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Existing Krylov subspace-based structure-preserving model order
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stages. The first stage is to generate a basis matrix of the under-
lying Krylov subspace. The second stage is to employ an explicit
subspace projection to obtain a reduced-order model with a
moment-matching property. An open problem is how to avoid ex-
plicit projection so that it will be efficient for truly large scale sys-
tems. In addition, it is also desired that a structure-preserving
reduced system of order n matches maximum 2n moments.

In this paper we propose a new procedure to compute a so-called
Structured Quasi-Arnoldi (SQA) decomposition. Once the SQA de-
composition is computed, a structure-preserving reduced-order
model can be defined immediately from the decomposition without
the explicit subspace projection. Furthermore, the reduced model
of order n matches maximum 2n moments. Numerical examples
demonstrate that the transpose-free SQA-based reduced model is
compatible with the two-sided structure-preserving explicit pro-
jection methods and is more accurate than the one-sided structure-
preserving explicit projection methods due to the higher number of
matched moments.
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1. Introduction

A continuous time-invariant single-input single-output second-order system of state dimension N
is described by

MX(t) + Dx(t) + Kx(t) = ru(t),
N . T (1.1)
y(©) =w x(t) +v x(t),

with initial conditions x(0) = Xo and X(0) = X,. Here coefficient matrices M, D and K ¢ RN*N
represent the underlying physical systems, such as mass, damping and stiffness in structural dynamics.
The vector x(t) € RV is the state variables, and x(t) represents differentiation with respect to time t.
Scalar functions u(t) and y(t) are the input force and output measurement, respectively. The vector
r € R" is the input distribution, and vectors w, v € RN are the output measurements.

The second-order systems of the form (1.1) arise from a wide variety of applications, such as struc-
tural mechanical systems, circuit simulation, microelectronic mechanical systems and computational
electromagnetics [5,1,25,11,26,20,16]. In practice, it is often that the state-space dimension N is too
large to allow efficient solutions of control or simulation tasks. Therefore, it is desirable to obtain a
reduced-order system of much smaller state dimension, which approximates the original model with
sufficient accuracy and meanwhile retains essential properties as well. A structure-preserving model
order reduction method is to construct a reduced second-order system of the same form

s, - M€ (t) + Dpé (t) + K& (t) = rpu(t), (12)

n(t) = w, &(t) + v, £(t),

where the state vector &(t) is of dimension n, which is typically n < N, the coefficient matrices
M, D, K, € R"™" and the vectors r,,, wy,, v, € R". The output function 7 (t) is a sufficient approxi-
mation of the original output function y(t).

In recent years, there has been a lot of progress in structure-preserving model order reduction
methods for the structured systems, see for examples [21,9,7,3,19,4,6,17]. In particular, a class of
methods for the second-order systems is to first generate an orthonormal basis V,, of a so-called second-
order Krylov subspace, and then explicitly project the original system to the subspace to obtain a
reduced-order system, namely the coefficient matrices of reduced systemis defined by (M,, D,,, K;,) =
VnT (M, D, K)V,, via explicit matrix-matrix multiplications. The first such kind of methods is proposed
in[24]. Recent studies are reported in [3,13] under the names of Second-Order ARnoldi (SOAR) method
and Quadratic Arnoldi (Q-Arnoldi) method. The reduced model of order n generated via these one-
sided projection methods matches only n moments. To increase the number of matched moments,
both left and right second-order Krylov subspaces can be used to lead a Two-Sided Second-Order
Arnoldi (TS-SOAR) method [19].In the TS-SOAR method, one first generates left and right basis matrices
W, and V,, respectively, and then constructs the reduced model by a two-sided explicit projection
(Mp, Dy, Kp) = WnT (M, D, K)V,, to match 2n moments. We note that for computing the left Krylov
subspace, the operations of the transpose matrix-vector products must be available. Another class
of methods is to first generate an orthonormal basis of the Krylov subspace corresponding to the
equivalent linear system of X, and then use some suitable partitioning of the basis matrix to perform
explicit subspace projection to obtain a structure-preserving reduced-order model [9,10].

