionof thecomputergraphicscommunity
in aseminal1992paper[23]. AmentaandBern[1,2] describedthecrustalgorithm
for which they couldshow, undersomeconditionson thesurfaceandthesample,
that the outputapproximates,geometrically, the surfacefrom which the samples
weredrawn.A latersimplification[3] of thisalgorithmwasshown to produceaPL
(triangulated)manifoldhomeomorphicto thesurfacefrom whichthesampleswere
taken,usingasomewhatcomplicatedargumentinvolving coveringspaces.Bothof
theseapproachesusethemedialaxis.

Betweenany two points, P  RQ )S� � , let T - P  UQ 1 denotetheusualEuclideandistance
andfor any two sets�  �WVX� � , let T - �  �Y1768Z\[!]�^_T - P  UQ 1�` Pa)a�  UQ )b�.c .
Definition 2 Let Pb)b�dF and e�VX�dF . A point f�)Oe is a nearestpointon e to P if

T - P  f�1768Zg[!]�^_T - P  (21h`B(i)Oe*ckj
Themedialaxis of e , l8m - ed1 , is the closure of the setof all pointsthat haveat
leasttwodistinctnearestpointson e .

Thisconceptwasoriginally definedfor objectrecognitionin thelife sciences[10].
Oneinvestigationof themathematicalpropertiesof themedialaxisandits associ-
atedtransformfunction[15] is restrictedto geometrywithin theplane.More gen-
erally, therehasbeenbroadattentionto themedialaxisin � F within thecomputer
scienceliterature,wherethetopologicalanddifferentiableinvestigations[35,37,38]
aremostdirectly relevantto ourmaintheoremaboutambientisotopy.

Theissueof rigorousproofsfor thepreservationof topologicalform in geometric
modelingappearsto have beenfirst raisedregardingtolerancesin engineeringde-
sign[11,12,36],but thesepapersdid not specificallyproposeambientisotopy asa
criterion.Theclassof geometricobjectsconsideredwasappreciablyexpandedby
theoremsfor ambientisotopicperturbationsof PL simplexesandsplines[5–7].

In responseto theexampleof Figure1, a theoremwaspublishedfor ambientiso-
topic PL approximationsof 1-manifolds[27]. The proof utilizes ‘pipe surfaces’
from classicaldifferentialgeometry[29]. Theimprovedapproximationis shown in
Figure2. Thereis a relatedstudyof curves,comparingthemto n -shapes[19] via
ambientisotopies[33].
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Fig. 2. AmbientIsotopicApproximation

4 Existenceof Ambient Isotopy Via the Medial Axis

Thissectioncontainsthemainresultof thepaper. For thereader’sconvenience,we
briefly summarizethe salientaspectsof the simplified crustalgorithm[3] as the
basisfor ourextensions.

Let l be a < � , compact,2-manifoldwithout boundary, with an embeddingo �
l & � � ; let

�
denotetheimageof l undero . (By embedding, wemeanthat(i.)o is < � , (ii.) o is injective,(iii.) thedifferentialof o is everywherenon-singular,

and (iv.) that l is homeomorphicto
�

when
�

is given the relative topology
inheritedfrom � � . Our terminologyfollows [13, p II]; seeAppendixA for more
discussion.)

It wasshown [3] that thereexistsa PL (triangulated)manifold < which is embed-
ded in � � suchthat every vertex of < belongsto

�
and that therealsoexists a

homeomorphismq � < & �
, definedby mappingeachpoint of < to thenearest

pointon
�

. Furthermore,for eachrs)b< ,

T - r  q - r%121*t � j "Buwv / T - q - rx1  l8m -y� 121zj

The creationof sucha homeomorphismassumesthat the verticesof < form a
‘sufficientlydense’samplingof

�
, meaningthatfor everypoint P on

�
thedistance

from P to thenearestvertex of < is at mostsome � j �|{ timesthe distancefrom P
to l8m -}� 1 [3]. Theparticularvaluesof � j "Bu|v and � j �~{ werechosenfor convenient
numericalmanipulationwithin thecitedproof,andcouldpossiblybeimproved.
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4.1 PreparatoryLemmas

Lemma3 hasappearedin the literature[37], usingdifferentterminology. In order
to keepthis paperself-contained,we alsopresentits proof in AppendixA. Note
thatLemmas3, 4 and 7 would befalsewithout somehypothesisaboutthediffer-
entiabilityof

�
, whereourassumptionof < � is sufficient.

Lemma 3 T -}�  l8m -}� 1R1*� � .

PROOF. SeeAppendixA. �
Lemma 4 If � is any point not on

�
, thenany line segmentfrom

�
to � having

length T - �  � 1 is perpendicularto
�

.

