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Abstract

Given a pair of matrices and starting vectors, we present a procedure to generate the
biorthonormal basis of the second-order right and left Krylov subspaces. The application
is to solve the large-scale quadratic eigenvalue problems via oblique projection tech-
nique. This method can take full advantage of the sparseness of large-scale system as well
as the superior convergence behavior of Krylov subspace based methods by implicit lin-
earization, which makes the solution acceptable in terms of both cost and time.
© 2005 Published by Elsevier Inc.

1. Introduction

The Quadratic Eigenvalue Problem (QEP for short) [1] is one of the most
important problems that arises in many applications, such as dynamic analysis
of structure.
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For simplicity, we write the quadratic A-matrix of order N as
Iy(2) = 2*M + AD + K. (1)

M, D, K are given real square matrices of order N. A € C is an eigenvalue and
nonzero vector x the corresponding right eigenvector of (1) if

Iv(A)x=(PM+)D+K)x=0 2)
and nonzero vector y the left eigenvector if
WAy (2) =y (M + D+ K) = 0. (3)

The triplet (4,x,y) is called the eigentriplet [2] of 2y(4).

The common way to solve QEP is first to transform it into an equivalent
Generalized Eigenvalue Problem (GEP for short), then any dense methods
[3] for GEP should be adopted if all these eigenvalues are desired. For large-
scale problems, some iterative methods, for instance, the Jacobi-Davidson
method [4,5] which targets at one eigenvalue at a time, and the Krylov sub-
space based methods [1,6-8] applied to one of its linearization forms, attracted
more and more attention in past few years. These approaches suffer some dis-
advantages, such as solving the GEP of twice order of the original problem and
more importantly, the lost of original structures of M, D, K in the process of
linearization. Furthermore, essential spectral properties of 2y(/1) are not guar-
anteed to preserve.

Recently, a Rayleigh-Ritz projection technique for finding a few eigen-
values, often those with the largest magnitude, and the corresponding eigenvec-
tors of large-scale QEP (2) was proposed in [9]. The remarkable feature in
practice is that since this method is applied directly to the original problem,
the essential structures of M, D, K as well as the spectral properties are pre-
served promisingly. The main step is to generate an orthonormal basis of the
second-order Krylov subspace by the second-order Arnoldi (SOAR for short)
procedure, which can be thought of as a one-sided method. In this paper, we
extend this idea to the use of a two-sided method, which generates two se-
quences of vectors spanning both the second-order right and left Krylov sub-
spaces. We call it the second-order biorthogonalization (SOB for short)
procedure. An oblique projection technique [1,10], which based on a general-
ized version of the SOB procedure, is applied to QEP and the Ritz triplet
(0,x,y) of 2y(4) will be solved at the same time.

Throughout this paper, we use the traditional linear algebra notational con-
vention. By || - |1, || - ||, and || - || , we denote the 1-, 2- and Frobenius-norm of
a vector or matrix. The notation span {¢q,¢>, - - -, ¢,}, and span {Q} stand for
the spaces spanned by the vector sequence {g;} and the columns of matrix Q,
respectively. Sign of w is denoted by sign(w).

The rest of this paper is organized as follows. In Section 2, we shall
introduce the main procedure to construct the biorthonormal basis of the
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second-order right and left Krylov subspaces. Then in Section 3, we cover the
idea of applying the oblique projection technique to solve the quadratic eigen-
value problems. One numerical example is given in Section 4 to identify our
method. We conclude this paper in Section 5.

2. The second-order biorthogonalization procedure

For given 4, B and r_; =0, ro = u, we define the vector sequence {r;} as
follows

rj = Arj_l +Brj_2,
for j > 0. Then, a procedure to generate the orthonormal basis of subspace
G,(4,B;u) = span{ro,r1,..., 1},

is presented in [9]. We enhance this idea to generate the biorthonormal basis of
4,(A,B;u) and 4,(4", B"; v), which we define as the second-order right and left
Krylov subspaces, i.e., to find the biorthonormal vector sequences {g;} and {p;}
such that

span{qlﬁqb e aqn} = (qn(AvBa u)

4
span{p,,py,...,p,} = 9.(4",B";u). @

Algorithm 1. The second-order biorthogonalization (SOB) procedure

(,U:UTL{

cqi=u/\/]o], ¢, =0
- py = sign(w)v/\/[o], py =0
.forj=1,2,...,ndo
r=A4q;+Bq, 1 =g
s :ATp- +B'i'p/l S, :p'
' ) )j

fori=1,2,...,jdo

u; = prir, v;=s'q

r=r—quy, r'=r — qu;
10. §s=5—puy;, s =5 —puy
11.  end for
12. w=sr
13. if w =0 then breakdown
4. wyy = Vo], v, = sign(@)u,
IS g = rlujer) Gy =1 [uji
16, pjer = slvpp Py = '/ 0
17. end for

PN U AW~

e
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In matrix notation, the above algorithm generates two N X n matrices Q,,
and P, whose columns are the vector sequences {¢q;} and {p;}, respectively,
which satisfy relation (4) and the biorthonormality. The proof is similar to that
in [9].

