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ABSTRACT

This note is concerned with the quadratic convergence of Koghetliantz algorithm
for computing the singular value decomposition of a triangular matrix in the case of
repeated or clustered singular values,

1. INTRODUCTION

The idea of using different rotations on each side of a matrix A in order
to compute the singular value decomposition of A was first suggested by
Kogbetliantz [3] and analysed by Forsythe and Henrici [2]. Forsthye and
Henrici have proved the convergence of the cyclic Kogbetliantz algorithm
under the assumption that all pairs of rotation angles {$,, ¥, } lie in a closed
interval J C (— #/2, v/2) independent of k:

¢ks'¢'ke]9 k=l’2“-- (.1)

In a recent paper, Paige and Van Dooren [4] have shown that the cyclic
Kogbetliantz algorithm ultimately converges quadratically when no patho-
logically close singular values are present.
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Since efficiency can often be gained in computing the SVD if the input
matrix is first orthogonally transformed into triangular form [1], it has been
suggested that the matrix be preprocessed by computing its QR decomposi-
tion, before using Kogbetliantz algorithm to compute its SVD. This note is
concerned with the asymptotic quadratic convergence of cyclic Kogbetliantz
algorithm for computing the SVD of a triangular matrix in the case of
repeated or clustered singular values. We have assumed that the cyclic
Kogbetliantz algorithm is convergent.

In this note, ||-||p and ||-||, denote Frobenius and 2-norm respectively,
and s{A) denotes the sum of squares of the off-diagonal elements of matrix
A. s(A)[s,(A)] is the sum of squares of the strictly lower [upper] triangular
elements of A.

2. DESCRIPTION OF THE ALGORITHM OF KOGBETLIANTZ

Let A be a n X n real matrix, and let
A=UZV? (2)

be the SVD of A. The algorithm of Kogbetliantz for computing the decom-
position (2) is based on the following observation. Let a,; and a; be two
off-diagonal elements of A. Let the rotation matrices

(3)

=

0 = cos ¢, sing,
—sing, cosg,

and
" cosyd, siny,
V"_( —siny, cosd/k) )
be chosen such that
PRI TR TT2 N é;, 0
= A 5
Uk(“ﬁ “J‘f)vk ( 0 “n‘) ®

is the SVD of the 2 X 2 submatrix subtended by the raws and columns ¢ and j
of A. The rotations of (3) and (4) can be constructed to satisfy (1) and (5)
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simultaneously [2]. Let U, and V; be the unit matrix with the elements
(4,4).(4, §).(j,1).(j. j) replaced by the elements (1,1),(1,2),(2,1),(2,2) of U,
and V,, respectively; then A, , = UJA,V, satisfies

s(Ak+1)=s(Alc)_a?j_-a?i' (6)

In this scheme, a sweep consists of zeroing the off-diagonal elements in the
natural row ordering. For example with n = 4, this is

(i,7)=(1,2),(1,3),(1,4).(2,3),(2,4).(3,4).

We will call the Kogbetliantz algorithm with row ordering the cyclic
Kogbetliantz algorithm.

Heath et al. [5] discuss in detail the effect of the cyclic Kogbetliantz
algorithm on a triangular matrix. They show that an upper triangular matrix
A, after the first sweep, becomes lower triangular. The second sweep puts it
back to upper triangular form, and so on. Moreover, it is easy to show that if
A is an upper trapezoidal matrix of the form

where A,, is nonsingular, then after the second sweep, it has the form

2
0o o

where A9 is nonsingular upper triangular. So without loss of generality, we
may assume that A is a nonsingular triangular matrix.

3. MAIN RESULT AND PROOF

This section gives a proof of the asymptotic quadratic convergence of the
cyclic Kogbetliantz algorithm in the case of repeated or clustered singular
values. We begin our formal development with a lerama.
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Lemma 3.1.  Let the 2 X2 nonsingular upper triangular matrix
a;, a8y
0 ay

satisfy |a,,|=¢, |ay;|. (@gl > ¢, € is small. Let

o
—
©

a9

a ”12)
Pm"‘(
0

Rlzplz( 0 g

(=}

| )
1
where Py, is a permutation and R, a rotation. Then for any o\, 6, we have

— ®

loy—dy| < loy— ay |+ O(*)
@320

and
I
(9)

0y~ lgp)| < |05 = @)+ O ) —
| 95!

Proof. Let the rotation have the form
Ra=( %, o)

Then from (7), we know that ¢ =ag/h, s=ay,/h, where h=
sign(a g )yals + al,. Since Jayy| = ¢, and ¢ is small, it follows that

and
1 1 O(e2)

h o lagl  legl
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From (7), we know that for any a,, 0,
loy—dyl=lo,— ayci
<loy—ay|+|ay|l -

3%

<loy—ay|+ Ofe?)

Iazz|2
and
0y — dgg| = |0g — A
1
< [0y — agj+ O(?) —,
|2 20
which is the desired result. [ |

The lemma essentially tells us that if a,; = 0;, g9 — 05, and o, and o,
are reasonably separated, then on symmetric permutation and premultiplying
with a rotation matrix, the new 4, and d,, will still converge to o, and o,
respectively.

