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APPLICATIONS*
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Abstract. A two dimensional eigenvalue problem (2DEVP) of a Hermitian matrix pair (A,C)
is introduced in this paper. The 2DEVP can be regarded as a linear algebra formulation of the
well-known eigenvalue optimization problem of the parameter matrix A — uC. We first present
fundamental properties of the 2DEVP, such as the existence and variational characterizations of 2D-
eigenvalues, and then devise a Rayleigh quotient iteration (RQI)-like algorithm, 2DRQI in short, for
computing a 2D-eigentriplet of the 2DEVP. The efficacy of the 2DRQI is demonstrated by large scale
eigenvalue optimization problems arising from the minmax of Rayleigh quotients and the distance
to instability of a stable matrix.
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1. Introduction. We consider the problem of finding scalars p,A € R and a
nonzero vector z € C" to satisfy the nonlinear equations

(1.1a) (A—puC)z =z,
(1.1b) " Cr =0,
(1.1c) o =1,

where A,C € C"*™ are given Hermitian matrices and C is indefinite. The pair (u, A)
is called a 2D-eigenvalue, x the corresponding 2D-eigenvector, and (u,A\,x) a 2D-
eigentriplet. We use the term “2D” based on the fact that an eigenvalue has two
components, which is a point on the two-dimensional (p, A)-plane. The nonlinear
equations (1.1) are called a 2D eigenvalue problem (2DEVP) of the matrix pair (A, C).

Our interest in studying the 2DEVP (1.1) primarily stems from eigenvalue op-
timization. If we regard u as a parameter in the 2DEVP (1.1), then the equation
(1.1a) is a parameter eigenvalue problem of the matrix H () =A — pC. Since A and
C' are Hermitian, H(u) has n real eigenvalues Aj(u), Aa(p), ..., An (1) for any p € R.
Suppose that these eigenvalues are sorted such that Aj(u) > Ao(p) > -+ > Ap(w).
When one wants to optimize an eigenvalue A;(u) with respect to pu:

(1.2) inf (1),

*Received by the editors January 20, 2022; accepted for publication (in revised form) by M. A.

Freitag March 20, 2024; published electronically August 6, 2024.
https://doi.org/10.1137/22M1472589

fShanghai Center for Mathematical Sciences; School of Mathematical Sciences, Fudan University,
Shanghai 200433, China (tylul7@fudan.edu.cn).

¥School of Mathematical Sciences, Fudan University, Shanghai 200433, China (yfsu@fudan.
edu.cn).

§Department of Computer Science and Department of Mathematics, University of California,
Davis, CA 95616 USA (zbaiQucdavis.edu).

1455

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/22M1472589
mailto:tylu17@fudan.edu.cn
mailto:yfsu@fudan.edu.cn
mailto:yfsu@fudan.edu.cn
mailto:zbai@ucdavis.edu

Downloaded 08/22/24 to 169.237.6.32 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1456 TIANYI LU, YANGFENG SU, AND ZHAOJUN BAI

equation (1.1b) is actually a stationary condition for (local or global) maxima or min-
ima of \;(1) (see section 3). This fact has been observed by Overton and Womersley
[37] when \; () is a simple eigenvalue of H (i) at a stationary point . of A;(u). In
general, when \; () is a multiple eigenvalue of H(u.), to the best of our knowledge,
the connection to the 2DEVP (1.1) as presented in this paper is new.

Different equivalent conditions of eigenvalue optimizations have been discovered
in the literature, such as conditions based on the generalized gradient [42] and ex-
istence of a special positive semidefinite matrix in the context of minimizing the
largest eigenvalue of a multivariable Hermitian matrix [10]. Eigenvalue optimiza-
tions in the presence of nonconvexity and multiplicity are particularly challenging
[10, 18, 24, 28, 33, 35, 37, 42, 48].

Blum and Chang [1] considered the following so-called two-parameter or dou-
ble eigenvalue problem arising from solving a boundary value problem of ordinary
differential equations with double parameters:

Ax = )\C'lx + MCQCL‘,

(13) Fl) =0,
=] =1,
where A,Cy,Cy € R™™™ || - || denotes the 2-norm, and f is a real-valued function. In

(1.3), A, € R and = € R™ are the eigenvalues and eigenvectors to be found. Khazanov
[21] generalized the problem (1.3) to more than two parameters and derived a related
eigenvalue problem. Obviously, when A and C' in (1.1) are real, the 2DEVP (1.1) is a
special case of (1.3). Due to the general form of the function f in (1.3), there is a lack of
essential theoretical analysis of the problem (1.3) such as the existence of the solution.
In addition, the restriction to the real vectors and matrices severely limits applications
of the problem (1.3) such as calculating the distance to instability (see section 6).
Although algorithms are proposed for solving the problem (1.3) in [1, 21], there are
no convergence analyses of the proposed algorithms and no backward error analyses
for a computed solution. Maybe due to these concerns, the two-parameter or double
eigenvalue problems of the form (1.3) have received little attention over the years.

In this paper, we will first present theoretical results of the 2DEVP, such as the
relationship between the 2DEVP and eigenvalue optimization, and variational charac-
terization of 2D-eigenvalues. We then devise a Rayleigh quotient iteration (RQI)-like
(2DRQI) algorithm for computing a 2D-eigentriplet. One of main features of the
2DRQI is that the computational kernel is a linear system of equations, similar to the
classical RQI for solving a Hermitian eigenvalue problem [40, sec. 4.6]. Therefore,
the 2DRQI is capable of solving large scale 2DEVP by exploiting the structure and
sparsity of matrices A and C. As a part of the main contributions of this paper,
the 2DEVP and the 2DRQI algorithm are exploited in depth for applications in two
eigenvalue optimization problems, namely finding the minmax of two Rayleigh quo-
tients and computing the distance to instability (DTI) of a stable matrix. We will
demonstrate the theoretical and algorithmic advantages of treating these eigenvalue
optimizations through the 2DEVP and 2DRQI, such as introducing the notion of the
backward error of a computed DTI for the first time, and the substantial reduction
in computing time compared with existing algorithms for many large scale DTI prob-
lems. A rigorous convergence analysis of the 2DRQI to show that the 2DRQI locally
quadratically converges is presented in [30].

The rest of this paper is organized as follows. In section 2, we study the related
parameter eigenvalue problem of the 2DEVP and introduce the notion of sorted and
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analyticalized eigencurves. In section 3, we investigate the existence and variational
characterizations of 2D-eigenvalues. In section 4, we introduce 2D Rayleigh quotient
(2DRQ) and Jacobian of the 2DEVP and derive the 2DRQI for computing a 2D-
eigentriplet. The backward error analysis of the 2DEVP is in section 5. In section 6, we
discuss the applications of the 2DEVP and the 2DRQI for two eigenvalue optimization
problems. In section 7, we present numerical examples to illustrate the convergence
behaviors of the 2DRQI and demonstrate its efficiency in applications. Concluding
remarks are in section 8. In the spirit of reproducible research, MATLAB scripts
of the implementations of algorithms and data that are used to generate numerical
results presented in this paper are available at https://github.com/AdrainT/2DEVP.

2. The associated parameter eigenvalue problem. If we discard (1.1b),
the remaining two equations of the 2DEVP (1.1) are a parameter eigenvalue problem
of the matrix H(u) = A — pC with real parameter u. For p € R, there exist n real
eigenvalues \;(u) and corresponding orthonormal eigenvectors x; () of H (). If A; (1)
are sorted such that A\q(p) > --- > A, (1), then we have n sorted eigencurves \;(u)
of H(p) for j =1,2,...,n. The sorted eigencurves \;(u) are continuous and may be
nondifferentiable at the intersections; see Figure 1a. The following theorem is a direct
result of [14, Thm. S6.3] and shows that with proper reordering, the eigencurves A; (1)
can be analyticalized.

THEOREM 2.1 (see [14]). For Hermitian matrices A and C' and p € R, there exist

scalar  functions Ai(p), ..., An(pn) and matriz-valued  functions X(u) =
[21(p), ... (1)) such that
A—pC =X (p)diag M (), s Aa(w)] X7 (),

1 X () X () = 1.

Furthermore, A\;j(p) and x;(p) are analytic for peR.

The analytic eigencurves \;(u) for 1 € R in Theorem 2.1 will be called analyti-
calized eigencurves of H(p). Analyticalized eigencurves may be different from sorted
eigencurves as illustrated in Figure 1b. In the rest of the paper, we will use A;(u) and
Aj (1) to denote a sorted and an analyticalized eigencurve of H(u), respectively.

A benefit of introducing analyticalized eigencurves is that we can have the notion
of one-sided derivatives of the sorted eigencurves at any point p € R, even the one
corresponding to the intersection of the sorted eigencurves. To that end, let us first
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(a) Sorted eigencurves A; (k) (b) Analyticalized eigencurves X]- (w)

Fic. 1. Illustration of eigencurves.
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present the following theorem derived from [45, p. 45, Thm. 1] to show that the de-
rivatives of analyticalized eigencurves can be calculated through solving an eigenvalue
problem.

THEOREM 2.2 (see [45]). Let A1(i), ..., An(p) be the analyticalized eigencurves
of H(p). Assume Ao is an eigenvalue of H(uo) with algebraic multiplicity k, i.e.,
Aj(to) = Ao for p<j<p+k—1 with some integer p>1. Let X}, be an orthonormal
basis of the eigensubspace corresponding to A\g. Then by counting multiplicities, X; (10)
have one-to-one correspondence with the eigenvalues offX,fIC’Xk forp<j<p+k—1.

By Theorem 2.2, we can introduce one-sided derivatives of sorted eigencurves.

THEOREM 2.3. Assume (u«,Ax) is an intersection of k sorted eigencurves, i.e.,
Aj(e) =i for p<j<p+k—1 for some integer p>1, and \j(1+) # A« for j <p or
j>p+k. Let X; be an orthonormal basis for the eigensubspace of the eigenvalue A,
of A— u,C. Then for p<j<p4+k—1, the one-sided derivatives

oy g Al ) = Ay (o) oy e A1) — Ay ()
0= i SRR o ) = i

exist. Furthermore, both multisets {/\;(7)(/1*) lp<j<p+k—1} and {/\;(H(,u*) | p<
Jj < p+k—1} have one-to-one correspondence with the multiset of eigenvalues of
—Cy = fX,fICXk; i.e., if the eigenvalues of —Cy are 7 > 79 > .-+ > Tk, then
e ’ 4 .
Mg () =7 = N0 () for =1, k.
Proof. We first prove by contradiction that there exists » > 0, such that in the

interval (fi, pt« + 1), for any 4, j, there can_be only one of the following two cases
between any two analyticalized eigencurves A;(1) and A;(u) of A — pC:

Xi(w) =Xi(1) or Xa() # X ()

for any p1 € (pu«, pus + 7). If 7 does not exist, then we can find a fixed pair (4,7) and a
sequence {/im }p—y such that A; (pm) = Aj(Hn ), pan = o, fom 7 s, DUt Ai (1) # Ay (1),
which contradicts the identity property of analytic functions [22, p. 87].