It will be seen above all that the SOB procedure only refer the matrices 4
and B through the matrix—vector products Ax, ATx and Bx, B'x. Therefore,
A, B do not have to be represented in the usual way as two-dimension arrays
of numbers, but as rules to compute the matrix—vector products for any given
vector, which is ideal for large-scale and sparse system. This enjoys the same
feature as in the standard nonsymmetric Lanczos procedure [11] for generating
the biorthonormal basis of #",(4,u) and ", (4", vu). Secondly, the vector se-
quences {g;} and {p/} are auxiliary that must be kept in Algorithm 1, while the
memory saving technique in [9] can be adopted to deduce a revision, which re-
moves the requirement of explicit reference of {g}} and {p}, as we do in Algo-
rithm 2. Limited by length, we do not explore the details here. Thirdly, if 4, B
are symmetric matrices, then the above procedure with the same starting vec-
tors yields Q,, = P, and U, = V,,. It is necessary to compute only one of these
two recurrences provided that a symmetric scaling scheme is used at lines
12-16 of Algorithm 1 and the SOB procedure degrades to the SOAR proce-
dure. Fourthly, there are infinitely many ways of choosing the scalars u;,;
and ;4 ;[12,3] at line 14 of Algorithm 1, as long as they satisfy @ = w4, V4.
There are certain tradeoffs among different choices. Fifthly, this procedure will
break down at line 13 when the norm of r or s, or even the inner product of r
and s vanishes at a certain step of outer loop. The breakdown of the standard
nonsymmetric Lanczos procedure has been discussed extensively; see, for
example, [13-15]. But for the second-order case, it is a little difficult to cure
such breakdown. This subject is of further study. In this paper, we will always
presume that the SOB procedure will not stop prematurely.

3. Oblique projection method for QEP

Before presenting the oblique projection method for QEP, we will first intro-
duce one of the generalized versions of the SOB procedure, which generates the
M-biorthonormal basis of subspaces %,(—M~'D, ~M'K;u) and %,(—M D",
—MTKT;v).

Algorithm 2. The generalized SOB procedure

1. o=v Mu

2. g, = u/\/[ol, p, = sign(w)o/ /o],
3./=0,¢g=0

4. forj=1,2,...,ndo
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5. r=-M '(Dg+Kf), s=-M T(D"p+K"g)
6. fori=1,2,...,jdo
7. wy=prMr, r=r— qu;
8. vi; =s"Mgq;, s =5 — pv
9. end for
10. w=s"Mr

11. if w = 0 then breakdown
12wy = V]ol, o1 = sign(@)igey,
R A e

14 f:QjU/ €j7 g:PjV]» ej

15. end for

Matrices U, and V', are nonsingular if no breakdown occurs and are defined
as

Ugy - Uy Ut - Uy
U; = U and 7, =
Uj.1j Vi
Given Q, and P,, which satisfy PTMQ, = I,, by Algorithm 2, we can reduce
the original quadratic A-matrix of order N to a small n X n system by oblique

projection technique. Then, the associated QEP is to solve scalar § and nonzero
vectors f and g satisfying

2,00)f = (01, + 0D, + K,)f =0, (5)
g"2,(0) = ¢" (0’1, + 0D, + K,) = 0, (6)

where D, = P} DQ, and K, = P} KQ, are matrices of order n.
The eigentriplet (6,1, g,) of 2,(6) defines the Ritz triplet (6, x, y), which is the
approximating eigentriplet of 2y(4), as

(07x7y) = (07 an,Png)- (7)
The accuracy can be assessed by the norms of the residual vectors
r=(0°M +0D+K)x and s =)"(0°M + 0D +K).