PROOF. See,e.g.,[30, Theorem1]. �

Thefollowing definition,restatedfrom [38], is usefulwithin ournext lemma.

Definition 5 Let m be a closedsubsetof � F . A point ��)�� F is a non-extender
relativeto m if thereexistsa shortestpathfrom m to � which cannotbeextendedto
bea shortestpathto anypointbeyond� .
Proposition6 Let � bea non-extenderrelativeto

�
, then��)Ol8m -y� 1 .

PROOF. See[38], whereit is shown that l8m -y� 1 is in fact theclosureof theset
of non-extendersrelative to

�
. (N.b., Wolteradoptsdifferentterminologyfor these

sets:his cut locus is equivalent to our medialaxis. He shows that the closureof
thesetof non-extendersis thesameastheclosureof thesetof pointswith at least
two nearestneighbors,asin Definition2).See[38,Definition3.4.I], [38,Definition
3.4.II], andthefollowing remarks.� �
Lemma 7 Let �C � and �C � beunit lengthnormalsto

�
at two distinctpoints� � and� � . Supposethat thetwo lines � � - (21d6�� ��� (~�C � and � � - f�1�6�� � � f'�C � intersectat a

point � , where (  f�) ���! �� 1 . Then

�3��� - T - � �  �|1  T - � �  �~1R1*D�T -}�  l8m -}� 1R1zj
� Note,finally, thatWolteralsodefinesanotionof medialaxis,only directlyapplicableto
compact,regularclosedsubsetsof 
 F .
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PROOF. Let � � - (4�51�6 � � - f#�51�6 � ; without loss of generality, we assumethat(4��6�T - � �  �|1���f#��6�T - � �  �|1�� � . For (O) �+�! 5� 1 , let �H� be the closedball
centeredat � � - (21 of radius( andnotethatfor all (i) ���! �� 1 , we have that � � )O� �;�
(wherethenotation � indicatestheboundary).By Proposition10 in AppendixA,
thereexistssome(4�h� � suchthatfor all (*) ���! (4� $ , ` ���!� � `�6 " . Let

( � 6��R�¡ �^B(¢) ���! �� 1h`£` �¤�¥� � `�6 " ck¦
notethat ^5� �  � � c�V �H�¨§ so that ( ��© (4� . Any point of �H�«ª�� � mustbe on the
boundaryof �;� ª becauseany interiorpointof ��� ª whichalsoappearedin

�
would

alsobecontainedin �;� ª­¬¯® for someappropriatelysmallpositive ° ; this is precluded
by our choiceof ( � . Likewise, observe that for any (E�±( � , thereare points of�

in the interior of ��� andhencethat � � - ( � 1 is a non-extender. By Proposition6
we musthave � - ( � 1.)�l�m -}� 1 . Hence �.�_� - T - � �  �~1  T - � �  �~1R1²D³T - � �  � � - ( � 121.DT -}�  l8m -}� 1R1 , asdesired. �

4.2 Main Theorem

In this section,we show that thereexists an ambientisotopy of compactsupport
betweenthesurfaces

�
and < . This is themaintheoremof thispaper. To establish

this,wefirst definethefollowing functions.

Considerthevectorfrom r to its nearestpoint, q - rx1 on
�

. Let rz´ denotethisnearest
point to r andlet

= &rxr ´ denotethevector r ´ = r . Any pointof < suchthat r�6µr ´ will
becalleda fixedpoint ¶ of < . Let ·< denotethesetof all fixedpointsof < . Note,
by Lemma4, thatfor any r.¸) ·< , thevector

= &rxrz´ is normalto
�

at rz´ .
Definethetwo functions ¹q and ºq , from < into � � sothat

¹q - rx176¤r �¼» / = &rxr ´  and

ºq - rx176¤r = = &rxr ´ j

Let ¹� 6�½¿¾ÁÀ|Â,Ã - ¹q£1 and º� 68½¿¾ÁÀ|Â,Ã - ºq£1 .
Lemma 8 Thefunctions ¹q � < & ¹� and ºq � < & º� arehomeomorphisms.