All these methods proceed in two stages. The second stage is to perform explicit subspace projection,
i.e.,, matrix-matrix multiplications, using the projection basis matrices generated from the first stage. It
could be prohibitively expensive in the memory and floating point arithmetic costs for truly large scale
systems. In this paper we propose a procedure to compute a Structured Quasi-Arnoldi (SQA) decom-
position. Once the SQA decomposition is computed, a structure-preserving reduced-order model can
be defined immediately from the decomposition without the need of explicit subspace projection. In
terms of the moment-matching property, the transpose-free SQA model is equivalent to the TS-SOAR
method such that the reduced model of order n matches maximum 2n moments. Numerical examples
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demonstrate the SQA-based reduced model is compatible with the TS-SOAR and benefits in accuracy
due to the higher number of moments that are matched than the one-sided SOAR method. We should
also note that there are other methods that also avoid explicit projection, such as the data-driven
model order reduction approach proposed in [12].

The rest of this paper is organized as follows. In Section 2, we review the definitions of transfer
function and moment of the second-order system Xy and describe the goals of structure-preserving
model order reduction. In Section 3, we introduce the SQA decomposition and derive a procedure to
compute the SQA decomposition. In Section 4, we define the reduced-order model X, via the SQA
decomposition. Numerical examples and concluding remarks are in Sections 5 and 6, respectively.

Throughout this paper, we follow the conventional notations commonly used in matrix computa-
tions. We use boldface capital letters to denote the matrices, boldface lower case letters for vectors, 0
for zero vector or matrix, Iy for the k x k identity matrix, e; for the jth column of I. X T isthe transpose
of matrix X. || - ||, is the matrix or vector p-norm. v(i : j) denotes the subvector of the vector v that
contains the ith to the jth entries of v. G(i : j, k : £) denotes the submatrix of the matrix G that consists
of the intersection of the rows i to j and the columns k to £. The notation K, (A; b) stands for the nth
Krylov subspace introduced by A and b, i.e., K, (A; b) = span{b, Ab, A’b, ..., A" 'b}.

2. Second-order systems and MOR
Let us begin with an equivalent first-order form of the second-order system Xy defined in (1.1):

Cq(t) + Gq(t) =bu(b),

(2.1)
y(©) =1"q(),
where
D M Ko x(t) r '
CcC= , G= . q() = . , b= , 1= .
—10 01 x(t) 0 w
Assuming that K is nonsingular, then the first-order form (2.1) can be written as
Aq(t) + q(t) = bou(t
q(t) TCl() ou(t) (22)
y(©) =1 q(t),

where A = G~!C and by = G~ 'b. The transfer function of the second-order system (1.1), or equiva-
lently the first-order forms (2.1) and (2.2), is given by

h(s) = (sz + vT)(szM + sD + l()_lr
=1"(C+G)'b

=171+ sA) b,

where it is assumed that we have homogeneous initial conditions x(0) = 0, x(0) = 0 and u(0) = 0.
The power series expansion of h(s) at s = 0 is given by

w .
h(s) = D ms',
i=0

where m; = (—1)ilTAib0 are referred to as the moments of the system Xy.
A popular model order reduction technique is to use subspace projection. Roughly speaking, the
subspace projection approach is to first compute a basis matrix Xy, of a projection subspace K. Then
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by approximating the state vector q(t) by X,,z(t):
q(t) ~ Xynz(t) for some z(t) € R*",

it yields the following over-determined linear system

[ AXonz(t) 4+ Xonz(t) = bou(t) (2.3)

n(t) = 1T Xonz(t).

After multiplying the first equation of (2.3) from the left by Y, , where Y, € R?N>2" of full column
rank, we obtain a reduced-order system

[ Y] AX, 2(t) + YJ X, z(t) = Y; bou(t) 04

n(t) =1"X,.z(t).

The goal of a structure-preserving reduced-order method is to choose proper right and left projec-
tors Xy, and Yy, such that the reduced model (2.4) can be recast in the second-order form X%, (1.2).
One way to achieve this goal is to preserve the 2 x 2 block structure of A in the two-sided projection
YZEAXZ,I. Specifically, we want to choose X, and Y, satisfying the following properties:

R, S r vV,

T T n Sn T n T n
Y5, Xon = bons YZnAXZn = |:T 0:| ) Yano = |:0:| ) Xan = |:W :| .
n n

Consequently, by the congruence transformation

In 0 Rn Sn ln 0 Rn _SnTn
0o -T,'[|T, 0||0 —T, 1, 0 |

the reduced first-order model (2.4) can immediately be rewritten as an equivalent second-order model

(1.2) with the coefficient matrices M, = —S,T,, D, = Ry, and K, = I,,. The input vector is r,, and
output vectors are v, = V,, and w, = —T,Wy,.