The oblique projection method enforces r L span{P,} and s | span{Q,}.
Moreover, by (7), it is of interest to note that yH r =0 and s"x = 0. Therefore,
we have the following equalities, which measure the backward error for the
Ritz triplet (6, x,y),

(M +0D+K —E)x=0 and y(0°M +0D+K —E) =0, (8)
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with the backward error matrix £ = = /||x[3 4 ys" /|[y|3. If norm of E, i.e.,

PP O o
1ENF =703 3 )
Ixlly vl
is small enough, then by (8) we conclude that the Ritz triplet, (0,x,y) is the
exact eigentriplet of a slightly perturbed A-matrix of 2y(1) [16].
A high level description of the oblique projection method based on the gen-
eralized SOB procedure for solving QEP are given as follows.

Algorithm 3. Oblique projection method for QEP

1. Run the generalized SOB procedure with matrices M, D, K and starting vec-
tors u,v to construct the N x n M-biorthonormal matrices Q,, and P,.

2. Reduce the system by computing D, = PIDQ, and K, = P1KQ,.

3. Solve the reduced QEP (5) and (6) for eigentriplet (6, f, g) and obtain the Ritz
triplet (0, x,y) with x = O,/1|Q,/2 and y = P,/ Pgll..

4. Assess the accuracy of the Ritz triplet by the relative norms of residual vec-
tors as

IO°M + 0D+ K)fl, " (6°M + 6D + K)|,
OF 1M1, + 011D, + 11K, OF M1+ 111 + 11K,

Since in line 5 of the generalized SOB procedure, we would solve Mx = b or
M"x = b for any right hand side b, it is ideal to provide a factorization form of
M, for example LU factorization before entering the outer loop of Algorithm 2
for computational efficiency. Secondly, we should note that if M, D, K are sym-
metric matrices, then the generalized SOB procedure with the same starting
vectors yields O, = P,,. Therefore, the reduced matrices D,, and K, are also sym-
metric, too. Thus, the essential structures of the original system are explicitly
preserved and the spectral properties may also be preserved in the reduced
one. Thirdly, for solving the reduced QEP in step 3 of Algorithm 3, we use
the dense approach mentioned in Section 1. In practice, the reduced order n
is considerably smaller than the order NV of the original problem, hence a sub-
stantial computational effort can be eliminated by solving the reduced QEP
instead of the original one.

4. Numerical experiment

In this section, we give a numerical experiment to verify that our oblique
projection method Algorithm 3 (GSOB) can solve QEP promisingly. The re-
sults reported are compared with the exact eigenvalues (Exact) computed by
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MATLAB function polyeig, and the approximating eigenpairs by the SOAR
method (SOAR). In this example, M, D, K are 200 x 200 random nonsymmetric
matrices. The starting vectors are chosen to be vectors with all components
equal to 1 and the breakdown threshold to be 10'°.

The left plot of Fig. 1 shows the approximate eigenvalues computed with re-
duced order n = 20. The right plot of Fig. 1 shows the relative norms of the
right (GSOB right) and left (GSOB left) residual vectors computed by Eq.
(10) as well as the norms of the backward error matrices (Error Matrix) by
(9). We can conclude that the convergence behaviors of both the right and left
Ritz vectors are essentially the same, and the Ritz triplets are the exact eigen-
triplets of 2y(A) plus error matrices in small norm.

To show that Ritz values converge to the exact eigenvalues, often those with
the largest magnitude, we plot the relative error of the eigenvalue with the larg-
est magnitude (4 = —32.2 £ 15.51) in the left plot of Fig. 2, and that of the
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second largest eigenvalue (4 = 0.307  9.43i) in the right plot of Fig. 2 with re-
spect to the reduced order n from 1 to 50. The convergence behavior of SOAR
are also plotted in Fig. 2. It is easy to see that GSOB converges to the exact
eigenvalues faster than SOAR for this example.

Other numerical experiments, not presented here, also verify that some Ritz
values and the corresponding Ritz vectors of the reduced QEP are very good
approximations to the exact ones with the largest magnitude of the original
problem.

5. Conclusion

This article introduces a SOB procedure, which generates the biorthonormal
basis of the second-order right and left Krylov subspaces. A generalized ver-
sion of this procedure is applied to solve QEP via oblique projection technique.
Therefore, the original large-scale system is reduced to a small one, which can
be solved with dense methods. In practice, the order of the reduced problem is
considerably smaller than that of the original problem, hence a substantial
computational efforts can be eliminated by solving the reduced QEP instead
of the original one. Because of implicit linearization, the superior convergence
behavior of Krylov subspace based methods is also achieved.
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