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1. Introduction

Consider Hermitian matrix A € C™*", Denote its eigenvalues by A; (i = 1, 2, ..., n)in the ascend-
ing order:
MEA << g (1.1)
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One, among numerous others, well-known result for a Hermitian matrix is the following trace mini-
mization principle [1, p. 191]

k
min trace(X"AX) = A, 1.2
XHX=I\ ( ) le ! (1.2)

where [} is the k X k identity matrix, and X € Cmk is implied by size compatibility in matrix mul-
tiplications. Moreover for any minimizer Xp;, of (1.2), i.e., trace(Xr’;'lmAXmm) = Zf‘:] Ai, its columns
span A’s invariant subspace* associated with the first k eigenvalues A;,i = 1,2, ..., k. Eq. (1.2) can
be proved by using Cauchy’s interlacing property, for example, and is also a simple consequence of the
more general Wielandt’s theorem [2, p. 199].

This minimization principle (1.2) can be extended to the generalized eigenvalue problem for a matrix
pencil A — AB, where A, B € C™*™" are Hermitian and B is positive definite. Abusing the notation, we
still denote the eigenvalues of A — ABby A; (i = 1, 2, ..., n)in the ascending order as in (1.1). The
extended result reads [3]

k
min trace(X"AX) = A 13
in, trace X80 = 3 (13)

Moreover for any minimizer Xpi, of (1.3), there is a Hermitian Ag € Ck<k whose eigenvalues are A;,
i=1,2,...,ksuch that AXpyin = BXminAo. The result (1.3), seemingly more general than (1.2), is in
fact implied by (1.2) by noticing that the eigenvalue problem for A — AB is equivalent to the standard
eigenvalue problem for B~1/2AB~1/2 where B1/2 = (81/2)_1 and B'/2 is the unique positive definite
square root of B.

The next question is how far we can go in extending (1.2). In 1995, Kovac-Striko and Veselic [4]
obtained a few surprising results in this regard. To explain their results, we first give the following
definition.

Definition 1.1. A — AB is a Hermitian pencil of order n if both A, B € C"*" are Hermitian. A — AB is
a positive (semi- )definite matrix pencil of order n if it is a Hermitian pencil of order n and if there exists
Ao € R such that A — AgB is positive (semi-)definite.

Note that this definition does not demand anything on the regularity of A — AB, i.e., a Hermitian
pencil or a positive semi-definite matrix pencil can be either regular (meaning det(A — AB) % 0) or
singular (meaning det(A—AB) = Oforall A € C).Kova¢-Striko and Veseli¢ [4] focused on a Hermitian®
pencil A — AB with B always nonsingular but possibly indefinite. That B is invertible ensures

det(A — AB) £ 0

and thus the regularity of A—AB.Denote by n.; and n_ the numbers of positive and negative eigenvalues
of B, respectively, and let k+ and k_ be two nonnegative integers such that ky < n4,k— < n_, and
ky 4+ k— > 1, and set

I
h:P* }e@%kzm+h. (14)
_Ik_

4 This invariant subspace is unique if A, < Ak+1. This is also true for the deflating subspace spanned by the columns of the
minimizer for (1.3).

5 Although Kovag-Striko and Veseli¢ [4] were concerned about real symmetric matrices, but their arguments can be easily modified
to work for Hermitian matrices.
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Jk will have this assignment for the rest of this paper. Since Bis nonsingular,n = n4 +n_. The following
remarkable results are obtained in [4].

Theorem 1.1 (Kovac-Striko and Veselic [4]). Let A — AB be a Hermitian pencil of order n and suppose
that B is nonsingular.

1. Suppose that A— ALB s positive semi-definite, and denote by )Lii the eigenvalues® of A— AB arranged
in the order:

Ay <o KAT ST < <O (15)

n—

Let X € C* satisfying X"BX = Ji, and denote by ,u,lﬂE the eigenvalues of XAX — AXHBX arranged
in the order:

p <o <py <pf <<y (16)
Then
Ao <A for1 <i<ky, (17)
itn—k S M S Ay, for1 <<k, (1.8)
where we set )\i+ = oo fori > n4 and )»j_ = —ooforj >n_.
2. If A — AB s positive semi-definite, then
k+ k_
inf trace(X"AX) = > A =S a7, (1.9)
XHBX=J; ; ! ; !

(a) Theinfimum is attainable, if there exists a matrix Xmin that satisfies Xr'}lmBXmin = Ji and whose

first k4 columns consist of the eigenvectors associated with the eigenvalues )\j+ for1 <j<ky

and whose last k_ columns consist of the eigenvectors associated with the eigenvalues A;” for
1<i<k_.

(b) If A — AB s positive definite or positive semi-definite but diagonalizable,” then the infimum is
attainable.

(c) When the infimum is attained by Xnin, there is a Hermitian Ay € Ck*k whose eigenvalues are
AE,i=1,2,..., ks such that

X?ﬂnBXmin =Jk» AXmin = BXminAo.
3. A — AB s a positive semi-definite pencil if and only if

inf trace(XHAX) > —00. (1.10)
XHBX=]),

4. If trace(X"AX) as a function of X subject to X"BX = Ji has a local minimum, then A — AB is a
positive semi-definite pencil and the minimum is global.

6 Positive semi-definite pencil A— AB with nonsingular B always has only real eigenvalues implied by [4, Proposition 4.1, 5, Theorem
5.10.1]. See also Lemma 3.8 later.

7 Hermitian pencil A — AB of order n is diagonalizable if there exists a nonsingular n x n matrix W such that both WHAW and
WHBW are diagonal.
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Item 1 of this theorem is [4, Theorem 2.1], item 2 is [4, Theorem 3.1 and Corollary 3.4], item 3
is [4, Corollary 3.8], and item 4 is [4, Theorem 3.5]. They are proved with the prerequisite that B is
nonsingular. In [4, Footnote 1 on p. 140], Kovac-Striko and Veseli¢ wrote

“it seems plausible that many results of this paper are extendable to pencils with B singular, but
det(A — AB) not identically zero. As yet we know of no simple way of doing it."