An additional objective of a proper choice of X5,, and Y5, is to match as many leading moments as
possible, i.e., for as large g as possible, it satisfies

m,-:m,-(") for i=0,1,...,g—1, (2.5)

where mf") = (—1)'1" X4 (Y;,AX,,)Y,, by are the moments of the reduced-system (2.4). The identity
(2.5) implies that the reduced system X, is an order of q approximation of the original system Xy,
namely h(s) = hy(s) + 0(s9).

3. Structured Quasi-Arnoldi decomposition and procedure
Let us define a Structured Quasi-Arnoldi (SQA) decomposition of the following form:

Rn Sy

AXZn = X2n

:| + Sp41.nXK2n4+1€5, (3.1)

where Xy, isan N x 2n matrix, Xp,-+1 is a column vector of length N, R, and T, are n X n upper triangular
matrices and S;; is an n X n upper Hessenberg matrix. First, we note that the SQA decomposition (3.1)
can be compactly expressed as

AXy; = Xon1Hop, (3.2)
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where
R, Sn
Xon+1 = [in Xon+1 ] and Hyy = [T, 0
0 Sn—i—l,ner-lr

In the following theorem, we show that the subspace spanned by X, +1 is indeed the Krylov subspace
Kon+1(A; X1), where X1 is the first column of X4 1.

Theorem 3.1. Suppose that X, satisfies the decomposition (3.2), diagonal elements tyy, . . ., thn of Tp
and the sub-diagonal elements sy1, . . ., Sp.n—1 0f Sy together with s,4.1 , are nonzero, then span{Xy,} =
Kan(A; x1) and span{Xon4+1} = Kont1(A; Xq).

Proof. Let us denote the permutations Iy, € R?"%" and My,;; € R D>+ by

H2n 0
My, =[eq,e41,€2, €42, ...,€p, €] and Iy = o 1l (3.3)

Note that IT,, is the result of perfectly shuffling the 2n column vectors of the identity matrix I, [8].
Then by multiplying the structured Arnoldi decomposition (3.2) from the right by IT5,, we obtain

AXon Iy, = Xon 1 5, 1Hon, (3.4)

where Hy, = I, ;H,, I, Note that I, ; T1], | = DLpy1.

It is easy to verify that the matrix Ho, is an upper Hessenberg matrix with sub-diagonal ele-
ments tyq, $21, 22, 32, - - - » tan» Sn+1.n- Hence the decomposition (3.4) is a Krylov-type decompo-
sition [23]. Furthermore, note that Hy, is an unreduced upper Hessenberg matrix. Since the first
column of Xy, IIy;, is X1 and the sub-diagonal elements of H,, are nonzero, by [2, Lemma 2.2], we
conclude that the columns of X3, and Xy,4+1 span Krylov subspaces Ky, (A; X1) and Kap+1(A; X1),
respectively. [J

For ease of reference, let us denote the first n columns of Xy, as Q,, the trailing n columns as P, and
Xon+1 = Qn+1, 8., [ Xon | Xon+1 ] = [Qn Pn | gn+1 ]- Then the decomposition (3.1) can be written as

n T
+s dn+1€5,,- (3.5)
Tn 0i| n—+1,n*n 2n

AlQ P, |=[QP] [
There are a number of ways to impose the orthogonality among the vectors of Q;+1 = [ Q; qn+1 ] and
P,,. Here we impose that Q,+1 and P, satisfy the following three conditions:

(2)Q Q1 =Ly, B)PIP, =1, (c)p/g =0 for i>j. (3.6)

Note that condition (¢) of (3.6) is equivalent to Pr—lr Q,, being strictly upper triangular.

The motivation of imposing orthogonality conditions (3.6) is illustrated as follows. In the Krylov
decomposition (3.4), the upper Hessenberg matrix Hy;, has less nonzeros than the upper Hessenberg
matrix in the standard Arnoldi decomposition of order 2n. Consequently we will not expect to have
an orthogonal matrix Xp,II,, = [Qn Py ]II,, = [q1, P1, ..., dn, Pn |. Instead we first impose the
orthogonality conditions in the q;s vectors and the p;s vectors, respectively, i.e., conditions (a) and (b)
of (3.6). Subsequently, we explore the orthogonal relation between q;s and p;s vectors in condition
(c) of (3.6). The geometric interpretation of the conditions (b) and (c) of (3.6) is that p; is perpendic-
ular to the subspace spanned by its preceding vectors, i.e., span{q, p1, 4z, P2, - - ., q;}. Thus if the
columns of [ Q; Pj_; ] are linearly independent, then the columns of [ Q; P; | are linearly independent
as well.
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We now derive a procedure to compute the SQA decomposition (3.5) with the orthogonality con-
ditions (3.6). We essentially apply a partial Gram-Schmidt procedure in an alternating fashion. Let us
begin with computing p; and (. By equating the first column of (3.5), we have