We next prove that in the interval [p., ti« + 1), each sorted eigencurve identically
equals to an analyticalized eigencurve. In fact, we have proved that in the interval
(thsy s + 1), two analyticalized eigencurves that are not equal identically will not
intersect. Then by the continuity of analyticalized eigencurves, for any 4, j, there are
exactly the following three cases that hold for all p € (pus, s + 7):

This implies that in the interval (u.,p« + ), the algebraic order of the analytical-
ized eigencurves is preserved. Thus we can find a permutation {/1,fs,...,¢,} of
{1,2,...,n}, such that Ay, (u) = Aj(p) for p € (ps, pps +7) and j =1,...,n. By con-
tinuity, ng () = Aj(ps) for j =1,...,n. Consequently, for p < j <p+k —1, the
limit

lim Aj (s +1) — Aj (p)

t—0+ t

exists and equals to X;J (4+). By Theorem 2.2, the multiset {)\;(H(,u*) |p<ij<
p+ k — 1} has one-to-one correspondence with the multiset of eigenvalues of —C}. By
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a similar argument, we can show that the limit /\;(7)(/1*) exists and has one-to-one
correspondence with the eigenvalues of —C}, counting multiplicities.
Furthermore, note that fort >0 and p<j<p+k — 2,

Aj(ps +1) = Nj(p) N Aj (s ) = Njgr (ps)
t - t

and

Aj (g = 1) = Ajle) o A (e = 1) = A ()

—t - —t
Thus for p<j<p+ k-2,
(22) A ) 2 0 () and - A7 () <A ().
Then the equality )\;}(:tl) L) =15 = )\;(J:k)_ () follo/ws from (2.2) and the corre-
spondence between {)\j(Jr)(u*) ’ p<j<p+k-1}, {)\j(f)(u*) ’ p<j<p+k-1}
and {7; | 1<j <k} d

We end this section with the following corollary of Theorem 2.2. Its proof can
also be drawn from the proof of Theorem 2.3 when k=1.

COROLLARY 2.4. If Ap(n) is a simple eigenvalue of A — uC, then \p(-) is dif-
ferentiable at p and N,(u) = —p (1) Cy(p), where x,(p) is a corresponding unit
eigenvector of Ap(1).

3. Existence and variational characterization of 2D-eigenvalues. In this
section, we discuss the existence of 2D-eigenvalues and their variational characteriza-
tions to reveal intrinsic connections between the 2DEVP and eigenvalue optimization.

THEOREM 3.1. If (s, Ax) is a local minimum or mazimum of a sorted eigencurve

Ap) of A—puC, then (py, Ax) must be a 2D-eigenvalue of (A,C).

Proof. We prove for the case when (p., A) is a local maximum of some sorted
eigencurve. The proof for the case when (g, A« ) is a local minimum is similar. Assume
(14, As) is an intersection of k sorted eigencurves A;(p) of A—pC for p<j<p+k—1
with some integer p > 1. Then A; (1+) = Ax. Let Xj be an orthonormal basis for
the eigensubspace of the eigenvalue A\, of A — u.C, and Cy, = X'CX). Then by

Theorem 2.3 and Corollary 2.4, both multisets {\(11.) | p < j < p+k — 1} and

{)\;(H (s) | p <j <p+k — 1} have one-to-one correspondence with the multiset of
eigenvalues of —C. ) )

Since (px, Ax) is a local maximum, we have )\p(;rk)fl(u*) <0 and )‘p(J:k)q(M*) > 0.
By the one-to-one correspondence, C has both nonnegative and nonpositive eigenval-
ues. This implies that C}, is not definite (Cy, =0 when k=1). Let z be a unit vector
that satisfies 27Cyz =0. Then (p., A, Xz2) is a 2D-eigentriplet. This completes the
proof. ]

Remark 3.2. The proof of Theorem 3.1 is algebraic. An alternative proof is to
use Clarke’s generalized directional derivative and generalized gradient in nonsmooth
optimization [6, p. 10]. Specifically, if (u«, A«) is a stationary point (locally minimum
or maximum) of some sorted eigencurve A;(u), then we have the first-order optimality
condition 0 € O\;(u.), where O\;(u.) is Clarke’s generalized derivative OA;(p) at i, of
the eigencurve A; (1) [6, p. 38, Prop. 2.3.2]. Based on Clarke’s generalized derivatives
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of spectral functions [27, p. 585] and the chain rule [6, p. 42, Thm. 2.3.9], we can
derive that

(3.1)
OX; (i) € {—2fCz | 2 is a unit eigenvector corresponding to A, of A — . C.}

Consequently, by the first-order optimal condition and (3.1), we conclude that if
(14, As) is a stationary point of some sorted eigencurve A;(u), then there exists a unit
eigenvector x, corresponding to the eigenvalue A, of A — u,C, such that 0 =22 Cuz,.
Such a (fx, As, 2« ) is a 2D-eigentriplet of the 2DEVP (1.1).

Theorem 3.1 shows that if (u«, A«) is a local minimum or maximum of some sorted
eigencurve, then (., \.) must be a 2D-eigenvalue. Conversely, a 2D-eigenvalue (p, A)
does not necessarily correspond to a local minimum or maximum of a sorted eigencurve
as shown in Example 1.

Ezample 1. Let

2 1
A=10 and C= |0
1 1

=)
O = =
_ = O
O~

Three sorted eigencurves Aj(u) > A2(u) > As(u) of A — uC are depicted in blue, red,
and yellow, respectively, in Figure 2a. (u,A\,x) = (1,0,e3) is a 2D-eigentriplet. The
2D-eigenvalue (u, \) = (1,0) is on the eigencurve Aq(u). However, it is neither a local
minimum nor a local maximum of Ay(u) as shown in the close up plot in Figure 2b.

By Theorem 3.1, we immediately have the following theorem on the existence of
2D-eigenvalues.

THEOREM 3.3. The 2DEVP (1.1) has at least one 2D-eigenvalue.
Proof. We prove by construction. Let A;(u) be the largest sorted eigencurve of
A — uC. Then as yp— —oo,

A1(p) = max IH(A — uC)x > Apin(A) — 1 max 2HCzx = Amin(A) — A max(C) = +00,

llzll=1 llzll=1
o5 107
ol 1.5¢
157 r
1r 051
0.5r or
~< Or ~< 05F
051
-1+
a4t ©
1571
-1.5¢
ot 27
25 -25¢
0 02 0406 08 1 12 14 16 18 2 0.9 0.95 1 1.05 11 1.15
1 I
(a) Sorted eigencurves Ai(p) > Ao(p) > (b) close up plot of eigencurve Az ()
Az ()

Fi1G. 2. A 2D-eigenvalue can be neither minima nor mazima. (Color available online.)
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where we use the fact that A\pax(C) > 0 since C is indefinite. On the other hand, as
u— 100,
A1(g) > Amin(A) — ¢ min MOz = Amin(A) = A min (C) = +00,

llzll=1

where we use the fact that Apin(C) < 0 < Apax(C) since C is indefinite. Therefore,
the minimum of A;(u) is attainable at some point u, by the continuity of A;(u). By
Theorem 3.1, (., A1(p)) is a 2D-eigenvalue of (A, C). d

The following theorem reveals variational characterizations of extreme eigencurves
A1(p) and Ay, (p).

THEOREM 3.4. Let A1(p) > -+ > A (1) be n sorted eigenvalues of A — uC'. Then
it holds that

(3.2) gleigh(u): max pa(z) and rilggkn(u): min pa(z),
" Cx=0 =" Cz=0

where pa(x) is the Rayleigh quotient of A, pa(x) =z Ax/(zHz).

Proof. We only prove the first identity in (3.2). The proof for the second identity
is similar. We note that the proof of Theorem 3.3 indicates that the minimum of
A1(p) is attainable at some point g, and (p«, Ax) = (s, A1 (px)) is a 2D-eigenvalue.
Let z, be the corresponding 2D-eigenvector of (i, A«); then

220z, =0 and A\, =pa(z.) < In;il(})( pa(x).
zH Cz=0
On the other hand,
Aw = A1(px) = max (A - p,C)x > max (A - p.C)x
=1 =1
zH Cax=0
= max zAzx.
=1
=" Cz=0
This completes the proof. ]

As a corollary of Theorem 3.4, the following result provides lower and upper
bounds of the A component of 2D-eigenvalues (i, A) on the (u, A)-plane.

COROLLARY 3.5. Let (p«, As) be a 2D-eigenvalue of (A,C) and A\ (p) > -+ >
An (@) be n sorted eigencurves of A— uC. Then

3.3 An (1) < Ay <min A (1),
(33) max (1) < min 1(p)

where the first equality holds if A\p(us) = A, and the second equality holds if
Ar(pe) = A

Proof. Let z, be a 2D-eigenvector associated with (4, A). Then the inequalities
in (3.3) hold by Theorem 3.4 and the identity A. = pa(z«). If Ay (1) = Ai, we further
have

max An (1) < (1) < max An (1)

Thus the first inequality in (3.3) turns to equality. Similar arguments show the second
equality holds if Aj(us) = As. 0

Based on Corollary 3.5, we have the following definitions of extreme 2D-
eigenvalues.
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DEFINITION 3.6. Let Ai(p*) = ming,er A1(p) and A\p(py) = max,er Ap(pe). Then
(w*, A1 (1)) and (pa, An(124)) are called the maximum and minimum 2D-eigenvalues
of (A,C), respectively.

The following theorem provides an upper bound of |u| of 2D-eigenvalues (i, A) on
the (u, A)-plane when C' is nonsingular.