One of the aims of this paper is to confirm this suspicion that the nonsingularity assumption is indeed
not necessary. Moreover in an attempt of being even more general, we cover singular pencils, as well.
We point out that the Courant-Fischer min-max principle [2, p. 201] (for a single eigenvalue, instead
of sums of several eigenvalues like traces) has been generalized to arbitrary Hermitian pencils, include
semi-definite ones [6-10]. Eq. (1.9) for k = 1 can be considered as a special case of those.
Lancaster and Ye [8, Theorem 1.2] defined a positive definite pencil by requiring that SpA — «B be
positive definite for some o, By € R. This definition is less restrictive than ours.

1. If By # 0, we let A9 = ag/Bop to see that Lancaster’s and Ye’s definition of a definite pencil
includes A — AoB being either positive or negative definite. Definition 1.1, on the other hand,
requires A — AgB be positive definite.

2. If Bo = 0,then g # 0and thus Lancaster and Ye [8] require that B be either positive or negative
definite. In this case, A — AB is also positive definite by Definition 1.1 because we can always
pick some A¢ € R so that A — (B is positive definite.

Even more general but closely related is the concept of a definite pencil which is defined by the existence
of a complex linear combination of A and B being positive definite [11-14]. But to serve our purpose in
this paper, we will stick to Definition 1.1.

The rest of this paper is organized as follows. Section 2 presents our first set of main results which
are essentially those summarized in Theorem 1.1 but without the nonsingularity assumption on B,
while another main result of ours will be given in Section 4 and it is about a sufficient and necessary
condition on the attainability for the infimum of the trace function in terms of the eigen-structure
of A — AB. All proofs related to the main results in Section 2 are grouped in Section 3 for readability.
Conclusions are given in Section 5.

Notation. Throughout this paper, C™™ is the set of all n x m complex matrices, C* = C"*!, and
C = C'. Ris set of all real numbers. I, (or simply I if its dimension is clear from the context) is the
n x n identity matrix, and e; is its jth column. For a matrix X, M(X) = {x : Xx = 0} denotes X’s null
space and R(X) denotes X’s column space, the subspace spanned by its columns. X! is the conjugate
transpose of a vector or matrix. A > 0 (A > 0) means that A is Hermitian positive (semi-)definite, and
A<0(A=<0)if —A > 0(—A > 0). RE() is the real part of @ € C. For matrices or scalars X;, both
diag(Xq, ..., Xy) and X @ - - - @ Xj denote the same matrix

X1

Xk

2. Main results

Throughout the rest of this paper, A — AB is always a Hermitian pencil of order n. It may even be
singular, i.e., possibly det(A — AB) = Oforall A € C. In particular, B is possibly indefinite and singular.
The integer triplet (n4, ng, n—) is the inertia of B, meaning B has n. positive, ng 0, and n_ negative
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eigenvalues, respectively. Necessarily
r:=rank(B) = n4 +n_. (2.1)
We say i # oo is a finite eigenvalue of A — AB if

rank(A — uB) < Ta():( rank(A — AB), (2.2)
€

and x € C" is a corresponding eigenvector if 0 # x & N(A) N N(B) satisfies
Ax = uBx, (2.3)

or equivalently, 0 # x € N(A — uB)\(WV(A) N N(B)).

To state our main results, for the moment we will take it for granted that a positive semi-definite
pencil A — AB has only r = rank(B) finite eigenvalues all of which are real, but we will prove this claim
later in Lemma 3.8. Denote these finite eigenvalues by the same notations A;~ as in Section 1 for the
case of a nonsingular B and arrange them in the order as (1.5):

My < <A <A < <AL (15)
throughout the rest of this paper. What we have to keep in mind that now n; + n_ may possibly be
less than n. Also in Lemma 3.8, we will see that if Ag € R such that A — XgB > 0 as in Definition 1.1,
then for all i, j

AT < ho <A (2.4)
Theorem 2.1. In Theorem 1.1, the condition that B is nonsingular can be removed.

We emphasize again that Theorem 2.1 covers not only the case when A — AB is a regular pencil and
B is singular but also A — AB is a singular pencil.

Remark 2.1. In both Theorems 1.1 and 2.1, the infimum is taken subject to X'BX = J;. It is not difficult
to see this restriction can be relaxed to that X"BX is unitarily similar to Ji, or equivalently X"BX is
unitary and has the eigenvalue 1 with multiplicity k4 and —1 with multiplicity k_. Furthermore for
item 1, this restriction can be relaxed to that the inertia of X"BX is (ky, 0, k_).

A necessary condition for a Hermitian pencil A — AB to be definite is that it must be regular. The
next theorem extends two other results: Corollary 3.7 and Theorem 3.10 of [4] to a regular pencil.

Theorem 2.2. Let A — AB be a Hermitian matrix pencil of order n, and suppose it is regular, i.e., det(A —
AB) # 0. Suppose also thatny > landn_ > 1.

1. A necessary and sufficient condition for A — AB to be positive definite is that both infimums

t = inf xMAx, tg = inf xMAx (2.5)
xHBx=1 xHBx=—1

are attainable and t§ +t; > 0. In this case (—to_, tar) is the positive definiteness interval of A— AB,

ie,A— uB > 0forany u € (—to_, tgr).

2. Suppose 1 < ky < nyand 1 < k— < n_ and that the positive definiteness intervals of pencils
XHAX — AJy, taken for all X satisfying X"BX = Ji, have a nonvoid intersection .#. Then A — AB is
positive definite, and .7 is the definiteness interval of A — AB.
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Another main result of ours to be given in Section 4 is a sufficient and necessary condition for the
attainability of the infimum in the terms of the eigen-structure of the pencil A — AB.

Remark 2.2. Lancaster and Ye [8, Theorem 1.2] gave a different characterization of a positive definite
pencil with nonsingular B. To state their result, we will characterize each finite real eigenvalue & of
regular Hermitian pencil A — AB as of the positive type or the negative type according to whether
xHBx > 0 or x'Bx < 0, where x is a corresponding eigenvector. For a multiple eigenvalue p with the
same algebraic and geometric multiplicity, we can choose a basis of the associated eigenspace and
pair each copy of  with one basis vector and define the type of each copy accordingly. Theorem 1.2 of
[8] says that A — AB is positive definite if and only if it is diagonalizable, has all eigenvalues real, and the
smallest finite eigenvalue of the positive type is bigger than the largest finite eigenvalue of the negative type.
This result, too, can be extended to include the case when B is singular, using our proving techniques
here.