Aq: = qir11 + Piti,

where 111, t11 and p; are to be determined. Let f = Aq; — qq7r11. Then it is easy to see that if rj; =
qlTAql, f is a projection of Aqq onto the orthogonal complement of span{q, }. If t;1 = ||f||> # 0, then
p1 = f/ty1. If t17 = 0, then the procedure terminates, and is referred to as the case-A breakdown. In
this case, the subspace span{q;} = K1(A; q1) is an invariant subspace of A.

To compute the vector q, by equating the n + 1 columns of (3.5), we have

Ap; = q1511 + q2821,

where s11, S21 and (), are to be determined. Let g = Ap; — q1S11. Then if s4; = qlTApl, the vector
g=~1O-— q1q1T)Ap1 is a projection of Ap; onto span{q;}*. If s;1 = ||g|l» # 0, then q; = g/s1 and
QZT Q, = L,.Ifsy; = 0, thenthe procedure terminates. This is referred to as the case-B breakdown. In this

case, we have Ap; = qq517, which yields that A>q; € span{q, p1} and the subspace span{q;, pi} =
K> (A; qq) is an invariant subspace.

Remark 3.1. We note that even if sp; 7# 0, the basis matrix X3 = [q1, p1, q2 ] could still be rank
deficient. For instance, the columns of X3 = [ e1, e, e, | generated by

10 1
A= and q; =
11 0

are linearly dependent. This will cause a breakdown when we proceed to compute p». It will be referred
to as the case-C breakdown.

In general, let us assume we have computed the SQA decomposition (3.5) of orderj — 1 forj > 2.
To compute the decomposition (3.5) of order j, let us first consider the jth column of (3.5):
Aqj = qiryj + - - + QT + Pty + -+ P,

where ryj, ..., Tj, tij, ..., tjj and p; are to be determined. Since the first column qq of Xp;_1 =
[ Qj—1 Pj_1 q; | is orthogonal to the rest of the columns of Xp;_1, we have rj; = qlTqu. Let

f=Ff—Xp_1(;,2:2j— 1)d,,

where f = Aq; —q7yj,d, = [f'jT, ij, Tij =[ry,...,rj—1]and EJ-T =[t4j,...,ti—1j]- Then
we need to determine the vector d, such that f is a projection of Aq; onto the orthogonal complement
of span{Xj;_1}. There are two possible cases, namely, Xp;_1(:, 2 : 2j — 1) is of full column rank or rank
deficient. If Xp;_1 (¢, 2 : 2j — 1) is of full rank, then

T xT
] vrj

d, =X, _;(,2:2 — D, (3.7)

where X' is the pseudoinverse of X; X = (XTX)7'XT, see for example [22, p. 252]. Subsequently,
if t;j = ||f||> # O, then we have p; = f/tj;. If t;; = 0, then we have the case-A breakdown, and have
computed the decomposition

R; S;
AXpj—1 = Xgj—1 | _ , (3.8)

T 0
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where R; isj X j upper triangular,§j isj x (j — 1) upper triangular ande is (j — 1) x j upper triangular.
Since Aq; € span{Xjj_1}, the subspace span{Xyj_1} = Kj—1(A; q1) is an invariant subspace of A.

IfXpi—1(:, 2 : 2j—1) isrank deficient, the SQA procedure terminates. This is referred to as the case-C
breakdown. In this case, Xpj_1 must also be rank deficient due to the fact that q; = Xp;j_1ey isknown to
be orthogonal to Xpj—1(:, 2 : 2j — 1). Since Xp;j_1 is rank deficient, Aq; € span{Xpj_1} = span{Xp;_2}.
Therefore the subspace span{Xyj_>} = Kj—2(A; qq) is an invariant subspace. The matrix Xj— and
the vector q; satisfy the following decomposition:

Rj_l Sj_1

AXyj—2 = Xoj—2 [ } + Sj,j—lqjesz—z- (3.9)

T

Now let us turn to the second part of computing the SQA decomposition (3.5) of order j, namely
compute the jth column of S, and the vector q;;1 in (3.5). By equating the 2jth column of (3.5), we
have

wheres; = [syj, ..., ;] and qj;1 are to be determined. Let g = Ap; — Q;s;, then if s; = QjTApj, g
is a projection of Ap; onto the orthogonal complement of span{Q;}.If s;1j = [|g|l> # 0, thenqj+; =
g/sj+1,j-If siy1j = 0, then we have the case-B breakdown and have computed the decomposition

AXy = Xy : (3.10)

since Ap; € span{Q;} and the subspace span{Xy;} = K;(A; q1) is an invariant subspace.
This completes the derivation of the procedure to compute the SQA decomposition (3.5). Before
presenting a pseudocode for the complete algorithm, two remarks are in order.