THEOREM 3.7. Assume the indefinite matriz C' is nonsingular and )\(C+) and )\(C_)
are the minimum positive and mazimum negative eigenvalues of C, respectively. If
(Lts, Ay ) 08 a 2D-eigentriplet of (A,C), then

il < AN/ AN,

Proof. By multiplying xC on the left of (1.1a), we have

= loC A ANl _ Y
[Cz.|? = (Czill  [|C.]]
Then an upper bound of Hl(‘;;‘:! 7 can be obtained from a lower bound of ||Cx.||, which

leads to computing the quantity
(3.4) min ||Cz||.
Hp=1

=
zH Cz=0

By substituting C? for A in the second equation of (3.2), we have

. 9 . 2HC%x 9
(3.5) min ||Cz||*= min 7 =max\, (C* — uC)
2Hz=1 sHCx=0 T7XT nER
z? Cz=0 z#0
=maxmin{c} — puc;| i=1,---,n},
pneR
where c1,co,...,c, are eigenvalues of C'. Let )\g) =c; and )\(C'H = ¢, for some j and

k. Then at the intersection fi. = ¢; + ¢ of lines c? — pej and i — pck, we have
maxmin{c? — pc;| i=1,...,n} <maxmin{c? — pc;| i = j, k}
HER HER
=min{c? — fi.c;| i =j,k} = —)\(CT))\(CH.
On the other hand, we can prove —)\(CT))\g) <c? —jixc; for i=1,...,n. Without loss
of generality, we only consider the case ¢; > 0. Then

(36)  —AGAD = (2 = fiuei) = = fiack — 2+ fiuci = (5 — i) (cx + ci — i)

= (cx, —ci)(ci —¢;) <0,
where the first equation is due to the fact —)\(5))\(;) = C? — [ixCj = ¢} — fiecy and
the last inequality results from the fact that either c¢; <c, <¢; or ¢; <¢; < ¢ holds.
Hence we have

ma]l%(min{c? —pcili=1,...,n} >min{c? — fl.c;] i=1,...,n} = —)\(C_)A(CJF).
HE

This implies

min ||Cz||* = maxmin{c? — puc;| i=1,...,n} = —)\g))\g_).
zHp= HER
z? Cz=0
This completes the proof. 0
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We end this section with a well-known result on the convexity of the extreme
eigencurves A\q(p) and A, (p) of H(u) = A — uC, which will be used for applications
such as finding the minmax of Rayleigh quotients in subsection 6.1.

THEOREM 3.8 (see [9, 27, 36]). A1(u) is convex and A\, (p) is concave.

4. 2D Rayleigh quotient iteration. The Rayleigh quotient iteration (RQI) is
an efficient single-vector iterative algorithm for finding an eigenpair of a Hermitian
matrix; see, for example, [40, sec. 4.6], [50]. In this section, we derive an RQI-like
method to solve the 2DEVP (1.1).

4.1. 2D Rayleigh quotient. Let us first introduce the concepts of Rayleigh
quotients and Ritz values for the 2DEVP (1.1) and then reveal their approximation
properties to 2D-eigentriplets.

DEFINITION 4.1. Given an nxn Hermitian matriz pair (A,C) and an nxp matric
V with orthonormal columns, the p x p matriz pair (VEAV,VECV) is called a 2D
Rayleigh quotient (2DRQ). If VECV is indefinite and (v,0,z) is a 2D-eigentriplet of
the 2DRQ (VHAV,VHCV), i.e.,

(4.1a) ((VHAV) - V(VHC’V))Zzﬁz,
(4.1b) HAHWVHECV)z=0,
(4.1¢) Hz=1,

then (v,0) is called a 2D-Ritz value, Vz a 2D-Ritz vector, and (v,0,Vz) a 2D-Ritz
triplet.

The pair (VHAV,VHCV) is called a 2DRQ for two reasons. First it is analogous
to the definition of the Rayleigh quotient for a matrix and a matrix with orthonormal
columns [40, p. 288]. Second, it is to be shown in section 4.3 that when C =0, the
kth iterate Vj in Algorithm 4.1 degenerates to a vector parallel to (A — A1)~ 'z, and
V.H AV}, is the standard Rayleigh quotient [40, p. 75].

The 2DEVP (1.1) can be formulated as the problem of finding the root of the
following system of nonlinear equations:

Ax — uCx — Mz
F(u,\,z)= —zHCx/2 | =0.
—(xfz—1)/2

When p, A, and z are real, the Jacobian of the function F is well defined; see, e.g., [20,
p. 65]. When z is complex, the second and third elements of F are not differentiable
due to the violation of the Cauchy—Riemann conditions [22]. In this case we have the
following natural extension of the Jacobian of the nonlinear function F'.

DEFINITION 4.2. The Jacobian of F(u, A\, z) (and the 2DEVP) is defined as

A—uC—-X —-Czxr —=zx
(4.2) J(u, N\ z) = —2HC 0 0
—zH 0 0

We note that the Jacobian J(u, A, z) has been introduced in [29] for deriving a
Newton-type method to overcome the difficulties caused by the nondifferentiability
of F. In [30], we have proved that for a 2D eigentriplet (g, As,Tx), J(fs, Auy Zx) 18
nonsingular if and only if one of the following two cases occurs:
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I: The algebraic multiplicity of the eigenvalue A, of A— u,C' is one (simple) and
the corresponding eigencurve \(u) satisfies X'/ () # 0.
II: The algebraic multiplicity of A, for A — p,C is two and the corresponding
two analyticalized eigencurves A1 (p) and Aa(p) satisfy A () A5 (ps) <O.
Cases I and II are generic cases, namely the cases that typically arise in most
applications. The Newton-type method [29] is only applicable to case I, while the
algorithm derived in subsection 4.2 is applicable to both cases.

4.2. Algorithm derivation. The gist of an iterative algorithm for finding a 2D-
eigentriplet (f«, A,z ) is how to use the kth approximation (fig, Ag, ) of (fbs, As, T4)
to obtain a projection subspace V} containing a vector closer to the 2D-eigenvector
x, and then define the (k + 1)st approximation (tg4+1, Ak+1,Zk+1) using a 2D-Ritz
triplet.

To that end, assume the Jacobian J(py, Ak, ) defined in (4.2) is nonsingular.
Write

P = ik + Apig, A= Apg + AN, T =71 + Ay,

where |Apuk| <€, |AXg| <€, and ||Axg|| < € for some small ¢ > 0. Then by (1.1a), we
have

Tx
(4.3) Ti | Ap | =0(e?),
ANy

where jk = [A —puC =N\l —Cuxy —xk] . This implies that up to the second-order
xr

approximation of €, the vector [ﬁik} lies in the null subspace of fk Since the Jacobian
k

J (g, Mg, xg) is assumAed to be nonsingular, j;g is of full rank and the dimensionAof
the null subspace of J;, is 2. Let [‘1/;5] be a basis matrix of the null subspace of Jj,
where Vj, € C"x2 Re(C?*2, Then by (4.3), up to the second-order approximation of
€, T, lies approximately in span{V}}. Therefore a natural idea is to use the 2D-Ritz
triplet based on the Rayleigh quotient induced by span{V}} to define the next iterate

(bt 15 Akt 1, Tl 1) -

To compute Vi, one can apply the traditional methods for computing the null
space of Ji, such as the rank revealing QR decomposition [7, p. 107]. However, for
exploiting the underlying structure and sparsity of (A, C), we consider the following

augmented linear equation of (4.3):

X, 0 0
(44) J(uk,)\k,xk) (7 ={1 0
v 0 1

By the first block row of (4.4), span{X,} C span{V;}. Meanwhile, by the second and
third block rows of (4.4), dim(span{X,})=2. Since dim(span{V}}) < 2, we have

(4.5) span{X,} = span{V; }.
Once X, is computed, an orthonormal basis of span{%} is given by
(4.6) Vi = orth(X,),

where orth(X') denotes an orthonormal basis for the range of the matrix X. We note
that since Jj is of full rank, V} is well defined (up to an orthogonal transformation)
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even when A — piC — A1 is singular. The approach described here for computing a
basis of a null space of a matrix via an augmented system is inspired by [38, 39, 47],
which can be traced back to [41].

After obtaining the orthonormal basis matrix Vj of the desired projection sub-
space, we can define the 2DRQ:

(4.7) (A, Cr) = (VE AV, VECY,),

where for the sake of exposition, without loss of generality, we assume that Vj is up
to another orthogonal transformation such that

(4.8) Cr=VHCV, = [ CLk o } is diagonal with ¢1 > co .
2,

When C, is indefinite, the following 2x2 2DEVP of (A, C) has explicit solutions:

(49&) (Ak - Z/Ok — GI)Z = O,
(4.9b) MOz =0,
(4.9¢) HMy=1.

Specifically, we first note that up to a scaling, a nonzero vector z satisfying (4.9b) and
(4.9¢) is of the form

1 V—C2k
4.10 - - i
(4.10) o) = e [V
where o € C and |a| = 1. By multiplying 2 («) and 2 (a)C on the left of (4.9a), we
have

2H(a)CrAR2(a)

1 a)=z"(a)Apz(a
[ColE 0(a) = 2" () Ap2(a),

(4.11) v(a)=
and the triplet (v(«),0(«a),z(a)) satisfies (4.9a). Since there exist infinitely many «
with || =1, the 2DEVP (4.9) seems to possess an infinite number of 2D-eigenvalues.
However, this does not imply that any triplet (v(«),8(a),z(«)) defined in (4.10) and
(4.11) is a 2D-eigentriplet of the 2DEVP (4.9) since only real pairs (v(«),0(a)) are of
interest.

Obviously, 8(«) in (4.11) is always real. By straightforward calculation, we have

a —a + (c1.ra + coraa —C1.1C
(4.12) V(a): 11,k 22,k ( 1,k0A12 k 2,k 12,k)/\/ 1,k Q,k,
Cl,k — C2k

where a;; 1, is the (¢, j)-element of Ay. Since ¢1 5 >0 and ¢z <0, v(«) is real if and
only if aaig ) is real. There are two cases:
e aj2; #0. In this case, there are exactly two choices of a: ak,j:j:|a12,k\/a12,k7
j = 1,2, such that aaia ) is real. The 2DEVP (4.9) has exactly two 2D-
eigentriplets given by

(4.13) (v(anj), 0 j), 2(aunj), =12

Furthermore, 6(ay, ;) are simple eigenvalues of Ay — v(ay ;)Ck.
e a12; =0. In this case, any a with |a| =1 leads to the same real (v(a),6(«)).
The 2D-eigentriplets of the 2DEVP (4.9) are given by
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(4.14) (v(a),0(a), z(a))

for any @ € C with |a] = 1. 0(a) is an eigenvalue of Ay — v(a)Cy of
multiplicity 2.
By the 2D-eigentriplets (4.13) or (4.14) of (Ag,C%), we can use the following
2D-Ritz triplets to define the (k4 1)st iterate (pg+1, Ak+1,Tk+1):

(4.15) prr1=v(ak ), Akr1=0(ak;), and zpy1=Viz(ag;),

when a1 i, # 0, where j is the index such that |y, —v(ag, ;)| + [Ax — 0(cu,;)| is smaller
for j =1,2. Otherwise, when aq3 =0, the k + 1st iterate (p+1, Aet1,Tr+1) IS given
by

(4.16) w1 =v(1), Agr1=06(1) and xr1=Viz(1),

where, for the sake of convenience, we choose a=1 in (4.14).