3. Proofs

All notations in Section 2 will be adopted in whole. We will also use integer triplet
(it (H), io(H), i—(H))

for the inertia of a Hermitian matrix H, where i1 (H), iop(H), and i_ (H) are the number of positive, zero,
and negative eigenvalues of H, respectively. In particular,

it(By=ny, ig(B)=n—r, i_(B) =n_.

The eventual proofs of Theorems 2.1 and 2.2 relay on a series of lemmas below.

Lemma 3.1. There is a unitary U € C™*" such that

roon—r r n—r

. B A A
utBy = Yo, uvtau = e (3.1)
n—r 0 n—r | A1 Ao

where A};»' = Aj;, and B = By € C"™" is nonsingular.

Lemma 3.1 can be proved by noticing that there is a unitary U € C"™*" to transform B as in the
first equation in (3.1). The second equation there is simply due to partition UNAU accordingly for the
convenience of our later use.

Now if Ay; = A'{'z in (3.1) can be somehow annihilated, the situation is then very much reduced to
the case studied by Kovac-Striko and Veseli¢ [4], namely a nonsingular B. Finding a way to annihilate
Ay = ALl is the key to our whole proofs in this section.

Lemma 3.2. Let A — AB be a Hermitian matrix pencil of order n, and let Pg be the orthogonal projection
onto R(B). If

‘R([I — Pg]APg) € R(I — PgJA[l — Pg]), (3.2)
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then there exists a nonsingular Y € C"*" such that

roon—r roon—r

r A T B
yHay = ! , YHBY = ! , (3.3)
| A e 0

where B! = By is invertible, and Al' = A;. Moreover A — B has r finite eigenvalues which are the same
as the eigenvalues of Ay — ABjy.

Proof. We have (3.1) by Lemma 3.1. The condition (3.2) is equivalent to
R(A21) € R(Az).

Thus A»Z = Ay = A}, has solutions one of which is Z = A;2A21, where AEZ is the Moore-Penrose
inverse of Ay,. Define

I, 0 I 0
C= = ; ) (3.4)
—Z In—r _A22A21 In—r

It can be verified that

:
A — ApAb A 0 B, 0
cHytauc = |71 TR , cMutpuc=|"""]. (3.5)
0 Ay 00

Take AL = A — A12A£2A21, Ay = Ay, andY = UC to get (33) O

Although the condition (3.2) seems a bit of mysterious, it is always true for positive semi-definite
matrix pencils as confirmed by the next lemma.

Lemma 3.3. I[fA— ABis a positive semi-definite matrix pencil of order n, then the condition (3.2) is satisfied
and thus the equations in (3.3) hold for some nonsingular Y € C"*", and moreover, A, > 0 and A; — AB;
is a positive semi-definite matrix pencil of order n — r.

Proof. There exists 1o € R such thatA := A — AoB > 0. We have (3.1) by Lemma 3.1, and then

r n—r

—~ r | A;1 — AoB1 A
UMAU = UM (A — ApB)U = e )
Ao A

n—r

Thus R(A21) € R(Az2) which is (3.2), as expected. Finally, Ay > 0 and that Ay — AB; is positive
semi-definite are due to YH(A — AgB)Y = 0. O

The decompositions in (3.3), if exist, are certainly not unique. The next lemma says the reduced
pencils A; — AB1 and A, — A - 0 are unique, up to nonsingular congruence transformation.
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Lemma 3.4. Let A — AB be a Hermitian matrix pencil of order n, and suppose it admits decompositions in
(3.3), where r = rank(B). Suppose it also admits

roon—r

H o~ A o
vhay= " |7 | TMRY =
n—r Ay n

roon—r

' {Bl } (3.6)
B

where Y € C™" is nonsingular. Then there exist nonsingular My € C™" and M, € Cn=nx(n=1) gy ch

that

A; — AB; = M(A; — AB)M;, Ay = MYAM;.

Proof. Partition Y = [Y, Y;] and Y = ~[l71, Y,] with Y, Y; € C". Since BY, = BY, = 0, we
have R(Yy) = N(B) = R(Y2) and thus Y, = Y>M, for some nonsingular M, € C=nx(=r) get

M = Y~'Y; and partition M to get

- - - M; O
Hence Y = [Y;, V2] = [Y1, Ya]

and (3.6)

0 = YAy, = MPyHay,M, = M

M;

which implies M; must be nonsingular. We have by (3.3)

o A 0 A1 0
A = VHay; = MiyPaym = mH |71 T (M= M |7 T M= MEA My,
0 A 00

o B; 0
B, = Y!'BY; = MPyHBYM = M" [ ! }M = MHB M,
00

Ay = Y¥AY, = Milvlav,m, = MY AM,,

as expected. O

Lemma 3.5. Let M € C*** be Hermitian and nonsingular, and let 0 # y € CY. Then there exists x € C*
such that both xX"Mx # 0 and x!'y # 0. In the case when M is indefinite, the chosen x can be made either

x"Mx > 0 orx"Mx < 0 as needed.

Proof. If M is positive or negative definite, taking x = y will do. Suppose M is indefinite. There
is a nonsingular matrix Z € C**t such that Z"Mz = diag(lg,, —I¢_), where £+ > 1. Partition
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ZHy = |:y1:|, where y; € Ctr. We may take x by
Y2

0
either Z 'x = N or Z7'x= , (3.7)
0 Y2

depending on if y; = 0 or not. Because at least one of y; is nonzero, one of the choices in (3.7) will
make both xHMx # 0 and x"y £ 0.

It can also be done to ensure xX"Mx > 0 regardless. In fact, if y; # 0, the first choice in (3.7) will
do.Butify; = 0, then y, # 0. Take

71y — (.ylz-l.VZ + 1)1/231
Y2

Then x"Mx = 1 and x'y = y!ly,. Similarly we can ensure x"'Mx < 0 if needed. O

Lemma 3.6. Let A — AB be a Hermitian matrix pencil of order n. If

inf trace(XHAX) > —00,
XHBX=];

then the condition (3.2) holds.