For proving the quadratic convergence in the case of repeated or clus-
tered singular values, we suppose that all the a;; which converge to repeated
or clustered singular values o are at the bottom of A’s diagonal. This can
always be obtained by a suitable reordering, but it not automatically obtained
by the cyclic Kogbetliantz algorithm. We can then partition A accordingly as

A, A
A=(On A:), (10)

where both A,, and A, are upper triangular, and A, — of, and the
off-diagonal elements of A satisfy

NElz<m, (11)

where 7 is small We illustrate how to obtain (10) for n=25. Suppose
@,y = 0y, dg5 — 0y, and other diagonal elements converge to distinct singular
values. By the preceding lemma, we can put a,; and ag at the bottom of
A’s diagonal through symmetric permutation and premultiplying with ap-
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propriate rotation:

1 » » x «x 2 0 x r x

0 2 x x =z ;c } : ; ;

A_'P”g g g i Po=Raly g 3 % o

x

0 0 0 0 5 0 0 0 4 «x

0 0 0 0 5

2 r x x x 2 r x x =z

0 1 x x «x 0 3 0 x =z

=F3l0 0 3 x x[Py—-Pyl0 xr 1 x «x

0 0 0 4 =« 0 ¢ 0 4 «x

O ¢ 0 O 5 0O 0 0 0 5

2 x x x x 2 x r x x

0 3 » x «x 0 3 x x «
-P,[0 0 1 x x|Py—Ryul0 0 4 0 x|,

0 0 0 4 «x 0 0 2 1 =«

0 0 0 0 5 0 0 ¢ 0 5

where the indices indicate the position of the initial diagonal elements of
matrix, and x represents the general matrix element. When treating the
cyclic Kogbetliantz algorithm below, we will assume that a reordering step
has been performed as soon as the cluster becomes apparent.

Starting from (10) with the cyclic Kogbetliantz algorithm, we have after
one sweep
A,=D +E = Ay 0 (12)

A21 A22

where D, is diagonal, E, is strictly lower triangular, A, Ay are lower
triangular, and A, — ol. Then

ATA = Zgl{ll "‘_ZTmA— 3:121{22 , (13)
AGAg AbAgp

and from the convergence of the cyclic Kogbetliantz algorithm,

1Fillp < 7, (14)
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where F, is the strictly lower triangular part of ETE,. From (13), we have

ra oy (I 0yXe OV 2T
A, o'l (z 1)(0 Y)(O 1)’ (15)

where
X,=ApA+ A Ay - o'l
Y,= AL, A, — ol - AT, A, X;AL A,
Z =A% A, X
Now observe that the rank of A"A,— 0 is n —m. By Sylvester’s law of

inertia (see e.g. [6]) the rank of the block diagonal factor must be n — m, and
so Y, =0. Thus

ApAy — ol = AL A, X AL Ay (16)

By our assumption, we know that after a certain number of sweeps, all the
singular values of A, will be separated from o by § or more, in other words,

| o=

) ) 1
o= (ko)< e <3

(17)
Thus from (16) and (17), we have
\/53%/2(?22532) < “7‘22522 - UZI”F

AT & 2 v-1
<A AnlIEIXS llp

< sr(AﬁAl)p.HI + ZT;IXM(KTHA—H _ 021) —1] —1\|F

1 1
T . ————————————————————
<A 3T
1 1
ie.,
— 1
V28 (AA) €« ——5(ATA,) (18)

§—n?



138 ZHAOJUN BAI

This is the core inequality for proving the main result. In order to show the
result more clearly, we need the following proposition.

Proposrtion 3.2.  Denote a nonsingular lower triangular matrix A as
A=D+E (19)
where D is diagonal and E is triangular. Then there exist m and M such that
O<m<d ,<d, <M
and
am’si(A) —|IF|I} < 5,( ATA) < 2M%5,( A) +2||F|13 (20)

where d,., and d,. denote the largest and smallest elements of D respec-
tively. F is a strictly lower triangular part of ETE.

Proof. From (19), we know

AA=(D+E)(D+E)
=D2+ DE+ E™D + ETE.

Let ETE=Z+ F +F7, where T is diagonat and F is a strictly lower
triangular. Then

(A"} = ||DE + F||}
< (IDE||z +|IFIl¢)°
< 2(IDE|I3 + | FI|3)
< M2 E| +2||F|2
= aM% (A} +2|F| 2.
On the other hand, since for arbitrary matrices A and B

A+ BIl2 = H A7~ 1 BIiE,
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we have
s,(A"A) = | DE + F ||}
2 3| DEI; — IFIIF
> $m*||E|; — I1F|IF
=gms(A) = [|Fil}.
Thus the proposition is proved. [ ]

Now, from (18) and (20) and the convergence of the Kogbetliantz
algorithm, we know that there exist m, M,, 0<m,<o0,,<0,, <M,

where o, and o,,, denote the smallest and largest singular values of A
respectively, such that

2
st Ag) < 2 &S(A Y+ O(n?). (21)
! 22 S—n% | m, N1
And from (8), we know that
5(A,) < 5,(4).
We then have
2
AU Ka) < | s ) b (4) +O(). (22)
§—n*fm; "

This shows that at some stage, after a sweep, the new off-diagonal elements
will be the squares of the old ones. This behavior thus shows asymptotic
quadratic convergence.

I am grateful to my advisor Professor E. Jiang for his encouragement, and
to Professor G. W. Stewart and Professor D. P. O’Leary for their reading of
this paper and many helpful suggestions. I am also indebted to the referee for
his comments.
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