When CY is not indefinite, as we may encounter at early stages of iterations, we
propose the following strategy for determining the (k+1)st iterate (pg41, Met1,Tht1)-
First, since the exact 2D-eigenvector x, satisfies 27 Cz, =0, we choose a unit vector
Tg41 to minimize |2 Cx| for x € span{V}}. Specifically, when c;  # ca, up to a
scaling, 11 is uniquely determined by

Vier, k| <learl,
(4.17) Tpi1 = { /

Viea, le1k| > ekl
When ¢, j, = a5, We use
(4.18) L1 = Vew/[[Viewl,

where w is a uniformly distributed random vector on [—1,1]. Once x41 is determined
by (4.17) or (4.18), (pk+1, k+1) is obtained by solving the following least squares
problem:

(4.19) (1, A1) = arg min [|Azysr — vCoryr = O]

4.3. Algorithm outline. Algorithm 4.1 summarizes the derivation in the pre-
vious section for an algorithm to compute a 2D-eigentriplet. It is called 2DRQI since
the algorithm is an extension of the RQI for a Hermitian matrix A. By (4.4) and
(4.6), we see that when A — p;,C — A\ I is nonsingular,

span{V;} =span{ (A — u,C — M\eI) " 'ap, (A — upC — M\ I) " Cy ).

If C =0 and ) is the Rayleigh quotient of A and zy, then span{Vj} = span{(4 —
Ael) 712y} is the one used in the classical RQI; see, e.g., [40, sec. 4.6].

A few remarks on Algorithm 4.1 are in order. (1) A proper initial (g, Ao, o) is
critical for the rapid convergence of the algorithm. The initial pair (ug, Ag) should
be close to a 2D-eigenvalue of interest. For the initial vector xg, we first compute
a 2D-Ritz triplet (1,0, 2) of 2DRQ (X7 AX, XHCX), where X consists of the two
orthonormal eigenvectors corresponding to two eigenvalues of A — 1oC' closest to Ag,
and then we set xg to be the 2D-Ritz vector Xz associated with the 2D-Ritz value
(v,0) closest to (10, A0). (2) To solve the linear system (4.4), we should exploit the
structure and sparsity of matrices A and C. See numerical examples in section 7.
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Algorithm 4.1 2DRQI.

Require: n x n Hermitian matrices A and C, where C' is indefinite; initial
(10, Ao, To), tol, maxit.

Ensure: An approximate 2D-eigentriplet (ﬁ,x, Z) and an estimated backward error

M-
1: for £=0,1,2,...,maxit do

2:  solve the hnear system (4.4) for the n x 2 matrix X,.
3:  set Vi =orth(X,) and update Vj, to satisfy (4.8).

4:  solve the 2 x 2 2DEVP (4.9) of (Ag, Cy) = (VT AVy, Diag(c1 k, ca.1))-
5: if (Y} is indefinite then

6: determine ({4541, Ak+1,Tk+1) by (4.15) or (4.16).
7. else

8: if |1 k| # |c2,x| then

9: determine xy;1 by (4.17).

10: else

11: determine z;11 by (4.18).

12: end if

13: determine (ftg41,Ak+1) by solving (4.19).

14:  end if

15:  exit for-loop if my (ftk41, Akt1, Tht1) < tol.

16: end for

17: return (i, \,Z) = (ug+1, Ae+1, Te+1) and (@, A\, 7).

(3) We use an estimate 1, of the backward error of approximate 2D-eigentriplet
(ks Ak, xg) as the stopping criterion; see Theorem 5.2 in section 5. In section 7,
we will provide examples to demonstrate that the 2DRQI is locally quadratically con-
vergent. (4) Although Algorithm 4.1 is designed to compute a stationary point of the
eigencurve \;(u) for some j, there is a lack of control on j. In section 6, we will show
how to address this issue through carefully choosing initial vectors and exploiting the
convexity in applications to compute the desired eigencurve \;(u) for a given j.

In [30], under the proper conditions, we prove that the 2DRQI is locally quadrat-
ically convergent for the generic cases I and II discussed in subsection 4.1.

5. Backward error analysis. It is well known that the backward error of an
approximate solution is a reliable and effective stopping criterion for an iterative
algorithm. In this section, we provide a backward error analysis of the 2DEVP (1.1).
The resulting backward error estimate can be used as the stopping criterion of the
2DRQI (Algorithm 4.1). In subsection 6.2, the notion of the backward error analysis
of the 2DEVP will be extended to the computation of the distance to instability. We
start with the following theorem.

__THEOREM 5.1. Let (ﬁ,/)\\,f) be an approzimate 2D-eigentriplet of (A,C) with
i, A € R and ||Z|| = 1. Then there evist Hermitian matrices §A and 5C such that
(i) C +0C is indefinite, and (ii) (g, \,Z) is an exact 2D-eigentriplet of the perturbed
matriz pair (A+0A4,C +0C):

(5.1a) (A+6A—i(C+6C)) T = AT,
(5.1b) zH(C+sC)z=0,
(5.1¢) zz=1.
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Proof. We prove by construction. We first find the desired perturbation matrix
§C to satisfy (5.1b). Define 6C = —(z#C%)I. Then

(5.2) zH(C+oC)E=0.

It ¢ + 6C is indefinite, then (5.1b) holds by taking 6C' = 6C. If C' + 6C is not
indefinite, then C' + 0C' is positive or negative semidefinite. Equation (5.2) implies
(C 4+ 6C)z = 0. Let @ be an orthogonal matrix with Qe; = Z. Then we have
QT (C + 6C)Qey =0 and
~ 0 O
H — ~
Q"c+i0e=) &l

where C} is an (n — 1)-by-(n — 1) matrix. Define

1 1 n-2
1 0 A 0

(5.3) 5C=6C+Q 1 Ao o0 |oH
n—210 0 0

with a nonzero scalar A. Then it can be verified that Q¥ (C+6C)Q (and thus C+46C)
is indefinite and (5.1b) holds. R

For finding the desired perturbation matrix dA to satisfy (5.1a), let A be a
Hermitian matrix such that AZ = h/||h||, h = —(A—AI)Z+7i(C+6C)Z. For example,
§A can be a Houscholder matrix [17, Thm. 2.1.13]. Then it is straightforward to verify
that (5.1a) holds with 6A = ||h||§A. This completes the proof. O

By Theorem 5.1, the backward error n of an approximate 2D-eigentriplet (ﬁ,x, )
of (A, C) is defined as the infimum of the normwise relative perturbation of A and C'
such that (i, A,Z) is an exact 2D-eigentriplet of the perturbed 2DEVP (5.1):

(5.4) nzinf{e 36A4,6Cs.t. |5 A| < ]| Al |60
<¢€||C||,C + 6C is indefiniteand (5.1) holds} .

The following theorem provides a tight computable estimate of 7.

__THEOREM 5.2. Let (ﬁ,x,fc\) be an approximate 2D-eigentriplet of (A,C) with
AER and |Z|| =1, and

Ival el gl
(5.5) n :max{7 , v ,
! 1Al ICI 1TA] + [zIIC]

where y4 = EfAﬁE — X, ve =280z, and r = (A — iC — XI)EE Then the backward
error n of (i, \,Z) defined in (5.4) satisfies

(5.6) m<n<V2n.

Proof. We first prove the lower bound 1 >n;. For any 6A and 6C satisfying the
perturbed 2DEVP (5.1), by (5.1a) and (5.1b), we have 7 (A + §A)z = \. Hence by
the definition (5.4) of 7, we have

loC] _ [FHéCz| _ [ZHCF| _ el

5.7 n> > = = )
(5.1) el = Ter -~ Ter el
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and
0> I6A| _ |875A%| _ |87 AZ N _ |yl
—olkAr Al 1AL Al
Now by (5.1a), for the norm of the residual vector r,
7| = |(A = AC = AD)Z| = [|(8A = BSC)Z|| < |5AI| + |BIISC| < (| Al + [BIC])e.
Therefore, by the definition (5.4) of 7, we have

[l
n>
A+ [Ellel

Combining (5.7), (5.8), and (5.9), we have n > n;.
The gist of finding the upper bound of 17, namely n < /271, is to find two particular
perturbation matrices dA and 6C such that

(5.8)

(5.9)

(5.10a) 0AT — u6CT = —r,
(5.10Db) 60T = -0,
and

(5.11) C + 0C is indefinite,

and then derive the upper bound of i from the upper bound of max{%, %}

We first note that we can safely discard the condition (5.11). This is due to the fact
that when (5.10) holds, using the same arguments as in the proof of Theorem 5.1,
we can add infinitesimal perturbation to 6A,C to guarantee (5. 10? and (5.11) hold.
Since the backward error 7 takes the infimum, the quantity max{ ||if””, H‘fgw} is still

an upper bound.
To find dA and 0C satisfying (5.10), let us define

~ A .~ sign(@)|C]] 1
a=—————I—-22")r, ¢=—1—ZF——(I—22")r,

Il + Bl [A]l+ [zl
where sign() = 11/|f2| if 1 # 0 and 1 otherwise. Then @ and ¢ are orthogonal to Z and
satisfy

~ MH)

a—pc=—(I—-zz7)r

Next, let us define a = (—z7r — [iyc)Z + @ and ¢ = —y¢Z + ¢. Then it holds that
a—jic=(a—pc)—ztrz=—(1—-z22")r —2Hrz = -1,
{ #He=—nc.
From the vectors a and ¢, we can construct Hermitian matrices 0 A and §C, say real
constant multiples of Householder reflections [17, Thm. 2.1.13] satisfying 0AZ = a,

0CT =c, ||6A] =la]|, and ||6C|| = ||¢||. Then §A and §C are desired matrices satisfying

(5.10).
For 0 A, by the definition of r, we have —2"r — Jiyc = —v4, and thus
- — 2
1AL _ llall _ Il a7+l _ A2+ @l \/ al)? , (121
1Al 1Al A A ||A|| ||A||

al)? e\
(5.12) S\/(HAH) +<||A||+ﬁ| ||C||) <V,
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By an analogous derivation, for 6C, we have

[16C|
(5.13) L <V,

1€
Combining the upper bounds (5.12) and (5.13), we have < v/2n;. This completes
the proof. 0

6. Applications. In this section, we discuss two eigenvalue optimization prob-
lems that can be reformulated as the 2DEVP (1.1) and then solved by the 2DRQI
(Algorithm 4.1).

6.1. Minmax of Rayleigh quotients. Given Hermitian matrices A, B € C"*",
the minmax problem of Rayleigh quotients (RQminmax)
{ 2 Az 2" Bx }

(6.1) min max

z#0 ’

zHy ' gHy

arises from quadratically constrained quadratic programs (QCQP) [12], the trust re-
gion methods for nonlinear equality constrained optimization [54], transmit beam-
forming [13, 19, 55], MIMO relay optimization [46], and cognitive radio networks [56].
The RQminmax (6.1) is closely related to the well-known S-Lemma in control theory
and robust optimization [43, 53]. We have the following theorem to characterize a
solution of the RQminmax (6.1).