Remark 3.2. The main computational cost of the procedure is to compute the vector d, defined in
(3.7) and determine whether the basis matrix X1 (:, 2 : 2j — 1) is of full column rank. Note that the
vector d, is the solution of the least squares (LS) problem:

d, = argming H?— Xoi—1(:,2:2j — 1)dH2 . (3.11)

A stable method described in [22, p. 297] to solve the problem (3.11) is to first compute the following
QR factorization of an augmented LS matrix:

[Xy-1(.2:2i— 1) f] =[Q q] [l; j . (3.12)

If R is nonsingular, then Xp;_1(:, 2 : 2j — 1) is full rank, and the solution vector d, is obtained by
solving the upper triangular system

Rd, =r. (3.13)
If R is singular, then Xp;_1(:, 2 : 2j — 1) is rank deficient. This is the case-C breakdown.

Remark 3.3. There is an efficient solver for the LS problem (3.11) by updating the QR factorization
(3.12) from steps j to j + 1. It is based on the relation

Xoi-1 = [%yj-3 Pt g (3.14)
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where Xpj—1 = Xpj—11I5j_1 and Xpj_3 = Xpj_3I15;_3. Permutations ITy;_; and Iy;_3 are defined by

I > 0 M4 0| | .
Iy 1 = 0 1 and Iy _3 = 0 1 with the perfect shuffles IT»;_; and IT;_4 defined in
(3.3). By the identity (3.14), we know that the Q-factor of the QR factorization of )~(2j_3(:, 2:2j—3)
is the first 2j — 4 columns of the Q-factor of the QR factorization of Xp;_1(:, 2 : 2j — 1). Note that the
first columns of X;_1 and Xp;_3 are the same. Hence we can rewrite the LS problem (3.11) as

N P . =T
d, = argminy, Hf —Xoji—1(:,2:2j — 1)1'[2]-_2hH2 , (3.15)
where flzj_z =[ej_1, €1, €], e, ..., €3, e_5 |.Tosolve the LS problem (3.15), we first compute
a QR factorization of the augmented LS matrix
~ ) - Rr
[Xo-1G.2:21 =1 T] =[Q q L p} (316)

and then solve the triangular linear system
Ril, ,d. =r (317)

for d.. by back substitution and permutation. An advantage of calculating the vector d, through (3.16)
and (3.17) instead of (3.12) and (3.13) is that we can obtain the QR factorization (3.16) from updating
the QR factorization of Xp;_3(:, 2:2j—3). An efficient QR updating algorithm can be found in [22, p.
338].

The following pseudocode summarizes the procedure to compute the SQA decomposition (3.5)
with the orthogonality conditions (3.6).

SQA algorithm

1: X(:, 1) = b/[[bll,
2:forj=1,2,...,ndo
3 fF=AX(,2/—1)
rj=X(,1)'f
f:=f—X(, ry
if j > 2 then

S A

~ Rr
7. update the QR factorization [X(:, 2:2j—1) f] = [Q q] [ }
0

0
8: if R is singular, stop (case-C breakdown)

9: solve Rﬁsz_zd =r ford, where ﬁzj_z =[ej_1,e1,€, e, ...,€;5 3,85 7]
0 fi=f—X(,2:2j— DIy ,d

11:  end if

12:  tjj = |[f]l2. If t;j = O, stop (case-A breakdown)

13: X(;, 2) = £/t

14: g = AX(:, 2j)

15: fori=1,2,...,jdo

6. s =X(,2—1)'g

17: g:=g—X(, 2/ — 1sj

18: end for

19:  Sjy1j = [Igll2.1f sj+1,j = O, stop (case-B breakdown)
200 X(, 2+ 1) =g/sj1)

21: end for
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By the discussion in Remark 3.3, the QR factorization at line 7 of the algorithm is computed via

updating the QR factorization of )~(2j_3 (:, 2 : 2j — 3) with appending of the three column vectors p;_1,
q; and f. To numerically detect the breakdowns, we need to provide a tolerance € in lines 8, 12 and 19.