Proof. We have (3.1) by Lemma 3.1. Now for any X € C"™ K, write

_ Pl X
X = Utx = " (3.8)
n—r | Xa
We have
x"Bx = X"uMBUX = X!'B1 X1, (3.9)
trace(X"AX) = trace(X'A;1X1) + 2RE(trace(X}A12X2)) + trace(X}'Az0X5). (3.10)

The condition (3.2) is equivalent to R(Az1) € R(Az2) which we will prove.
Assume to the contrary that R(Az1) € R(Az2), or equivalently

NAn) = NAY) = R(An)t 2 R(An)t = N(aY) = MAy),

i.e., there exists 0 # x; € C"" such that Aypx; = 0 buty := Ap;px; # 0. By Lemma 3.5, there is
x1 € C" such that x']"B]xl # 0and x'l'ly # 0. For our purpose, we will make x'l'[lel > 0ifky > Oand
x$B1x1 < 0 otherwise. Scale x; so that |x§‘B1x1| = 1. By induces an indefinite-inner product in € C"
and since |x'{'B1x1 | = 1, we can extend x; to an orthonormal basis with respect to this By-indefinite-
inner product [5, p. 10]: x1, X2, ..., X, i.e,, x}"B1xj = 0fori # jand leB1xi = =1. Suppose for the
moment x'{'B1x1 = 1. Pick k x; out of all: X;, , Xj,, . . ., Xj, with j; = 1 (i.e,, x; is included in), such that
among x,]-j'_'B1xij for 1 < j < kthere are k. of them +1s and k_ of them —1s. Now consider those X in
(3.8) with
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X] = [le,ij, ...,xj,(]H, X2 = E [y,O, ...,O],

where & €~C, and 77 is the r X r permutation matrix such that 5(5'131)?1 = Jx and x; is in the first
column of X;. Then by (3.10),

trace(XHAX) = trace ()~(¥A11)~(1) + 2RE (Exl{'y)

which can be made arbitrarily small towards —oo, contradicting that trace(X"AX) as a function of X
restricted to X" BX = Ji is bounded from below. Therefore R (A2;) € R(As3).The case forleB1x1 = -1
is similar. The proof is completed. [

The standard involutary permutation matrix (SIP) of size n is the n x n identity matrix with its
columns rearranged from the last to the first:

1

(3.11)

1

The next lemma presents the well-known canonical form of a Hermitian pencil A — AB with a nonsin-
gular B under nonsingular congruence transformations.

Lemma 3.7 [5, Theorem 5.10.1]. Let A — AB be a Hermitian matrix pencil of order n, and suppose that B
is nonsingular. Then there exists a nonsingular W € C™" such that

H 0 Kpi1 0 Kq
WY AW =SlK] PD--- @SPKP (<] q D &5} u s (3.]23)
Kp+1 0 Kq 0
0 Spiq 0 S
WHBWZSlSl@"'®5P5P®|:H p+j| @...@|:H q}, (3.12b)
S0
p+1 q
where
_ 011_
o 1
AR |
K = o s (3.13)
o 1
lai 1

aj € Rfor1 <i<p;a; € Cisnonrealforp+1 < i< qands; = £1for1 < i< p;S;isaSIPwhose
size is the same as that of K; for all i. The representations in (3.12) are uniquely determined by the pencil
A — AB, up to a simultaneous permutation of the corresponding diagonal block pairs.

Lemma 3.8. Let A — AB be a positive semi-definite matrix pencil of order n, and suppose that 1y € R
such that A — AoB > 0.
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1. There exists a nonsingular W € C" " such that

n Al n Ql
whaw = ., Ao , whBw = ., 20 , (3.14)
n—r AOO n—r 0
where r = rank(B) = n4 +n_, and

(a) Ay = diag(s1a1, ..., Seay), §21 = diag(sy, ..., s¢), si = £1,and Ay — L9821 = 0O,
(b) AO = diag(AoJ, ey AO,m+m0) and [20 = diag(.Qo,l, P QO,m-i—mg) with

Ag,i = tiro, $20,i =t ==%1, for1 <i<m,
0 Ap 01 .
Ag,i = , §20i = , form+1<i<m+m,
Ao 1 10
(c) Aoo = diag(ar41,...,ap) = 0witha; € {1,0}forr+1<i < n

The representations in (3.14) are uniquely determined by A — AB, up to a simultaneous permutation
of the corresponding 1 x 1 and 2 x 2 diagonal block pairs (sic;, s;) for 1 < i < £, (Ao,i, $20.,1) for
1<i<m+mg,and (a;,0)forr+1 <i<n
2. A — AB has ny + n_ finite eigenvalues all of which are real. Denote these finite eigenvalues by )»,-i
and arrange them in the order as in (1.5). Write m = my + m_, where m_. is the number of those
1 x 1 diagonal blocks in Ag with s; = 1 and m_ is that of those with s; = —1. The respective
sources of these finite eigenvalues are
source 1. the 1 x 1 block pairs (Ag j, §20j) withtj = —1 produce A; = Ag for 1 <i < m_;
source 2. the 1 x 1 block pairs (A j, §29,j) with t; = +1 produce A;” =Xofor1 <i<my;
source 3. the 2 x 2 block pairs (Ao, m+i, $20,m+i) for 1 < i < mg produce A, ; = Ao and
)‘;++i = Ao;
source 4. the diagonal matrix pair (A1, §21) produces AITJE (according tosj = £1) formg+my <
i< ng.
Each eigenvalue from sources other than source 3 has an eigenvector x that satisfies X'\Bx = +1 for

)Li"’ and x"Bx = —1 for )\j_, while for source 3, each pair ()L,;_+i, k$++i) of eigenvalues shares

one eigenvector x that satisfies x'Bx = 0. To be more specific than (1.5), we can order these finite
eigenvalues as

A < Shpamog1 <Ao=-c=ho=Ao ==X
mo m—
=)»0="'=)»0=)»0="'=)\0<)»$O+m++1
my mo
<--- g)&ﬁ‘{ (3.15)

In particular A; = Ag for1 <i < mo+m_ and )L,-+ = Aofor1 <i < my+ my.

3.{y e R|IA—yB > 0} =[A;, AT]. Moreover, if A— AB is regular, then A — ALB is a positive definite
pencil ifand only if \] < )\T, in which case {y e R|A—yB > 0} = (A{, Af).