¶ Eachsamplepoint is a fixedpoint of � andthereis nothingthatprecludesa subsetof
sometriangleof � from beinga subsetof Ä , meaningthatall pointsof thatsubsetwould
alsobefixedpoints.
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PROOF. Observe thatfor any rÅ)b< ,

T - r ´  rx1�6�T - r ´  ¹q - rx1R1itµj "Buwv / T - r ´  l�m -}� 1R1�¦ and» / T - r ´  rx176µT - r ´  ºq - rx1R1it8j�Æ|Æ / T - r ´  l�m -}� 1R1�j
Sinceboth ¹q - rx1 and ºq - r%1 lie alongnormalsto

�
at rx´ , theseindicatedsmall dis-

tancesfrom l8m -}� 1 aresufficient to concludefrom Lemma7 that both ¹q and ºq
are1-1. Theotherpropertiesrequiredfor ¹q and ºq to behomeomorphismsfollow
easily. �
Theorem 9 There existsan ambientisotopyof compactsupportbetweenthesur-
faces

�
and < .

PROOF. Definethefunction Ç � < �����! #"x$È& � � sothat

Ç - r  (2176
ÉÊÊË ÊÊÌ º
r � Æ_( = &rxrz´  if (i) ���! #" ¸�Æ $¿ where ºrÍ6Îºq - r%1  
r � Æ - ( = " ¸~Æw1 = &rxr ´  if (*) �Ï" ¸~Æ  » ¸�Æ $¿ and

r ´ � Æ - ( = » ¸~Æw1 = &rxr ´ if (i) � » ¸~Æ  %"%$ j
Notethatbetween� and " ¸~Æ , this deformsthesurface º� into < , between" ¸~Æ and» ¸~Æ this deformsÐ thesurface < into

�
, andbetween» ¸~Æ and " , this deformsthe

surface
�

into ¹� . Let ½ - º�  ¹� 1 denotethe set ^�Ç - r  (21�`irN)Ñ<  (O) ���! #"%$ c . By
Lemma7, Ç is 1-1on theset

- <ÓÒÔ·<;1 �����! #"%$ . (On r>) ·< , Ç - r  f�1�6µÇ - r  (21 for allf  (i) ���! #"x$ .)
Now, let id

� ���! #"x$�& ���! #"x$ be the identity mapandlet Õ � ���! #"%$i& ���! #"%$ be the
function

Õ - PÈ176
ÉË Ì » P  if Pb) ���! #" ¸�Æ $¿ and- " � PÈ12¸ » if Pb) �¨" ¸~Æ  %"%$ j

Let Ç¢Ö - r  f�1i6�Ç - r  Õ - f�1R1 . Observe that Ç�Ö - r  (21 alsodeforms º� into ¹� , but theset< � ^ " ¸~Æ,c , whichwasmappedto < underÇ is now mappedto
� 6µÇ - <  » ¸~Æw176Ç Ö - <  Õ - " ¸~Æw121 . We interpolatebetweenÇ - r  f_1 and Ç Ö - r  f�1 to definethe ambient

isotopy.

Definethefunction × � � � �����! #"%$'& � �
so that for each �±) - � � ÒØ½ - º�  ¹� 1R1sÙ ·< ,

× - �  (21Ó6 � for all ( ; for a point�S)S½ - º�  ¹� 1ÚÒÛ·< , let
- r0Ü  f5ÜB1�6�Ç ¬ � - �'1 anddefine× - �  (21768Ç - r4Ü  �� ( / Õ � - " = (21 / id $ - fUÜ�1R1  

Ð Thechoicesof thevaluesÝzÞ#ß and à�Þ#ß herearearbitrary, but arenot relatedto theuseof
theconstant?|á+ßBß within thesecondinequalityin theproofof Lemma8. Thevaluesof ÝzÞ#ß
and à�Þ#ß usedherecouldbereplacedby any valuesâ , ã , suchthat ?3äÓâ�äXãEäåÝ . The
technicaldetailsof theproofwouldchange,but theunderlyinglogic wouldbethesame.
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where � ( / Õ � - " = (21 / id $ � �+�, #"%$'& �+�, #"%$ is themap PÁæ& ( / Õ - PÈ1 � - " = (21 / P .

Observethat,for each( , � ( / Õ � - " = (21 / id $ is abijectionon ���! #"%$ andhencethemap× -4/  (21 is bijectivefor fixed (*) ���! #"%$ . To seethat
× -0/  (21 is continuous,observethat

theboundaryof ½ - º�  ¹� 1 is precisely ¹� Ùçº� ; as
× -4/  (21 is clearlycontinuousin the

interiorof ½ - º�  ¹� 1 it sufficesto checkthat
× -0/  (21 fixeseverypoint in ¹� Ù º� , which

it doessinceboth � and " arefixedby � ( / Õ � - " = (21 / id $ . Finally, observe thatfor
all � , è × - �  ( � 1 = × - �  ( � 1�è © ` ( � = ( � ` / j "Buwv / T -}�  l�m -}� 1R1 , from which it easily
followsthat

×
is continuouson � � �����! #"%$ .