4. Model reduction based on the SQA procedure

In this section, we construct a reduced second-order system X, (1.2) via the SQA decomposition
(3.1) computed by the SQA algorithm with

O K'D K 'M O K 'r
A=G C= and bg =G 'b= .
-1 0 0

Let us first consider the situation where there is no breakdown. In this case, Xy,,+1 is of full rank. Define
T T | I2n
Yon = (X2n+1) 0 .

Then it can be verified that Y5, and Xy, are biorthogonal Y, X, = I, andY,, q, 11 = 0.Consequently
by the decomposition (3.1), we have

R, S
T n 9n
Y2n“x2n = :
T, 0

Furthermore, since bg = yx; with y = ||[K~'r||2, we have
Y, by = Yo, (yx1) = yY;,Xzne1 = yey.

Finally, for X5, = [ Q, Py ], the matrix-vector multiplication XZTnl has the natural partition

-
xT]— |:Qn 1}
2nt — T .
P,1
Following the projection framework presented in Section 2, we immediately have the following re-
duced second-order system of order n:

o . [ MRE® +DaE© + Kn () = (), )
n(t) = wy, £(6) +v, §(D),
where the system matrices are M, = —S,T,,, D, = R,; and K, = I,,. The input and output vectors are

I, = yei, Vv, = QnTland w, = —TnTPnTl.

Remark 4.1. System matrices M;,, D, and K, of the reduced-order systems X, are obtained from Ry,
S, and T, of the SQA procedure directly. To form the output vectors v,, and w,,, we need to compute
the matrix-vector products QnTl and PnT 1. These operations can be embedded in the SQA algorithm.
Therefore, there is no need to return the basis matrices Q,; and P, from the SQA algorithm and compute
the matrix-vector explicitly to obtain the reduced-order model.

When the SQA procedure terminates at the jth step for j < n, there are three possibilities as
discussed in Section 3. First, for the case-A breakdown, we have the decomposition (3.8). In this case,
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we can use the SQA decomposition of order 2j — 2
Rj—1 Sj—1 T
AXpi 2> =Xoj > +5j,j-19j€j 2
Tj_

to define a reduced-order model. Specifically, define

i
T -]
Yyj2 = (ij_1)

Then it can be verified that Y,;_» and X;_» are biorthogonal, YZTj_zij_2 = Ipj_», and YZTj_qu =0,

and
Ri_1 Si—
T j—1 9j—1
Yo 2oAXy_, = [ } :
T4 O
-
T -1 T Qj'—ll
Furthermore, we have Y,;_,b, = ye; where y = IIK™"r||2, and Xy ol = T . Consequently,
P.
j—1

we have a reduced second-order system of order j — 1:

M;_1£(t) + Dj_1£(t) + Ki_1£(t) = rpu(t),
E]’_1 . (4.2)

n(t) = w E0) + v E(0),

where the system matrices are M;_; = —S;_1Tj_1, Dj_1 = Rj_y and K;_1; = I;_;. The input and
output vectorsarerj_1 = yeq,Vj_1 = QjI]l andwj_1 = —szlez]l.
Second, for the case-B breakdown, we have the decomposition (3.10) and span{ij} is an invariant
subspace of A. Define
TN\T
Then we have
R; S;

T
T, 0

-
1
and Yszbo = ye; where y = K™ 'r||2,and Xszl = |:Q1 j|.Consequently, we have a reduced second-

Pl
j
order system X; of order j defined as (4.2) with the system matrices M; = —S;T;, D; = R; and K; = I;.
The input and output vectors are rj = yeq, Vj = Qﬂ-Tl and w; = —T]-TPjTl.

Finally, for the case-C breakdown, we have the decomposition (3.9) and the subspace span{Xy;j_»} =
K2j—2(A; qq) is an invariant subspace. Since q; € Kyj—2(A; q1), we can compute the vectors v, ¢ €
R/~ such that

v
Sij—1qj = Xoj—2 [(p:| . (4.3)
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Substituting the Eq. (4.3) into (3.9), we have

Rj—1 §j_1
AXpi > = Xpj 2 N (4.4)
Tji-1 ve;_,

where S| = Sj_1 + vejT_l. Furthermore, let

li1 —Fp2
F = ,
0 I,

where Fj; = T]_11(pe]-T_1. Then we have

Rj—1 §j_1 ﬁj—l /S\j—l
F! F= , (4.5)
Ti_1 gel, Ti1 O

where Ri_y = R;_; + FpT,_; and§; 1 = §; 1 — R;_;Fy,. Combining (4.4) and (4.5), it yields the
decomposition

ﬁj—l /S\j—l
AXyj—2F = XpjoF
T1 O
Now define Y, as a pseudoinverse of Xp;_,F:
Ty T -1
Yoj2 = Xo; oF(F Xo; 5Xy; ,F) .