4. Let u = (A] + )»T)/Z. Fory > u, let n(y) be the number of the eigenvalues of the matrix pencil
A — ABin [, y), where u, if an eigenvalue, is counted i (§2y) times. For y < p, let n(y) be
the number of the eigenvalues of the matrix pencil A — AB in (A, ], where w, if an eigenvalue, is
counted i_(§2¢) times. Then
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n(y) =i-(A—yB)

Proof. In Lemma 3.3, A} — ABj is a positive semi-definite matrix pencil with B; nonsingular. Such a
pencil can be transformed by congruence so that Y{{A1 Y; and Y1HB1 Y; are in their canonical forms as
given in the right-hand sides of (3.12a) and (3.12b), respectively, where Y; € C™*" is nonsingular. We
now use the positive semi-definiteness to describe all possible diagonal blocks in the right-hand sides.
There are a few cases to deal with:

Case1. NoK; (1 < i < p)is3 x 3 orlarger. For a3 x 3 K; with «; € R, the right-bottom corner
2 x 2 submatrix of K; — uS;

|:ai_M1:| ¥ 0 nor [ai—,uli| £0
1 0 1 0

forany u € R.Forak x k K; with ; € R and k > 4, the submatrix of K; — S;, consisting
of the intersections of its row 2 and k and its column 2 and k is always the 2 x 2 SIP which
is indefinite.

Case2. No2 x 2K; (1 <i< p)iswiths; = —1.This is because for s; = —1

0 o 01 0 —a;
Si % — USi = ot # 0 forany u € R.
o 1 10 —ai+pn -1

Case 3. The oj forany 2 x 2 K; (1 < i < p), ifany, is Ag. This is because

0 o 01 0 o —pn . .
— = > 0 ifandonlyif u = «;.
a; 1 10 o — 1 1

Cased4. K; (1 < i< p)witha; # Agis1 x 1. This is a result of Case 1 and Case 3 above.
Case 5. The blocks associated with nonreal o; cannot exist. This is because the submatrix consisting
of the intersections of the first and last row and the first and last column of

[0 K 0s
— K
K0 siho

is N M} which is never semi-definite for any & € R.
0

Together, they imply
Y¥A1 Y] = diag(A1, Ao), Y1HB1Y1 = diag(.Q1, Qo), (316)

where Aq, Ag, £21, 29 as described in the lemma. Since A, > 0, there exists a nonsingular Y, €
C=nx(m=1) gych that

Y;AZYZ = diag(¥r+1,...,0n)

witha; € {1,0} forr + 1 < i < n.Now set W = Y diag(Y7, Y») to get (3.14).
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The uniqueness of the representations in (3.14), up to simultaneous permutation, is a consequence
of the uniqueness claims in Lemma 3.7 and that in Lemma 3.4 up to congruence transformation.

Foritem 2, we note that the finite eigenvalues of A— AB are the union of the eigenvalues of A1 —X§2¢
and these of Ag — A§2p. The rest are a simple consequence of item 1.

For item 3, we note A1 — Ag§2; = diag(sj(a; — Ag)) > 0. Obviously «j,i = 1, ..., £ are some
eigenvalues of A — AB.If s; = 1, @j > Ag, and thus o; = kj for some j > my + mg. Similarly, if

si= —1,a; = A, forsome k > m_ + mg. Hence

A1 — y$§2 = diag(si(i — y)) = 0 (3.17)
S A Y gk}" forall k > m_ 4+ mgp,j > m4 4+ mp.

Also,

Aoyi—)/Qoint,'()\,o—)/)io for i=1,...,m (3.18)
& A <y <A forall 1<k<m_,1<j<my,

and
Agi—yS$2i>0 for i=m+1,....m+my <& y =2 (3.19)

Putting all together, we haveA —yB>0 & A7 <y < )LT.

For A — AB to be regular and positive semi-definite, Ay, > 0. Now if A — AB is a positive definite
pencil, then there exists y such that the inequalities in (3.17), (3.18) and (3.19) are strict. This can only
happen when mg = Oand A; < A, in which case A — yB > 0 < A] < y < A].On the other
hand,if ] < )\T, then my = 0 and only one of m and m_ can be bigger than 0, or equivalently only
one of A; and )LT can possibly be A¢ but not both. SoforA] <y < )\T, the inequalities in (3.17) and
(3.18) are strictly, and therefore A — yB > 0.

Item 4 can be proved by separately considering four cases: (1) A] < A9 < AT; 2)A] <Ao= )LT;
(3)A] = Ao < Af;and (4) A = Ao = A Detail is omitted. [J

Lemma 3.9. Suppose B is nonsingular. A — AB is a positive semi-definite matrix pencil if

inf trace(XHAX) > —00.
XHBX=;

Proof. This is part of [4, Corollary 3.8], where the proofis rather sketchy with claims that, though true,
were not obvious and substantiated. What follows is a more detailed proof.

Ifeither B < OorB > 0, thenthereis Ag € R such thatA— AgB > 0, and thus no proof is necessary.
Suppose in what follows that B is indefinite.

If the infimum is attainable, then trace(X"AX) as a function of X restricted to X"BX = Ji has a
(local) minimum. By item 2 of Theorem 1.1, A — AB is a positive semi-definite matrix pencil.

Consider the case when the infimum is not attainable. Perturb A to A¢ := A+ €I, where ¢ > 0, and
define

fo (X) := trace(X"A.X) = trace(X"AX) + 6||X||§ > trace(X1'AX),
where || X||r is X’s Frobenius norm. We have for any given € > 0

inf f.(X)> inf trace(X"AX) > —o0. (3.20)
XHBX=J XHBX=J)
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We claim inf f, (X) subject to XHBX = J; can be attained. In fact, let XD be a sequence such that

XX =, lim fXP) = inf f(X). (321)
i—00 XHBX=J

{xD} is a bounded sequence; otherwise

lim fe(X®) > inf trace(x"AX) + lim sup € |[X? |2 = 400,
i—00 XHB .