THEOREM 6.1. Let Aa be the minmimum eigenvalue and x4 be a corresponding
unit eigenvector of A, let \g be the minimum eigenvalue and xp be a corresponding
unit eigenvector of B, and let pa(x) = 2 Ax/x" 2 and pp(x) = 2" Bx/xHx be the
Rayleigh quotients of A and B.

I If \a > pp(x4), then x4 is a solution of the RQminmaz (6.1).

IT. If \g > pa(xp), then xp is a solution of the RQminmaz (6.1).

ITII. Otherwise, that is, if Aa < pp(xa) and Ap < pa(xp), let p. be an optimizer
of the eigenvalue optimization problem (EVOPT),
(6.2) I,I}gﬁ(Amm(A uC),
and let 'V, be the set of eigenvectors x, corresponding to Amin (A — 1+C) and
2HCx, =0, where C = A — B. Then (a) p. €[0,1], (b) V.. #0, and (c) any
xy €V, is a solution of the RQminmaz (6.1).

Proof. For case I, we note that for any = # 0, max{pa(x),pp(z)} > pa(z) > Aa.
On the other hand, max{pa(za),pe(xa)} = Aa. Thus z. = x4 is a solution of the
RQminmax (6.1).

Case II can be proven by exchanging the roles of A and B in the proof of case I.

The proof of case IIL is divided into two subcases: Case III. (1): A4 < 0p
and Ag < 04; and case III. (2): the negation of case III. (1), i.e., the inequalities
A < 0p and Ap < 64 do not hold simultaneously, where 04 = Ain(SH ASg), 05 =
Amin (S f{ BS4), and S4 and Sp are orthonormal basis of the eigensubspace of A4 and
AB, respectively.

Consider case III. (1). For (a), it is sufficient to prove that

(6.3) ¢d1)<0 and ¢ (0)>0,

where g(u) = Amin(A — pC). For the first inequality in (6.3), if g(1) = Ap is a simple
eigenvalue of A — C' = B, then by Corollary 2.4, g is differentiable at u = 1 and

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/22/24 to 169.237.6.32 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2D EIGENVALUE PROBLEM 1471

g (1) = —a28Crp = —28(A - B)xp = Ag — 04 < 0. Thus the first inequality holds.
If g(1) is not simple, by Theorem 2.3, g'(*)(l) equals to the maximum eigenvalue
of —C), = Sg(B — A)SB = Al — SgASB Since Agp < 04 = )\min(SgASB)v —C
is negative definite. This implies that ¢'(7)(1) < 0. By an analogous argument,
g Y(0) > 0. Thus the result (a) holds.

For (b), note that (fix, Amin (4 — . C)) is a 2D-eigenvalue of (A, C) according to
Theorem 3.1. Then the associated 2D-eigenvectors belong to V,,,, and thus we obtain
the result (b).

For (c), we first claim that if x, is the solution of the RQminmax (6.1), then
zHCx, =0. We prove by contradiction. Assume z7Cx, >0, ie., 22 Az, > 27 Bx,.
Then z, does not belong to S4 since otherwise Aa = pa(zs) > pp(x.) > 0, which
contradicts the condition that A4 < p. Consider x(t) = x, + tsign(zfz,)z 4 with
t > 0, where by convention sign(0) =1. A straightforward calculation shows

(6.4) pa(aty) < T Ppal@n) + (Elzall? + 2alwa]) Aa
| 2.2+ 2]lzal? + 2t[zH 2 4]

< palzy).

On the other hand, by the continuity of pa(x(t)) and pp(x(t)) with respect to t,
pB(x(t)) < pa(z(t)) holds for a sufficiently small ¢. This implies that for such ¢ we
have

max{pa((t)), pp(x(t))} = pa(z(t)) < pa(z.) = max{pa(z.), pp(z.)},

which contradicts the condition that z, is the solution of the RQminmax (6.1). Hence
zHCxz, < 0. A similar argument leads to zCz, > 0. Therefore, we conclude
2HCx, =0, and we have

minmax{pa(x),pp(zr)} = min maX{mHAx,xHBx} = min zf Az
x#0 cHr=1 xHe=1
zH Cz=0 z? Cz=0
= Amin (A — pC
max min(A — pC),

where the last equality is from Theorem 3.4. Thus for z. €V, , we have

pa(zs) = pB(2:) = pa—p.c(T+) = Amin(A — 1. C) = HgD%(Amin(A —pC)

= rggmaX{pA(x),PB(I)},

which implies the result (c). This completes the proof of case IIL. (1).
Case II1. (2) implies that at least one of the following conditions holds: (i) As >
Op; (ii) Ap >04. Let us assume (i). It can be shown analogously if we assume (ii).
By the condition under case III, i.e., Ay < pp(x4) and Ag < pa(zp), we have

(6.5) —xfC’a:A =—-Ada+pp(ra)>0 and -— nga:B =—pa(zp)+ g <0.

Note that x4 and xp are also eigenvectors of A—0-C = A and A—1-C = B,
respectively. Thus by Theorem 2.3, the inequalities in (6.5) imply that

(6.6) 9" (0) = Amax(—SH CSa) > —2{Czs >0 and
93,—(1) = )‘min(_SgCSB) < —:chxB <0.

Let p1, be an optimizer of the EVOPT (6.2). Then by (6.6) and the concavity of g(u),
we conclude that p, € [0,1]. Therefore, the result (a) holds.
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The result (b) follows from the same argument as in case II1. (1).

To prove (c), we first calculate the optimal value of the EVOPT (6.2). Since
A4 > 0p, by denoting zp as the unit eigenvector of Sf BS 4 corresponding to 6 and
the definition of S4, we have

pa(Sazp)=Aa>0p=pp(Sazp).
Let 4 =S425. Then —%gC’%A <0 and thus by Theorem 2.3,
(67) gi|-<0) = /\min(*SfCSA) < 7%20514 < 0.

According to (6.6), (6.7), and the concavity of g(u1) (see Theorem 3.8), 0 is an optimizer
of the EVOPT (6.2) and thus

(6.8) max Amin (A — pC) = A 4.
pER

Now for any =, € V,,,, we have
PB (Z‘*) - PA(JT*) - >\min(A - HJ*C) == I}?gé( )\min (A - /.LC)

=4 = szggmax{p;x(l"), p5(x)},

where the first equality results from 22 Cz, = 0, the second equality results from the
fact that pa(z.) = pa—p.c(xs) and z, is an eigenvector corresponding to Amin(A —
1«C), the third equality comes from the fact that p, is an optimizer, the fourth
equality results from (6.8), and the last equality holds according to

Aa < minmax{\a, pp (@)} < minmax{pa(z), pa(e)} < max{pa(Saza),pn(Sazn))
= AA

as Op < Aa. Thus x, is the solution of the RQminmax (6.1) and the result (c) holds.
This completes the proof of case III. (2). d

Remark 6.2. In [12], Gaurav and Hari considered the characterization of the
solution of the RQminmax (6.1) similar to Theorem 6.1. However, it is assumed that
eigenvalues A4, Ag, and Apin (A — 1. C) are all simple. Furthermore, there is no result
(a) in case III.

By the characterization of the solution of the RQminmax (6.1) in Theorem 6.1,
for cases I and II, we can obtain a solution of the RQminmax (6.1) regardless of
the multiplicities of A4 and Ap. For case III, we know that (u.,A.) with A\, =
Amin (A — 1. C) is the minimum 2D-eigenvalue of (A, C) (see Definition 3.6). On the
other hand, by the definition of V, , up to a scaling, z. € V,, if and only if z, is
a 2D-eigenvector associated with (4, Ax). Thus the RQminmax (6.1) in case III.
turns to calculating a minimum 2D-eigenvalue and the corresponding 2D-eigenvector
of (4,0C).

Based on the fact that u, of the minimum 2D-eigenvalue (., A.) must be in
[0,1], we can combine the bisection search and the 2DRQI (Algorithm 4.1). Starting
with the initial search interval [a,b] = [0, 1] of the EVOPT (6.2), let po = (a4 b)/2,
A0 = Amin(A — poC), and zp be the one recommended for the 2DRQI (Algorithm
4.1). Then we can use the 2DRQI with the initial (10, Ao, Zo) to find a 2D-eigentriplet
(1, A\, @) of (A,C).
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If A= Amin (A — 11C), then according to Corollary 3.5,

A= max Amin (A — pC).
Thus 7 is an optimizer of EVOPT (6.2) and 7 is the solution of RQminmax (6.1).

If A # Amin(A — 2C), or the 2DRQI does not converge, then we can use the
concavity of g(u) = Apin(A — uC') (see Theorem 3.8) to bisect the interval [a,b] and
run the 2DRQI with a new initial (ug, Ao, 2o). This bisection search strategy works
under the assumption on the nonsingularity of Jacobian at the target 2D-eigentriplet
due to the following facts:

o if (z(")HCz(™ < 0, where (™) is an eigenvector corresponding to \g =
Amin(A — poC), then by Theorem 2.3, " (110) = Amax (—Xo(10) ¥ C Xo(p0)) >
0, where Xo(p) is an orthonormal basis of the eigensubspace of Apin(A —
uC), and there is an optimizer u, of the EVOPT (6.2) such that u. > po.
Consequently, we set a = g to half the search interval.

o if (z(™)HC2(™ > 0, then by Theorem 2.3, ¢, (110) = Amin(—Xo0(10) ¥ C Xo(10))
< 0 and there is an optimizer p,of the EVOPT (6.2) such that p, < po. Con-
sequently, we set b= g to half the search interval.

A combination of 2DRQI (Algorithm 4.1) and the bisection search described above
is summarized in Algorithm 6.1 for solving the RQminmax (6.1), where in line 9 we
use whether

Algorithm 6.1. Minmax of two RQs.

Require: n-by-n Hermitian matrices A and B, tolerance values abstol, reltol,
and backtol.
Ensure: approximate solution 7 and the optimal value A of RQminmax (6.1).
1: compute a minimum eigenpair (Aa,z4) of A. If Ay > pp(x4), then return
()\,/{E\) = ()\A,{EA).
2: compute a minimum eigenpair (Ag,zp) of B. If Ag > pa(xp), then return
()\,/117\) = ()\B,IB).
3: set [a,b] =10, 1].
4: for k=0,1,2,..., until b — a < abstol do
5. set up=(a+b)/2.
6:  compute two smallest eigenpairs (A, (™), (A,_1,2" 1) of A — peC.
7:  compute the minimum 2D-Ritz triplet (v,6, z) of (ZHAZ, ZHCZ), where
Z= [z )],
8:  apply the 2DRQI (Algorithm 4.1) with the initial (po, Ao = An, 20 = Z2) and
the backward error tolerance backtol.
9:  if 2DRQI converges to (fi, A, 7) and |X — Amin(A — 7iC)| < reltol - (|1 — i
]l + [l B]) then
10: return (A, ).