Then we have YZTj_Z(ij_zF) =1,_, and

T ﬁj—1 /S\j—l
Yy oAy F) =
T4 O

Since Xpj_Fe; = Xpj_,e; = by/y where y = ||[K™'r||,, we have
Ysz—zbo = )/Y;;_ZXZj_zFe] = Yye;.

The matrix-vector multiplication FTXZTJ._ZI has the partitioned form

T Vj
(%'—1 j—1
FTXZj_zl = =
TaT T =~
Consequently, we have a reduced second-order system X; of order j defined as (4.2) with the system
matrices Mj_1 = —§;_1Tj_1, Dj_1 = Rj_q and K;_; = I;_1. The input and output vectors are
Ij—1 = yeq, Vi1 = QjIlland Wi_] = — ]ZlvAvj_l.

In the rest of this section, we give the moment-matching property of the reduced second-order
systems. First we have the following theorem for the case where there is no breakdown.
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Theorem 4.1. The first 2n moments of the original system (1.1) and the reduced second-order system %,
(4.1) coincide, i.e.,

m; = (—1)1TA'by = (1)1 Xpn (Y, AX, )Y, by = m™ (4.6)
fori=20,1,2,...,2n — 1. Hence h,(s) of X, is a Padé approximant of h(s):
h(s) = hp(s) + 0(s*").

Proof. By Theorem 3.1, it is known that Xy, is a basis of the Krylov subspace K, (A; bg). Hence there

exist vectors v; € R?" such that A'b, = Xp,v;i fori = 0,1, ..., 2n — 1. Together with Y, X,, = L,,,,
it yields that
X5, Y, A'by = X, Y, X, V; = X,,v; = A'by, for i=0,1,2,...,2n— 1. (4.7)

Next, we show by induction that

fori =0,1,...,2n— 1. At the basis stepi = 0, the identity (4.8) is the identity (4.7) fori = 0. When
i = 1, using the identity (4.7) withi = O and i = 1, we have

X,, (Y, AX, )Y, by = X, Y, A(X,,Y, by) = X,,Y, Ab, = Ab,
At the inductive step, for2 <i < 2n—1,
in(Y;;AXZn)iY;bo = Xon (Y;I—nAXZn)(Y;;AXZn)i_lY;;bO
= xanzTnA [XZn (Y;szn)i_]YzTnbo]
= X2, Y, AA " by
= A'by,

where for the second equality we used the hypothesis of the induction, and for the fourth equality we
use the identity (4.7). The moment-matching property (4.6) is followed immediately from the identity
(4.8). O

Theorem 4.1 shows that the reduced system X, of dimension n matches 2n moments of the original
system Xy. In contrast, the order-n reduced system generated by the SOAR method [3] or the SPRIM
method [9] generally matches only n moments.

When a breakdown occurs, the moment-matching properties of the original system Xy and the
reduced second-order system X;_1 or X are summarized in the following two theorems. First, by an
analogous proof of Theorem 4.1, we have the following theorem for the case-A breakdown.

Theorem 4.2. If SQA has the case-A breakdown at the jth step, then the first 2j — 2 moments of the original
system (1.1) and the reduced second-order system X;_1 (4.2) coincide.

At the case-B and case-C breakdowns, we use invariant Krylov subspaces K;(A; bg) and Kzj—> (A;
bo) to define reduced second-order systems. For these cases, we have the following theorem.