=Jk 1— 00

contradicting (3.20) and (3.21). So for any given € > 0, Ac — AB is a positive semi-definite pencil,
which means for every € > 0, there is ¢ € R such that Ac — AcB > 0. Pick a sequence {¢; > 0}
that converges to 0 as i — oo. We claim that {A,} is a bounded sequence which then must have a
convergent subsequence converging to, say Ag. Through renaming, we may assume the sequence itself
is the subsequence. Then let i — 00 on A¢; — A¢B > 0 to conclude thatA — AoB > 0,i.e,A— ABisa
positive semi-definite matrix pencil. We have to show that {A,} is bounded. To this end, it suffices to
show {A. : 0 < € < 1}is bounded. Since Ac — AB is a positive semi-definite matrix pencil of order
n, its eigenvalues are real and can be ordered as, by Lemma 3.8,

Ay (€) <+ <AT(€) <A () <o <A (o),
and A7 (€) < Ae < )\T(e).Therefore for0 <e <1
Ihel < 1B 'Aclle < IB7'Allp + 1B~ |lp.

as was to be shown. [J

Proof of Theorem 2.1. To prove item 1 (which is the item 1 of Theorem 1.1 without assuming A — AB
is regular, let alone B is nonsingular), we complement® X by X. to a nonsingular X; = [X, X.] € C"*"
such that

k n—k k n—k
k 0 k| Ap A
Xipx, = |00 xtax, = ey (3.22)
ntk| 0 B¢ n—k | Ag1 A2z

Forany y € R that makes Aj; — yJi nonsingular, let

7 |k —(An = yJi) A
0 Ik ’

8 X, can be found as follows. Since X has full column rank, we can expand it to a nonsingular Y = [X, Xc] € C™™. Partition
Ik

B 0
e B nd et yH = to get
By Bay —BaJi In—k

0
yiyhpyy, — | .
0 Bz — Ba1JkB12

YHBY =

Notice YY; = [X, )?C — XJkB12]. Set B = By — B21JkB12 and X, = )A(C — XJkB12 and thus X7 = YY; to get the first equation in (3.22).
The second equation is simply obtained by partitioning XlHAX1 accordingly.
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then
ZXNA — yBYXiZ = diag(An — Yk, Az),

where Ay, = —Ay (An — yJi) A1z + Az, — yBe. Thus,

i_(Ann — yJk) <i_(A—yB) =i_(An — vJo) +i-(Az) (3.23)
<i—(An —yJk) +n—k. (3.24)

Assume ui"’ < )»,-+ for some i. Then there exists y € (u;”, Ai"’) such that Aj; — yJk is nonsingular. The
numbern(y) for Aj; —AJk asdefined initem 3 of Lemma 3.8 is at least i, and thereforei_ (A1; — yJx) = i,
and n(y) for A— ABis at mosti — 1, and therefore i_ (A — yB) < i — 1. This contradicts the inequality
in (3.23).

Assume ;" > )L,-frn_k for some i. Then there exists y € ()»,-frn_k, ,u,*) such that Ay; — yJi is
nonsingular. The number n(y) for A;; — AJx as defined in item 3 of Lemma 3.8 is at most i — 1,
and therefore i_ (A7 — yJx) < i — 1, and n(y) for A — AB is at least i + n — k, and therefore
i— (A — yB) < i+ n — k. This contradicts the inequality in (3.24).

This proves (1.7), and (1.8) can be proved in a similar way.

For item 2, the condition of Lemma 3.3 is satisfied by A — AB here. So we have (3.3) in whichA; > 0
and A; — ABj is a positive semi-definite pencil with B; nonsingular. Now for any X € C"™k write

SO ol X
X=Y"'X= T, (3.25)
n—r X2

which gives X"BX = XHyHByX = )A({"BQA(L having nothing to do with X>. Since the mapping X — X
is one-one, we have

~ qH ~

. H . X A 0| | Xq
inf trace(X"AX) = inf trace| | _ ~
XHBX=]) XHB1 X1 =Jk X 0 A || X2

= inf [trace()?{"AﬁA(l) + trace()A(;'Az)A(z)]
X'B1 X1 =Ji

= inf trace()A(?AﬁAﬁ) + inf trace()?zHAz)A(z)
XEB1 X1 =Ji X2

= _inf trace()A({'lAﬁAq). (3.26)
XI'B1X1 =l

The last equality is due to Ay > 0 and is attained by any X5 satisfying R(X2) € M(A,). Theorem 1. is
applicable to A; — ABp and the application gives, by (3.26),

inf trace(X"AX) = inf trace ()?{"AQAQ)
XHBX=]; XHB1X1=k

ky k_
=2 M =2
i=1 i=1

as expected. Track each equal sign in the above equations to conclude the claims in items 2(a,b,c). This
proved item 2.
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For item 3, item 2 implies that the condition (1.10) is necessary. We have to prove that it is sufficient,
too. Suppose (1.10) is true. By Lemma 3.6, the condition (3.2) of Lemma 3.2 is satisfied. So we have
(3.3),(3.25), and

inf trace(XHAX) = inf trace ()A(?Al)?l) + inf trace ()??Az)@)
XHBX=J) XUB1 X1 =]k X2

which is bounded from below. Therefore

Ay >0, _ inf trace()A({'lAﬁA(]) > —00. (3.27)
XiB1 X =Jk

Since B; is nonsingular, Lemma 3.9 says that A — ABj is a positive semi-definite matrix pencil by the
second inequality in (3.27). Therefore YHAY — AYHBY is, too; sois A — AB.

Now we turn to item 4. In what follows, we first use Lagrange’s multiplier method, similar to [4] in
proving its Theorem 3.5 there, to show that A — AB is a positive semi-definite pencil. Since X"BX = J
provides k? independent constraints on X (in R), we can use a k x k Hermitian matrix A which has
k? degrees of freedom to express Lagrange’s function as°

2(X) = trace(X"AX) — (A, X"BX — Ji).

The gradient of . at X is

V.2(X) = 2(AX — BXA).

Therefore for any local minimal point Xo, there exists a group of Lagrange’s multipliers, i.e., some
Hermitian Ag € C¥k such that

AXo = BXo Ao, X§'BXo = Jk. (3.28)
Without loss of generality, we may assume that Ag is diagonal. Here is why. Pre-multiply the first
equation in (3.28) by X} to get X{!/AXo = Ji Ao. Therefore Jy Ao = (JxAo)™ = AgJk which implies Ag
is block diagonal, i.e., Ag = Agy ® Ag_, where Agx € CK=*k+ are Hermitian. Hence there exists

a block diagonal unitary V. = Vp4 @ Vp— such that VH AV is diagonal, where Vot € Chexke gre
unitary. So VHJ,V = J;, and thus we have by (3.28)

A(XoV) = BXoV)(VP AgV),  (VXo)"B(XoV) = J.