Note that
× - �  5� 1 is the identity functionon � � , that ^ × - r  #" 1²`¥r.)X<éc36 �

and
that

×
is anambientisotopy between< and

�
. �

5 Conclusionsand Future Dir ections

Theoreticalfoundationsfor geometricalgorithmsshouldaddresstopologicalchar-
acteristics,asis demonstratedby examplein this paper. Themaintheoremproven
in this papersignificantlyexpandsthe classof manifoldsknown to have PL ap-
proximationswhich preserve thetopologicalcharacteristicsof thegivenmanifold.
Specifically, sufficientconditionsaregivenfor aPL (triangulated)approximationto
beambientlyisotopicto agiven < � compact2-manifold,withoutboundary, where
themanifold is assumedto beembeddedin � � . Furthermore,it is shown that this
isotopy hascompactsupport,with aspecificupperbounduponthedistanceof this
compactsetfrom theoriginal manifold.This quantitative boundmaybeusefulin
practicalapplicationsin computergraphicsandengineering.Themagnitudeof this
boundis generallyinverselyproportionalto the numberof approximatingfacets.
Typically, in practicalcomputingapplications,it is desirableto minimizethisnum-
berof facets.Thereis no claim in this paperaboutachieving any suchminimality
andthisminimality relationremainsto beinvestigated,bothfor thework presented
herefor 2-manifoldsandfor work by previousauthorson1-manifolds.
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A Proof of Lemma 3

Recallthatan C -dimensional<¤ê manifoldis a(secondcountable,Hausdorff) topo-
logical spacel togetherwith a collectionof maps(which we call charts) such
that:

(1) eachchart ë is a homeomorphismë �'ì & ìîí Vµ�dF , where
ì

is openin l
and

ìîí
is openin �dF ;

(2) eachpoint PS)Ol is in thedomainof somechart;and
(3) for any pair of chartsë �'ì & ìîí V8�dF and ï �¥ð & ð>í V8�dF , the“change

of coordinatesmap” ë'ï ¬ � � ï -ñì � ð 1 & ë -ñì � ð 1 is <Hê .
Sucha collectionof mapsis saidto beanatlas for l . (Notethatany atlascanbe
enlargedsothatit is in factmaximalwith respectto properties1, 2, and3, above.)
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Priorto provingLemma3,westateandprovethefollowingsupportingproposition.
Again,similarargumentsappearin theliterature[35,37].

Proposition10 Let � be a point of
�

and �Cò)å� � a unit vectornormal to
�

at� . Thenthere existssome°.� � such that the closedball � ® - � � °w�C�1 of radius °
centeredat � � °k�C intersects

�
at exactlyonepoint, � .

PROOF. Theargumenthastwo parts,dealingwith the local andglobalstructure
of
�

, respectively. We begin with thelocal argument.Considera point ó�b)�l and
its image�Ø6µo - ó�'1*) � . Let ë �!ì & ìîí VX� � beachartwith ó�a) ì andconsider
the < � function ô�6Ûo8õsë ¬ � mapping

ìhí
to � � . Let � í be ë - ó�'1 . We would like to

seethatthereis a neighborhoodö of � í andan f²� � sothatany sphereof radiusf tangentto thesurface ô - öò1 meetsô - öò1 atasinglepoint.

As o is an embedding,the derivative of ô at � í , denoted��÷ ô - � í 1 $ , hasrank two.
Since ô is < � , �+÷ ô - PÈ1 $ is a continuousfunction of P on

ì í
, we may selecta

neighborhood
ð V ì í

of � í so that ��÷ ô - PÈ1 $ hasrank two on all of
ð

. If we
thenfix a boundedconvex neighborhoodöO� of � í and ø a compactsetsatisfy-
ing ö��îV8øçV ð then

(1) for some � � � , all secondpartial derivativesof ô are boundedabove in
absolutevalueby �ù� � ateverypoint in öO� ,

(2) ô is a homeomorphismof ö�� onto the imageof ô , whengiven its relative
topology, and

(3) for someúh� � , for all Pb)�öO� andall qa)S� � , è �+÷ ô - PÈ1 $ - q'1BèÅD�údèxqûè .
By applyingafirst-orderTaylor formula(see,e.g.,[28]) to ô , for any P  RQ )Oö�� ,

ô - Q 1û6åô - PÈ1 � ��÷ ô - PÈ1 $ - q£1 � Õ - q£1
whereq36 Q = P and Õ¤6�Õ%ü is a remainderterm(whichdependson P ). Fixing, for
themoment,a specific P�)ýö�� , the þ th coordinateof this remaindertermmaybe
boundedby