11:  else

12: if (z™)HCz(™ <0 then
13: update a = pg.

14: else

15: update b= py.

16: end if

17  end if

18: end for
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IA = Amin (A = 2C)| = [A = Amin (1 = B)A + 1iB) | <reltol - (|1 —Ll[| Al + [ul|| BI])

to numerically check whether A= Amin (A — 2C). Numerical examples for large scale
RQminmax (6.1) arising from signal processing are presented in section 7.

6.2. The distance to instability. A basic problem in the stability analysis of
dynamical systems is to compute the distance to instability (DTT); see, for example,
[61, sec. 49]. In matrix notation, for a stable matrix A € C™*™ that is all eigenvalues
of A are located in the open left-half of the complex plane C, the DTT is defined as

-~

(6.9) 5(A)Emin{||E|| | A+Eis unstable,EE(mem}.

Van Loan [52] showed that B(A\) can be recast as the singular value optimization

(6.10) B(A) = min oy (A — pil),

pneR
where i =+/—1 and op,in (X) refers to the smallest singular value of the matrix X. By
the relation between the singular values of a matrix X and eigenvalues of Hermitian
matrix [ XH] (see, e.g., [T, Thm. 3.3]), the singular value optimization (6.10) can

X0
be transformed to the eigenvalue optimization (EVOPT)

(6.11) B(A) = min A (4 = uC),

where A and C are 2m X 2m matrices given by A = [AH g} and C = Lil iI], and

Am (A — uC) is the smallest positive eigenvalue of A — uC.

By Theorem 3.1, if 1. is an optimizer of (6.11), then (g, ﬁ(ﬁ)) is a 2D-eigenvalue
of the 2DEVP of (A,C). In addition, we have the following list of characterizations
of the target 2D-eigentriplet:

o If (11, A\, [v]) is a 2D-eigentriplet of (A,C), then (i, —\,[7*]) is also a 2D-
eigentriplet. This implies the 2D-eigenvalues are symmetric with regard to

A=0.
e The corresponding 2D-eigenvector z, = [1] of (,u*,ﬂ(le\)) must obey
1
(6.12) Imag(xizy) =0, and iz =af 2, = 3

where, for the second identity, we use the fact that x{I//l\xg = x?A\Hml.
e Based on the ordering of 2m eigenvalues of A — uC,

(6~13) )‘1(”) > AQ(#) Zee > Am(ﬂ) >0> /\m+1(,U) Z > /\2m(,u)7
we have the following characterization of 3(A):

B(A) = min{\| (1)) is a 2D-cigenvalue of (4,C) and A > 0}
(6.14) = —max{\| (i, ) is a 2D-eigenvalue of (A4,C) and )\ < 0}
=min{|A| | (4, A) is a 2D-eigenvalue of (A4, C)}.
e Theorem 3.7 implies the optimizer p, of the EVOPT (6.11) is in the interval
[—1I Al || A]l], which is tighter than the interval [—2||Al|,2||A||] derived in [52].

Algorithm 6.2 is an outline of a 2DRQI-based algorithm for computing 5(4). A
few remarks are in order.
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Algorithm 6.2. DTI by 2DRQL

Require: m x m stable matrix E, reltol, tol.
Ensure: 2D-eigentriplet (i, A, Z), where X is an estimate of the DTI 3(A), and a

1:
2:

backward error estimate 7.
set uo as the imaginary part of the rightmost eigenvalue of A.
compute the singular triplet (u, Ag,v) corresponding to the smallest singular

value of A — poil.

: apply the 2DRQI (Algorithm 4.1) with initial (ug, Ao, o = %[’;]) and stopping

tolerance tol to compute an approximate 2D-eigentriplet (ﬁ,x, Z) of (A,C) and
the corresponding backward error estimate 7.

: validate the computed DTI \ with reltol (optional).

(1) The initial (po, Ao, o) (lines 1 and 2) follows the recommendation of [11] and
is critical for the success of the computation.

(2) To satisfy the conditions (6.12) for the approximate 2D-eigenvector xj =
[iﬁ;], we should add the following steps after line 14 in the 2DRQI (Algo-

rithm 4.1):

)

L i = o/ o

2
2: Tpq12= 733k+1,2/”33k+1,2

With this normalization, we assume the computed z;, satisfies (6.12) exactly
in the subsequent analysis.

(3) For the stopping criterion of the 2DRQI, we use a backward error estimate
of the computed DTI. It has been a challenge to properly define the stopping
criterion of iterative methods for computing DTT [11, 16, 18, 52]. A main
reason is that it is meaningless to define the backward error for an estimated
DTI 8 only. Specifically, if a backward error 77 of 5 is defined as

(6.15)  f=inf {e | 3 Asuch that |6 A < e[| Af and B(A + §A4) = B} :

then one can show that the calculation of the backward error 7 could be as
hard as the calculation of the original S(A). This is analogous to the fact that
for eigenvalue problems we do not define the backward error of an approximate
eigenvalue only. We consider the backward error of an approximate eigenpair;
see, e.g., [49, Thm. 1.3]. As an advantage of treating the DTI via the 2DEVP,
we can establish the notion of the backward error for a computed DTI via
an approximate 2D-eigentriplet. The resulting backward error estimation
naturally leads to a reliable stopping criterion for an iterative DTI algorithm.
To that end, let the approximate 2D eigentriplet (i, A\,Z) of (A,C) be an
exact 2D-eigentriplet of structurally perturbed 2DEVP

0 A+6A| . o~
(6.16a) AH 4 gAH 0 T —puCx = \z,
(6.16b) oz =0,
(6.16¢) zHz=1
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for some §A. Then we can define a structure-preserving backward error of
the 2DEVP of the DTI problem as follows:

(6.17) ﬁg(ﬁ,x,ﬁc‘):inf{eﬁéﬁsmh thatu(sﬁugeuﬁnand(a.m)homs}.

We first note that the set in (6.17) is nonempty when the approximate 2D-
eigenvector T = E;} satisfies the conditions (6.12). In fact, denote r = [7}],
where r = A\/l’\g — ﬁl/l’\g — /):3}\1 and ro = A\Hfl + ﬁiil — XEQ Then it can be
shown that the matrix

~ o~ ~ . ~ r1x T ~ T
SA=6A1+64A; with 6A;=—(1- 2 ) = and 0dp=——2
Ty 1 Ty T2 Ty T

satisfies (6.16). Meanwhile, we have

~ ~ ~ -~ 2 ~ 2
1020 = . |53+ 62a)2]| = e /6 2e=]” + }52ee]

llzl=1 llzll=1

619 <y|oA] + [ode] < VAR = vaiL

where the second equality results from the fact that 61112 is orthogonal to
(514.22.

Next we provide an estimate of 3. Since 7jg is the backward error of the stuc-
tured 2DEVP (6.16), the backward error 7 in (5.4) of a generic (unstructured)
2DEVP is the lower bound of 7:

(6.19) ng>n>n1,

where 7; is defined as in (5.5). On the other hand, by the definition of 7
and (6.18), we have an upper bound of 7j3:

Il
4]
By the facts that || A] = ||A| and ||C| =1, we have

(6.21) 772<ﬂ|'%|':\/§<1+|’7|>.

ST =
M AT 1Al

Combining (6.19), (6.20), and (6.21), we have

(6.20) Mo <m=v2

(6.22)

1 Iy
—— 1y < < ns.
\/5(14_“7‘)772_7][3_772

A1)

Therefore 1, defined in (6.20) can be used as an estimate of 7j3. Consequently,
the stopping criteria (line 15) of the 2DRQI (Algorithm 4.1) should be

(6.23) |Imag(x,g1xk’2)\§tol and  no(pk, Ak, 2x) < tol,

where tol is a prescribed tolerance value. In addition, to handle the possible
stagnation of the 2DRQI, we can also include the following test into the
stopping criterion for possible stagnation:

1
(6.24) Mok, Ak, Tx) > 3 (772(/%72»)\1@7271'1@72) +772(/$k717)\k71,35k71)).
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(4) For the optional validation step of Algorithm 6.2, we know that if the com-
puted A is an acceptable estimate of DTI 5(A), it should satisfy

(6.25) (1—reltol)A < B(A) <A

for a small reltol, where, without loss of generality, we assume A > 0.
Otherwise, according to the symmetric properties of 2D-eigenvalues in DTI,
we can use —A as an estimate of the DTT 8(A). R
The upper bound of (6.25) naturally holds according to (6.14) and (@, A) is
a 2D-eigenvalue. For the lower bound of (6.25), we just need to verify that
H((1—reltol)\) has no imaginary eigenvalue. This is based on the following
lemma.

LEMMA 6.3 (sce [3]). For any A > 0, A < B(A) if and only if G(\) has no
pure imaginary eigenvalue, where G(A) is a Hamiltonian matriz of the form

A I

(6.26) G =1\, _Gu

This validation procedure is the one proposed in [11]. However, it should
be noted that checking whether G((1 — reltol)\) has no imaginary eigen-
values could be prohibitively expensive for large scale problems. Therefore,
the validation step is optional in all existing algorithms for computing DTI
11, 16, 18].
In section 7, we will provide a numerical example to compare the performance of
the 2DRQI and a recently proposed subspace method for computing the DTT.

7. Numerical examples. In this section, we first present a numerical example
to illustrate the convergence behaviors of the 2DRQI (Algorithm 4.1) and then present
three examples for finding the minmax of two Rayleigh quotients (Algorithm 6.1) and
for computing the DTT (Algorithm 6.2). All algorithms are implemented in MATLAB
2016b. Numerical experiments are performed on an HP computer with an Intel(R)
Core(TM) 2.60 GHz i7-6700HQ CPU and 8 GB RAM.

Ezample 2. This example illustrates convergence behaviors of the 2DRQI (Algo-
rithm 4.1). Let us consider the 2DEVP (1.1) of the matrices

—-0.7 0.01 0.2 0.3 0.01 0.2
A=1{0.01 2 0 and C'= (001 1 0
0.2 0 0 0.2 0 -1

0
It can be verified that (u1,A1,21) = (1,1, % ) is a 2D-eigentriplet and A; = 1 is

vz
an eigenvalue of A — p;C' with multiplicity 2. In addition, by a brute-force bisection
search following the sorted eigencurves Aj(p) > A2(p) > Asz(pn) of A — pC on the
interval [—1.5,1.5], we find additional two 2D-eigenvalues to machine precision:

(2, A2) = (—0.665101440190437, —0.239801782612878),
(13, A3) = (—0.145810069397438, —0.744080780565709).