It can also be seen that XV is a local minimal point, too. Assume Ay is diagonal, and write

Agzdiag(w{",...,w,‘{:,w,;,...,a)l_), (3.29a)
w <--<op, of <<y (3.29b)

Since Xg is a local minimal point as assumed, the second derivative D®. (X) at Xo, taken as a quadratic
form and restricted to the tangent space of

S = {X € C™k | x"Bx = Ji},

9 The standard inner product (X, Y) for matrices of compatible sizes is defined as (X, Y) = REe(trace(X"Y)), the real part of
trace(x"Y).
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must be nonnegative, i.e.,
trace(WHAW) — (Ag, WHBW) > 0 (3.30)
forany W € C™* satisfying
XgBW + WHBX, = 0. (3.31)

Complement Xy by X. to a nonsingular X; = [Xp, X.] € C™" such that

0
xHpx; = Je O (3.32)
0 Bc
Thus X!BXg = 0 and X"'AX = X!'BXp A¢ = 0 by (3.28). Therefore
xHAx, 0 Ay 0
XHax, = |07 _ | e . (333)
0 xHax. 0 xHax.

Rewrite (3.31) as X§X; "XHBX X7 'W + WHX; HXHBX X Xo = 0 and partition

v | W I
X7'w = L XX = .
n—k W2 0

to get
JWs + Wi =0 (3.34)

which says S := 11<W1 is skew-Hermitian. We have W1 = JixS which gives all possible W1 that satis@gs
(3.34) as S runs through all possible k x k skew-Hermitian matrices. From (3.30), we have for any W,
and S = —st

0 < trace(WHAW) — (Ao, WHBW)
= trace (WHX; "XT'AX1 X TW) — (Ao, WHXT PXTBX X T W)

= trace (WlH(]kAO)WO + trace (W;’ (X?AXC) Wz) — (Ao, W{"jkW1 + W;BCWZ)

— trace(SAgJiS) + trace (WyxﬁAchZ) — (Ao, —SJiS + WHB W), (3.35)

This is true for any W, and S = —SH. Recall (3.29). For any given i < k. andj < k_, set W, = 0 and
S = e,-e}fH_j — ex+1—jel in (3.35) to get

0 < —trace(SAgJiS) + trace(AgSJiS) = 2 (a)l+ — a)f) .

’

Therefore for any wg such that w; < wp < a)l+

Xo/AXo — wolk = Jk Ao — walk = Ji(Ag — wol) > 0.
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On the other hand, for any givenw € C" % and i < k, setS = 0 and W, = wel in (3.35) to get
0 < trace (einX?Achel!") — RE (trace (AoeinBcwe?)) =wh (Xé"AXc — a)Bc) w,

where w = eonei which is one of wji. Since i and w are arbitrary, XfAXC — wB. > 0 for any
w € {a).i, 1<j< ki}.ThiS]O implies X?AXc —wB: = Oforanyw, < w < a),j:r In particular,
XCHAXc — woB: > 0.By (3.32) and (3.33), we conclude that A — woB > 0 for w; < wp < a)ir That
means A — AB is a positive semi-definite pencil.

It remains to show that Xy is also a global minimizer. Since A — AB is a positive semi-definite pencil,
by Lemma 3.3, we have (3.3). Define the one-one mapping between X and X by (3.25). We have

trace(X"AX) = trace ()A({'IA1)A(1) + trace ()A(;AQ)A(Z) )

Notice

X

XeC™k . xMpx=J)=v- 'LA( } e C™Fk . XHBX; = i
2

which places no constraint on X,. If trace (X" AX) as a function of X restricted to X"BX = Ji has alocal
minimum, then eitherr = norr < nandA; > 0.In the case r = n, Bis invertible and the theorem is
already proved in [4] (see Theorem 1.1). Suppose r < n and thus A, > 0. At any local minimizer Xpin,
the corresponding Xpip, is

= _ r 5<\min,l
Xmin =Y 1Xmin = |: .

-
n—r Xmin,2

We have )A(Elin‘zAzimm,z = 0. Consequently )A(mim is a local minimizer of trace()A({"AQAﬁ) as a function
of X; restricted to )??BQAQ = Jk. Since By is nonsingular, item 4 of Theorem 1.1 is applicable and leads to
that )A(mim is a global minimizer for trace()A({'[AQA(] ). This in turn implies that Xy, is a global minimizer
for trace(X"AX) as a function of X restricted to X"BX = J,. O

Proof of Theorem 2.2. The basic idea is to essentially reduce the current case to the case in which B
is nonsingular.

For item 1, we note that if A — AB is positive definite, then we have (3.3) with A, > 0. For any
x € C", write

r|l X
R=v lx= [1} (3.36)

n—r 522

10 For two Hermitian matrices M and N of the same size and o < B,if M — YN > Ofory =« and y = f8, then M — yN > 0 for
anyo < y < B.Infact,anya < y < B canbe writtenas y = ta + (1 — t) B for some 0 < t < 1 and therefore

M —yN = t(M —aN) + (1 — t)(M — BN) > 0.
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which gives x'Bx = 21YHByx = &!1B,;. Since the mapping x — X is one-one and since A, > 0, we
have

inf x"Ax= inf A%, inf XMAx= inf AR (3.37)
xHBx=1 1Bi&=1 xHBx=—1 AR =—1

On the other hand, if the infimums in (2.5) are attainable, then A — AB is positive semi-definite by
Theorem 2.1 and thus we also have (3.3) with A, > 0 and thus (3.37). But A — AB is assumed regular;
A, must not be singular and so A > 0. Either way, the problem is reduced to the one about A; — AB;.
Apply [4, Corollary 3.7] to conclude the proof.

For item 2, pick a A9 € .7, then XHAX — AqJi > O for all X satisfying X"BX = Ji. Therefore

inf trace(X"AX — AJy) =0
XHBX=Jy

= inf trace(X"AX) > Ao(ky —k_) > —o0,
XHBX=]

implying that A — AB is positive semi-definite by Theorem 2.1. Hence we have (3.3) with A, > 0. But
A — AB is assumed regular; A, must not be singular and so Ay > 0. Again the problem is reduced to
the one about A; — AB. Apply [4, Theorem 3.10] to conclude the proof. [

4. A sufficient and necessary condition for infimum attainability

Both Theorems 1.1 and 2.1 imply that for a positive semi-definite pencil A — AB the infimum is
attainable if and only there is an eigenvector matrix Xmin € C™¥ such that

XHBXmin = Jio AXmmin = BXmin diag (A ... AT AT A ).