Theorem 4.3. When there is the case-B or case-C breakdown, the transfer function of the reduced second-
order system X; or X;_1 is identical to the transfer function of the original system Xy (1.1). Hence, the
case-B or case-C breakdown of the SQA procedure is regarded as a lucky breakdown.
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Proof. We can use an analogous argument for the proof of Theorem 4.1. The key difference here is that
when the case-B breakdown occurs, Xp; is a basis of the invariant Krylov subspace K;j(A; bg), there

exist vectors v; € R¥ such that A'b, = Xp;v; for all i > 0. Thus together with the fact YZTJ.XZJ- =1, it
yields that ijYZTinbO = ijYszxzj"i =X,V = A"b0 foralli > 0. For the case-C breakdown, we just
need to note that since Fis nonsingular, Xp; _,F is also a basis of the invariant subspace Kj_»(A; bg). [

5. Numerical examples

In this section, we present numerical examples to compare the accuracy of reduced-order models
Y., of order n generated by SQA, SOAR [3] and TS-SOAR [19]. In practice, often an approximation of
the transfer function h(s) of the original system Xy around a selected expansion point o # 0 is of
interest. In this case, we can rewrite h(s) in a shifted form

hs) = (s —o)wT +37) (6 — 0)’M + (s — 0)D + i{)_1 .

where V.= v + ow,D = 26M + D and K = 0°M + oD + K, and then apply a model reduction
method with the matrices M, D and K. All numerical experiments were run in MATLAB. The numerical
tolerance e for testing the breakdowns is set to be 10~ 1.

Example 5.1. We consider a proportionally damped second-order system (1.1), where D = «M + BK
and w = 0. This is the butterfly gyroscope in the Oberwolfach benchmark collection [15,14]. It arises
from simulating a vibrating micromechanical gyroscope. The full system has N = 17,361 degrees of
freedom, 1 input and 12 outputs. For the experiments here the output vector v was taken to be the
first column of the 17,361 x 12 selector output matrix. The damping matrix is assumed to be D = K
where 8 = 10~7. An expansion point & = 1.05 x 10 is used for approximating requested frequency
range 10%-10° Hz. The Bode plot of h(s) is shown in the left plot of Fig. 1.

We find that a reduced SQA system of order n = 40 is sufficient for the desired accuracy. The
relative errors associated with SQA, SOAR and TS-SOAR are shown in the right plot of Fig. 1. The results
demonstrate that SQA and TS-SOAR are compatible because they match the same number of moments.
Both SQA and TS-SOAR models are more accurate than the SOAR model due to doubling the number
of matched moments.

Example 5.2. This large example is from the frequency response analysis of a second-order system
¥y arising from fluid-structure interaction at an acoustic level [18]. The state-space dimension of the
original system Xy is N = 89,120. The nonsymmetric mass and stiffness matrices M and K come

Bode plot
_3 T

-4 }

log10(Magnitude)
&
Relative error

-7} 10—10 y
I I'III
' | Ty |
_8 -
—SQA
- ==TS-SOAR
sl == SOAR
-9 . 10 1 T
4 5 6
10 10 10 1 2 3 4 5 6 7 8 9 10
Frequency (Hz) Frequency (Hz) x10°

Fig. 1. Bode plot of the transfer function of Example 5.1, the relative errors of SQA, TS-SOAR and SOAR models at n = 40.
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Fig. 2. Bode plot of the transfer function of Example 5.2, the relative errors of the SQA, TS-SOAR and SOAR models at n = 100.

from modeling fluid-structure coupling. The damping matrix D is symmetric. An expansion point
o=2m x 50 is used approximating requested frequency range 0-100 Hz. The shifted stiffness matrix
K=s3M+soD-+K has 1-norm condition number ©(10'"). The Bode plot of h(s) is shown in the left plot
of Fig. 2.

We find that a reduced SQA model of order n=100 is sufficient for the desired accuracy. The relative
errors of SQA, TS-SOAR and SOAR models are shown in the right plot of Fig. 2. The results demonstrate
that the SQA method constructs much better approximation than SOAR, and slightly more accurate
than the TS-SOAR model although SQA and TS-SOAR models match the same number of moments.

6. Conclusions

We proposed a new SQA decomposition and the corresponding SQA procedure. The SQA decompo-
sition can be used to define a structure-preserving model-order reduction of the second-order system
YN (1.1) directly, without the explicit projection as in the existing structure-preserving model-order
reduction methods. In terms of moment-matching property, it is equivalent to the TS-SOAR method.
The proposed SQA method could significantly reduce the memory I/O and the extra floating-point
arithmetic costs for very large systems on computer systems where the memory I/O costs have ex-
ceeded arithmetic costs by orders of magnitude. It is one of future work to provide quantitative per-
formance measurement of the benefit. Other future work include efficiently detecting the numerical
breakdowns, extension to the multiple expansion points and the development of the SQA method to
preserve the symmetry of a symmetric second-order system.
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