Moreover, A\ and A3 are the simple eigenvalues of A — uoC' and A — u3C, respec-
tively. The left plot of Figure 3 depicts the sorted eigencurves A;(p) for j =1,2,3.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/22/24 to 169.237.6.32 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1478 TIANYI LU, YANGFENG SU, AND ZHAOJUN BAI

The maximum 2D-eigenvalue (u1,A1) = (1,1) is marked in red. The 2D-eigenvalue
(t2,A2) is blue. The minimum 2D-eigenvalue (us, A3) is green.

We use each grid point on the 100 x 100 mesh of the domain (u, ) = [-1.5,1.5] x
[—2,2] as an initial (uo, Ag) and the vector z is generated based on the remarks of
Algorithm 4.1. If the 2DRQI with (10, Ao, Zo), tol = n - macheps, and maxit = 15
converges to the ith 2D-eigenvalue (p;,A;), then we use the same color for the initial
(140, o) and (u;, A;). The right plot of Figure 3 shows that the 2DRQI converges to a
2D-eigentriplet for all 10,000 initials (1o, Ao, Zo)-

Table 1 records the convergence history of a sequence {(u3.x, As:k, Z3;%)} to the
minimum 2D-eigenvalue (us, As), marked in green in Figure 3. We observe that the
sequence {(us;x, As:x)} converges quadratically, the matrix Cj of the 2DRQ (A, Ck)
remains indefinite, and a1z 7 0. Table 2 shows the convergence history of a sequence
{(#1;k5 A1k, T1:%) } to the maximum 2D-eigenvalue (1, A1), marked in red in Figure
3. Note that Ay is an eigenvalue of A — uyC with multiplicity 2. We observe that the
sequence { 1.5, A1;; } converges quadratically and the matrix Cy, of the 2DRQ (A, C)
remains indefinite. However, a12 , approaches to 0.

For the convergence analysis of the 2DRQI presented in [30], we can see that
although the algorithm and local quadratic convergence rate are the same regardless
of the multiplicity of the eigenvalue A, of A — . C, the convergence analysis needs to
be treated differently as indicated by whether |ai2 x| approaches to 0.

Ezample 3. We use Algorithm 6.1 to solve the RQminmax (6.1) arising from a
MIMO relay precoder design problem in signal communication to minimize the total

Fi1G. 3. Left: Sorted eigencurves and corresponding 2D-eigenvalues of (A,C) in Example 2.
Right: Computed 2D-eigenvalues with different initials. (Color available online.)

TABLE 1
Convergence history of {(13;k, A3k, T3;%)} to (13, A3,23).

ko psge —p3l s — A3l m(psik, Asyks T3ik) (c1,ks€2,k) lai2 k|
0 1.6e0 8.9e-1 4.1e-1 (—l.OeO, 3.36—1) 2.9e-1
1 2.6e-3 8.4e-3 7.1le-2 (-1.0e0, 3.3e-1) 2.9e-1
2 2.2e-5 1.2e-7 2.7e-4 (—l.OeO, 3.36—1) 2.9e-1
3 6.5e-13 1.1e-16 2.1e-9 (-1.0e0, 3.3e-1) 2.9e-1
4 3.4e-16 2.6e-16 1.1e-16 (—1.060, 3.36—1) 2.9e-1
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TABLE 2
Convergence history for {(ph1;k, M;ks T1;5) } to (p1, A1,21).

E o mg—pml Mg =Ml m(pame Mk, k) (c1.k>C2.1) la12 k]
0 1.0e0 1.0e0 3.2e-1 (-1.0e0, 7.9¢e-1) 9.3e-2
1 3.3e-1 4.6e-1 3.1e-1 (—9.66—1, 9.6e-1 ) 3.2e-2
2 5.0e2 9.0e-2 1.3e-1 (-1.0€0, 1.0e0 ) 2.4e-4
3 5.2e-4 3.3e-4 8.1e-3 (—1.060, 1.0e0 ) 3.2e-9
4 3.8e-10 2.2e-11 2.1e-6 (-1.0e0, 1.0€0 ) 8.0e-16
5 4.2e-16 2.2e-16 2.5e-16 (—1.060, 1.0e0 ) 4.6e-16

relay power subject to SINR constraints at the receivers [4]. Consider the multipoint
to multipoint communication with two sources. The signals r, after MIMO relay
processing and signals y received by destinations are

ro=2,Hyps+Zn, and y= HﬂZHupx + HﬂZnT +ng,

where s is the transmit signals of the sources, and n, and ny are zero-mean circu-
larly symmetric complex Gaussian random variables with variance 02 and ¢3. Hy, =
[h1, ho] € C™*2 denotes channels between two sources and antennas, Hq = [g1, g2] €
C™*2 denotes channels between antennas and two destinations, and m is the number
of antennas at the relay. Z € C"*™ is the processing matrix to be designed. Under the
assumption that the source transmit signals s are zero-mean and statistically indepen-
dent with the unit power, the goal of the MIMO relay precoder design is to minimize
the relay power while maintaining SINR no less than a prescribed threshold ~y,.

After some algebraic manipulations, the MIMO precoder relay design problem be-
comes solving the following homogeneous quadratic constrained programming
(HQCQP) problem:

(7.1) minu?Tu st. v"Pu+1<0 for j=1,2,

where u = vec(Z) is a column vector obtained by stacking the columns of Z on top of
one another. Addltlonally, above T'= Fo I, P = F1 ® g1 g and P, = F2 ® goghl are
of dimensions n = m?, with FO = hht + thT + 021, F1 (%hhghQ + yno2l

— hlhT)/('ythUd) and F2 = (%hhlhl + Ym0l — thT) /(%hdd) The operator

® is the Kronecker product. Note that Fo and F are m x m Hermitian matrices with
F, positive definite. Gaurav and Hari [12] show that the HQCQP (7.1) is equivalent
to the RQminmax (6.1) of the matrices

(7.2) A=SHpP S=F ®gg, B=SUP,S=F,®ggl,

where S =T~ is the square root of T~!, F} = ﬁo_%ﬁlﬁo_%7 and Fy = ﬁo_%ﬁzﬁo_%

We note that by exploiting the structure of A and B, the matrix-vector multiplications
Az and Bz can be performed efficiently. For numerical experiments described in [12],

H,, and Hg; are complex Gaussian random matrlcos Thc SINR is set to 3 dB and
noise variances are set to —10 dB, i.e., 1, = 1070 10 and O’d =02=10"1.

Algorithm 6.1 first checks cases I and IT of the RlenmaX (6 1) described in The-
orem 6.1 for possible early exit. Then it uses a combination of the 2DRQI and the bi-
section search to find an optimizer u& 9D of the EVOPT (6.2) for the general case III.

A dichotomous method is proposed in [12] for solving the EVOPT (6.2). Starting
from a search interval [a,b] containing the global maximum of the concave function
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9(1) = Amin(A—puC), where C = A— B, the dichotomous method compares g(a), g(b),
g((a+b)/2 —¢€.), and g((a+b)/2 + ¢,.) for a small scalar €,, and then by using the
concavity of g(u), replaces a with (a+b)/2 — €, or b with (a+b)/2 + ¢, for the next
iteration. When the search interval width b — a is less than a prescribed tolerance
tol, it returns an approximate optimal value ,uSFth) =(a+b)/2.

An alternative algorithm to solve the EVOPT (6.2) is to use the subspace method
[18]. The subspace method solves an eigenvalue optimization problem by successively
projecting the original problem onto a subspace. Specifically, for the EVOPT (6.2)
with the prescribed interval [0,1] and an initial pg = %, the subspace method first
computes Apin (A—poC) and the corresponding eigenvector vy, and then sets the initial
projection subspace Vy = vg. At the kth iteration for k > 1, the subspace method
projects EVOPT (6.2) onto the subspace Vj_; and solves the reduced problem:

(7.3) A = max Awin (VL AV — pVi CVi ).

nelo,1]
With a minimizer py of the reduced problem (7.3), the subspace method computes
the eigenvector vy of Apin(A — uxC), and then updates the projection subspace Vi =
orth(Vi_1,vi). It is proved [18] that fék) = maxX;j—1,... k{Amin(4A — p;C)} is a lower
) ) } is an upper bound, and

bound of the optimal value, while f[(]k =minj—q .. x{A\2i,
,(Jk) — ék) will tend to 0, i.e., the iteration converges.

leigopt is an implementation of the subspace method in MATLAB [18].} Tt uses
eigopt, a quadratic supporting functions based method [33], to solve the reduced
problem, and terminates the iteration when |)\gfi;1) - )\fr’fi)n| < tol for a prescribed tol
or the number of iterations exceeds y/n. We note that there are two minor modifica-
tions here. First, to improve computational efficiency of leigopt, we set the dimen-
sion of the projection subspace opts.p = 20 in eigs, instead of round(sqrt(n))
used in leigopt. We have tried to use the interior point method to substitute for
eigopt. Numerical experiments show the interior point method is slower on the di-
mensionalities shown in Table 3. Second, we observe that the stopping criterion often
leads to early termination of leigopt and thus fails to obtain an accurate solution.
To solve this problem, we use a more robust criterion, | f[(Jk) —f ék)\ < tol. We denote
the returned value as ugeig).

We observed that the optimizers of the EVOPT (6.2) on the interval [0,1] com-
puted by the dichotomous method (tol = 1e-8), leigopt (tol = 1e-10), and Al-
gorithm 6.1 (backtol = ne and reltol = 1e-8) agree up to 8 significant digits for
20 runs of each of dimensions n = 102,1002,2002,4002.

Table 3 records the average numbers of iterations and running time (in seconds)

of 100 runs of three methods. The runtime of the subspace method is written as

TABLE 3
Performance of the dichotomous method, the subspace method, and Algorithm 6.1 for solving
the EVOPT (6.2).

Dichotomous method Subspace method Algorithm 6.1
n=m?2 niter runtime niter runtime niter runtime
102 15 0.11 5 0.083(0.063) 3.1 0.026
1002 15 1.2 5 0.27(0.068) 2.6 0.19
2002 15 4.6 5 0.86(0.069) 2.4 0.57
4002 15 29 5 5.2(0.069) 2.1 3.6

Thttp://home.ku.edu.tr/~emengi/software/leigopt, downloaded on October 2, 2021. The codes
have been migrated to https://mysite.ku.edu.tr/emengi/leigopt.
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tan(tsup) with tay for the total time spent on solving the EVOPT (6.2) and tsup
for the time spent solving the subproblems (7.3). The significant performance gain
of Algorithm 6.1 in speed compared to the dichotomous method and the subspace
method is due to the smaller number of iterations and the fact that each iteration
of the dichotomous method needs to solve two eigenvalue problems of A — 11;C for
computing g(i;) = Amin(A — p;C), where we use the sparse eigensolver eigs. In
contrast, each iteration of Algorithm 6.1 calls the 2DRQI (Algorithm 4.1) once, which
in turn only needs to solve the augmented linear system (4.4), where we use the linear
solver gmres with the tolerance ne and the maximum Krylov subspace dimension
30 and without preconditioning.