In this section, we shall use the indices in the canonical form of A — AB as given in Lemma 3.8 to derive
another sufficient and necessary condition.

Throughout this section, A — AB is a Hermitian positive semi-definite pencil of order n. Recall, in
Lemma 3.8, the finite eigenvalues of A — AB are

I
I
>
o

|

A S Shpgym_p1 <Aoo= =40 = Ao

:AOZ...:,\OZAOZ...:AO<A;O+m++1 T

my mo

(3.15)

In particular A;” = Agfor1 < i < mp+ m_ and A?‘ = Apfor1 < i < mp+ my.ByLemma 3.8, mg
and m. are uniquely determined by A — AB.

Lemma 4.1. Suppose A — ABis regular. LetY € Cnxt that satisfies YABY = I, be an eigenvector matrix
of A — AB associated with Ag (i.e., each column of Y is an eigenvector). Then £ < my.

Proof. By Lemma 3.8, A — AB has my + m_ 4 myg linearly independent eigenvectors associated

with Aq. One set of them can be chosen according to the three sources: x; , ..., x,, from source 1,
x+, ...,xT fromsource 2, and x1, ..., X;, from source 3 such that
1 my 0

xHpx = Im+ & (—In_ )P Omg xmg»
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— [yt + oy
where X = [x1 e X Xy

with Ag can be expressed as Y = XZ for some Z € C"++m—+mo)x¢ Then YHBY = |, is equivalent to

X X1, .o, xmo]. Any eigenvector matrix Y € C"™¢ associated

In, 0 0
"o -1, olz=1
0 0 0

which implies £ < m4. O
Theorem 4.1. Let A — AB be a Hermitian positive semi-definite pencil of order n. Then

kg k_
inf trace(X"AX) =D A =D A
XHBX=] ; ! ; !

is attainable if and only if mg = 0 or ko < m in the case of mg > 0.

Proof. We have (3.25) and (3.26). It can be seen that the infimums in

inf trace(XHAX), inf  trace ()A({"AQAQ)
XHBX=]) XBiXi=Jk

are either both attainable or neither is. Also mg and m+ are the same for A — AB and the reduced
A1 — ABj. So without loss of generality, we assume B is nonsingular.
Suppose mg = 0 or k. < my in the case of mg > 0. The above analysis indicates that there are

k4 + k_ eigenvectors associated with the eigenvalues A; kf for1 <i<k_,1<j< k4.Putthese
eigenvectors side-by-side with those for )L]T" first and then those for A;  to give a matrix X that satisfies
X"BX = J and at the same time

ky k_
trace(X"AX) = DA =D a7
i=1 i=1

Suppose now the infimum is attainable. For any X € Cnxk, partition X = [X4, X_], where X+ €

Cxke XHBX = Ji is equivalent to X} BX | = I, , X"BX_ = —I,_, and X}! BX_ = 0. We have
ki k—
A= AT = inf trace(X"AX 41
Z]: i Z]: i XHBX=]k ( ) ( )
= inf trace (X1 AX ) + trace (XHAX_
e = xHex_=—n_ [ ( + +) ( )]
xHBx_=0
> inf trace (X AX, ) + trace (xHAX_
- XUBXy =N, . XUBX_=—I_ [ ( + +) ( )]
= inf  trace (XJ":AXJF) + inf trace (XHAX,) (4.2)
XHBx, =l XHBX_=—I_

k—

ket
=> AT =DA
i=1 i=1
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Therefore for the infimum in (4.1) to be attainable, both infimums in (4.2) must be attainable. We
claim that when mg > 0, if ky > my, infxﬁ‘r BX, =1, trace (XEAXJr) is not attainable; similarly when

mg > 0,ifk— > m_, ianEBX_zflk trace (XEAX_) is not attainable. The claim implies the necessity

of the condition my = 0 or k- < m in the case of mg > 0.
We shall consider the “+” case only; the other one is similar. Suppose that mg > 0 and k; >
m, and assume to the contrary that there existed an X, € Ck+*k+ such that XEBXJr = I, and

trace (X_';'_AX+) = Zf-{; )»l-+. Since X is a global minimizer, by Theorem 2.1 there existed a Hermitian
A, e Ck>k+ such that

AXy =BXy Ay, XUBXy =1,.

As a result, Xf':AXJr = A,.Let A, = UNQU be its eigendecomposition, where U is unitary, 2 =
diag(w1, ..., wg, ), and wy < -+ < wy, . WriteY =X, U = (y1, ..., Yk, ). We have

AY =BYR, Y"BY =1,

which implies w; is an eigenvalue of A — AB and y; is a corresponding eigenvector. Since

k4 k4
ZA?‘ = trace (X_';'_AX+) = trace(YMAY) = trace(£2) = Zw,-
i=1 i=1

and )L,-+ < wjfor1 < i < kg by [4, Theorem 2.1], we have )Ll-+ =wiforl <i< ks letl =
min{k4, my 4+ mp} and Y1 = Y. 1.¢), the submatrix consisting the first £ columns of Y. Since mg > 0
and k4 > m4, £ > m.. Y is an eigenvector matrix associated with Ao with more than m_ columns,

and Y!'B1Y = Iy, contradicting Lemma 4.1. Thus infxi BX, =i, trace (XI;'_AX+) is not attainable if mg >
Oandky > my. O

5. Conclusions
Given a Hermitian matrix pencil A — AB of order n, we are interested in when

inf trace(X"AX) (5.1)
XHBX=Ji

is finite, attainable, and what it is when it is finite. The same questions were investigated in detail with
remarkable results by Kovac-Striko and Veseli¢ [4] for the case when B is nonsingular. They suspected
that their results would be true without the nonsingularity assumption on B but with A — AB being
regular. Our first contribution here is to confirm that indeed the nonsingularity assumption on B is
not needed, but we also have gone further to allow the singular pencil into the picture. Our second
contribution is a sufficient necessary condition for the attainability of the infimum in (5.1) in terms of
certain indices in the canonical representation of the pencil.
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