"» �ÿ
��� ��� � � � ô ê�¡P � �¡P �

- q ´��� 1Rq � q �  
for someq¥´ on theline segmentbetweenP and P � q . (Recallthat ô is < � , sothat
thesepartialsexist.) In particular, the quantityabove canbe boundedin absolute
valueby ��è�qûè � , in which case è�Õ - q£1�è � ©�� Æ|�åèzq è � . So let e be a sphereof
radius f , tangentto the surfacegiven by ô at the point ô - PÈ1 . As e is tangenttoô - ö���1 , thedistancefrom thepoint ô - P � q'1 = Õ - q£1 to thecenterof thesphereis at
least 	 - údèxq èx1 � � f �  
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by thedefinitionof ú . Observethatif thisdistanceexceedsf � è�Õ - q£1�è , thenwecan
besurethatthepoint ô - P � q£1 doesnot lie in (or on)thissphere.If f�tXú � ¸ -�
 � Æ~�é1
and èxq èÅtXúx¸ - � u �é1 , then

	 - ú�èxq èx1 � � f � D�f � � Æ|�åèxq è � D�f � è�Õ - q£1Bè  
asdesired.In particular, we mayselecta neighborhoodö VÔö�� about� í sothat
for any P  UQ )Oö andany spheree of radiuslessthan ú � ¸ -�
 � Æ|�é1 which is tangent
to
�

at ô - PÈ1 , wecanbeguaranteedthat ô - Q 1 fallsoutsidee .

Now we work with theglobalstructureof
�

. For a point � on
�

, we let ó� denoteo ¬ � - �'1 . For eachpoint � ) � , selecta chart ë¯Ü ��ì Ü & ìîíÜ Vå� � sothat ó� ) ì Ü ;
the local argumentabove assertsthat thereis a neighborhoodöÁÜ of � í 6 ë¯Ü - ó�'1
andan fUÜ � � so thatevery sphereof radiuslessthen fUÜ tangentto o�õ>ë ¬ �Ü - ö Ü_1
meetso�õîë ¬ �Ü - öÁÜ_1 atasinglepoint. (We index theobjectsëkÜ , ì íÜ , etc.by � rather
than ó� or � í to simplify the notation.)Let <ûÜN6 ë ¬ �Ü - öÁÜ_1 and let 
 denotethe
collection ^_<ûÜ,` �a) � c . Now, as o is anembedding,thetopologyof l is identical
to the relative topologyon

�
(and o is a homeomorphismwhen

�
is given this

topology).In particular, for every ��) � , thereis a neighborhood�hÜ of � so that
�hÜ¢� � 6µo - <ûÜ�1 . Let �_Ü besmallenoughsothattheopenball ����� - �'1 of radius�_Ü
centeredat � is containedin �hÜ . Finally, for each� , define

÷ ÜÅ6µ<ûÜ¢�So ¬ � -}� �S��� ��� � - �'1R1
andlet � be the opencover ^ ÷ Üý`¥��) � c . Note that for each��) � , we haveó�S) ÷ Ü . If e is a sphereof radiuslessthan ��ÜB¸ » tangentto thesurface

�
ata pointPµ)µo - ÷ Ü_1 , then e is a subset����� andhenceany point in the intersectionof

�
and e mustactuallylie on o - ÷ Ü_1 . If, furthermore,e hasradiuslessthan fUÜ , thene meetso - ÷ Ü_1 ata singlepoint.So,let °*6 � Z\[ - fUÜ  ��ÜB¸ » 1 . �

The ° constructedabove canbe taken to be a continuousfunction of � ; as
�

is
compact,theaboveargumentyieldsasinglevalueof °Í� � applicableto theentire
manifold,asexpressedin thefollowing corollary.

Corollary 11 There exists °;� � sothat for every � ) � andunit vector �C which
is normalto

�
at � , � ® - � � °w�CÚ1Ú� � 6ò^5� c .

Theproofof lemma3 follows immediatelyfrom theabove:

PROOF of Lemma 3. It is animmediateconsequenceof thepreviouslemmathat
thereis f���� � so thatany spheretangentto

�
of radius f�� or lessmeets

�
at a

singlepoint.Recallthatthemedialaxisof
�

is theclosureof thesetof pointsin � �
with at leasttwo nearestneighborson

�
. Observethatif ¾ is apointonthemedial

axis of
�

and T - ¾  � 1H6 r , thenfor any °3� � thereis a tangentsphereto
�

of
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radiusr � ° whichcontainsat leasttwo pointsof
�

. HenceT -}�  l8m -}� 1R1*D8f����� . �
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