Ezample 4. In this example, we consider the computation of DTT for matrices
from the finite difference discretization of the Orr—Sommerfeld operator for planar
Poiseuille flow. An n x n Orr-Sommerfeld matrix is of the form?

A, =L;'B,,

where L, = (1/h?)tridiag(1, —(2 + #?),1), B, = z-L3 — i(UpLy + 2I), and U, =
diag(1—u?,...,1—u2). h=2/(n+1) is the stepsize of discretization, uj, = —1 + kh,
R. is the Reynolds number (R, = 1000 in numerical experiments), and i = y/—1.
The stability of the Orr—Sommerfeld matrices has been extensively studied [8, 31, 44].
It is known that the eigenvalues of Orr—Sommerfeld matrices are highly sensitive to
perturbations. The DTI is an important measure of the stability under uncertainty
11, 16, 18].

For efficiently solving the linear equation (4.4) in Algorithm 6.2, we first reorder
the Jacobian J(ug, Ak, k) to a banded arrow matrix [5, p. 86] and then apply a Schur
complement technique [34, p. 406]. For the initial (uo, Ao, Zo) of the 2DRQI, we apply
the Cayley—Arnoldi algorithm with a complex shift for computing g [32] and then
use the MATLAB function svds to compute the smallest singular triplet of A — pgil
with tol = ne.

We also apply the subspace method and its implementation leigopt [18] discussed
in Example 3. In this case, for computing DTI $(A4,), leigopt solves the singular
value minimization

(7.4) B(Ay) =minomin (An — pil).

peER
With a prescribed search interval [a, b] and an initial 119 € [a,b], Leigopt first computes
Omin(An—popil) and the corresponding right singular vector vy and then sets the initial
projection subspace Vy = vg. At the kth iteration for £ > 1, leigopt projects the
minimization (7.4) onto the subspace V;_1 and solves the reduced problem:

= min a'min(A\nd—l _Hin—l)-

7.5 o)
( ) nEla,b]

min

With a minimizer jy of the reduced problem (7.5), the subspace method computes
Omin(An — pril) and the corresponding right singular vector v and then updates

the projection subspace Vi = Orth(vg_1,vx). The iteration terminates when crr(figl) -
ar(fi)n < tol for a prescribed tol, or the number of iterations exceeds \/n. For numerical

experiments, the initial po =0 and the tolerance tol = 1e-12.

2The formulation in [16, 18] has some typos.
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TABLE 4
DTI computation by the subspace method and Algorithm 6.2.

The subspace method Algorithm 6.2
n niter runtime E(A\n) niter runtime E(A\n)

1000 9.4 0.14(0.013) 1.97789572876e-3 5.8 0.02540.032  1.9778957275e-3
4000 9.4 0.42(0.029) 1.97809674700e-3 4.9 0.062+40.095  1.9780964583e-3

16000 8.5 1.42(0.069)  1.93794289874e-3 4.8 0.25 +0.38 1.9376706543e-3

We note that to improve computational efficiency, the following minor modifi-
cations are made in leigopt. (1) We set the dimension of the projection subspace
opts.p = 20 in eigs or svds, instead of round(sqrt(n)) used in leigopt. (2)
leigopt uses eigopt, a quadratic supporting functions based method [33], to solve
the reduced problem (7.5). For the Orr—Sommerfeld matrices, eigopt is too time
consuming. Instead, we use a modified Boyd-Balakrishnan method [2]. As a byprod-
uct, the search interval [a,b] does not need to be prescribed with this method.® (3)
We keep all historic right singular vectors, i.e., vg,v1,...,0%, in the projection sub-
space Vj. This slightly decreases the number of iterative steps and reduces the total
computational time.

Table 4 shows the performance of Algorithm 6.2 and leigopt. The runtime of
Algorithm 6.2 is written as ¢; +t2 with ¢; for calculating the rightmost eigenvalue
of A, and the singular triplet of A, — upil (i.e., lines 1 and 2 of Algorithm 6.2)
and to for the rest of calculation. The runtime of the subspace method is written as
tan(tsup) with tan_for the total time and tu, for solving the subproblems (7.5). We
observe that the 5(A,,) computed by the two algorithms agree from 4 to 8 significant
digits. However, Algorithm 6.2 uses no more than half of the runtime of the subspace
method. The reason for the speedup of Algorithm 6.2 is twofold. Algorithm 6.2 uses
fewer iterative steps. The major cost of the subspace method is on computing the
right singular vector vy corresponding to omin(A — pgil). In contrast, in Algorithm
6.2, we only need to solve a linear equation of the form (4.4) in each iteration of
2DRQI (Algorithm 4.1).

We note that the validation step for computed E(ﬁn) by Algorithm 6.2 and the
subspace method is not reported in Table 4. For the matrix size n = 1000, it is verified
that both algorithms pass the validation procedure described in subsection 6.2 with
reltol = le-9. Although there exists an algorithm [23] for checking whether G()\)
defined in Lemma 6.3 has pure imaginary eigenvalues, it would be too expensive for
large matrix sizes. As is common practice of the existing algorithms [11, 16, 18, 52],
there is no validation procedure for large scale DTI calculation.

Example 5. In this example, we present the performance of the 2DRQI-based
Algorithm 6.2 and the subspace method based leigopt on the computation of the
DTT of test matrices depicted in Table 5. These matrices come from DTI related
literature [15, 25, 26]. It should be noted that some of the test matrices are unstable
ones. As s is common practice, for those unstable matrices A, a shift o € R is introduced
so that A — oil is a stable matrix.

Similar to Example 4, we make the following modifications to improve the effi-
ciency of leigopt. First, we set the dimension of the projection subspace opts.p =
20 in eigs or svds, instead of round(sqrt(n)) used in leigopt. Second, we use the

3This strategy is also recommended by Dr. Mengi, one of the authors of leigopt, in a private
communication.
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TABLE 5
Statistics of the test matrices.

Matrix n Sparsity Shift (¢)  Frobenius norm Source
olmstead1000 1000 0.003996 5 1.26e + 06 (15, 25]
dwave2048 2048 0.002410 1 3.02e + 01 (15, 25]
pde2961 2961 0.001660 10 3.70e + 02 15, 25]
rdbrusselator3200 3200 0.001840 1 2.81e + 03 (15, 25]
HF2D9 3481 0.001420 1 9.51e 4 03 [26]
t01s4000 4000 0.000549 0 2.98e + 08 (15, 25]
HF2D_CD3 4096 0.001210 2 1.18e + 05 [26]
markov5050 5050 0.000974 2 1.48e + 02 (15, 25]
sparserandom10000 10000 0.001200 3 3.06e + 02 [15]
skewlap3d30 24389  0.000279 0 9.24e + 05 (15, 25]
TABLE 6

Performance of Algorithm 6.2 and leigopt on the set of matrices depicted in Table 5.

1.273786238e-5 31.0
8.729075984e + 1 9.8

1.273786238e-5 60.9
8.729075984e + 1 13.7

sparserandom10000
skewlap3d30

Algorithm 6.2 leigopt

Matrix niter ﬁ(ﬁ) Timing niter /B(A\) Timing
olmstead1000 0 4.740742924e-1 0.034 3 4.740742924e-1 0.053
dwave2048 0 2.119727657e-2 0.098 3 2.119727657e-2 0.122
pde2961 3 2.267878235e-2 0.58 6 2.267878235e-2 0.66
rdbrusselator3200 3 3.594599642e-1 0.72 4 3.594599642e-1 0.74
HF2D9 0 7.192219953e-1 0.20 3 7.192219953e-1 0.25
to0l1s4000 1 1.999796888e-3 0.60 4 1.999796837e-3 0.64
HF2D_CD3 0 1.913018555e-2 0.27 3 1.913018555e-2 0.36
markov5050 1 9.263768378e-1 0.86 5 9.263768378e-1 0.59

0 3

0 3

modified Boyd-Balakrishnan algorithm to substitute for eigopt. Note that leigopt
needs an initial pg to start. In the Orr—Sommerfeld class of matrices in Example 4, ug
is prescribed. However, for the test matrices in Table 5, we do not have such prior in-
formation. Therefore, we calculate the rightmost eigenvalue of A using the MATLAB
eigs function except for the matrices t01s4000 and olmstead1000, and use its imagi-
nary part as the initial pg. The cost for calculating the initial ug is counted in the total
cost of the running time. For the matrices t01s4000 and olmstead1000, since eigs
failed to find the rightmost eigenvalue, we use the Cayley—Arnoldi algorithm with a
complex shift. When calculating the smallest triplets, we use svds. We set tol to ne
in Algorithm 6.2 and 107!? in leigopt as in [18], where € is the machine precision.

Table 6 summarizes the performance of Algorithm 6.2 and leigopt in terms of
the number of iterations, computed DTI 3(A), and total running time. We observe
that all computed DTI 3(A) by both methods match in at least 8 significant digits.
Algorithm 6.2 is generally faster except for the matrix markov5050. For the matrix
markov5050, it is more expensive to solve linear systems than to calculate the singular
values in Algorithm 6.2. We note that for some matrices, Algorithm 6.2 takes 0 iter-
ations. This is due to the fact that for these matrices, the initial values already pass
the backward error test, while 1eigopt does not equip such a backward error test. To
end this example, we highlight that the 2DRQI is a local method and is sensitive to
the choice of the initial approximation. For example, if the initial approximation pg
is set to 10 for the matrix markov5050, Algorithm 6.2 fails to converge to the correct

-~

DTI B(A) while leigopt succeeds.
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8. Conclusion. We introduced the 2DEVP (1.1) of a Hermitian matrix pair
(A,C). We investigated the relationships between the well-known eigenvalue opti-
mization problem of the parameter matrix H(u) = A — uC and the 2DEVP. We
presented essential properties of the 2DEVP such as the existence and variational
characterizations of 2D-eigenvalues. We devised an RQI-like algorithm, 2DRQI, for
solving the 2DEVP. The computational kernel of the 2DRQI involves the solution of
linear systems of equations. The efficiency of the 2DRQI is demonstrated for solving
the large scale 2DEVP arising from the minmax problem of two Rayleigh quotients
and the computation of the distance to instability of a stable matrix. A rigorous
convergence analysis of the proposed 2DRQI is presented in [30].

The 2DRQI Algorithm 4.1 is designed to compute a stationary point of the eigen-
curve \;(p) of H(u) for some j. Since the 2DRQI is a local algorithm, there is a lack
of control on j other than the initialization. It is a subject of further study on how
to combine the 2DRQI with other global search schemes so that it is guaranteed to
compute a stationary point of A;(p) for a prescribed j.
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