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Markov Chain Monte Carlo Methods (MCMC)

« Therejection method is not very useful in high-dimensional
problems as it s difficult to find a good bounding g-function

« MCMC is aclass of algorithms for simulating random variables
from atarget distribution n(x), given up to a normalizing constant

« This allows to draw from a high dimensional joint posterior
distribution without knowing its denominator:

— p(y0b87ymi8|9)f0(9)
I S 2Wobs: Ynmisl®') fo (0" ) dyy,; sd8”

p(@, Ymas ’yobs)

« |dea: Design and simulate a Markov chain with equilibrium
distribution m(x)

« There are two common methods for constructing such chains:
— Metropolis-Hastings (variant: Simulated Annealing)
— Gibbs Sampler
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Markov Chains

Definition: A Markov chain Is a series of ran-
dom variables X9, X1 ..., where the influence of
X1 ... X™ on the distribution of X"t1 is only

mediated by X™

P(z"Tl2™ {a'|t € €}) = P(a" T |z™)

for any subset £ C {0,...,n — 1}

t: successive times

Xt have a common range, the state space of the Markov chain
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Markov Chains

A Markov chain can completely be specified by
1. the initial probabilities py for X° and

2. the transition probability Ty, (z, z’') for state
2/ at time n+ 1 to follow state z at time n

l.e., the probability of a state x at time n+ 1 is:

Pr+1(x) =Y pa(y)Th(y, z)
Y

This determines the chain for all times!
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Markov chains
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Stationary Markov Chains

Definition:
A Markov chain is homogeneous or stationary

Pn_|_1(:c) — an(y)Tn(ya 513)
Yy

p_nNn * = p_n+1

pn = poloT1T5.. TH—1  pn = pgT"
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Invariant distributions of a Markov Chain

The distribution 7 iIs invariant with respect to
the Markov chain with transition probabilities
T; iff for all n

Vo 1 m(2) =) m(y)Tnly, z)

Yy

7 persists forever once it is reached!

7 invariant of a stationary Markov chain with T iff

Tm=mnl
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Invariant distributions of a Markov Chain

A Markov chain can have more than one invariant distribution
« Example?

o If T=1(identity matrix)

. ... then any distribution is invariant !

e A finite Markov chain always has at least one invariant
distribution

e Goal: Construct a Markov chain for which the target
distribution to be sampled is invariant
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Detailed balance

« Atimereversible homogeneous Markov chain satisfies the
detailed balance condition :% for all x, y

m(x)T(x,y) = 7(y)T(y, x)

 |.e.atransition occurs from a state picked according to
probability &, then the probability of that transition from
state x to state y is the same as from state y to x

 Detailed balance implies that = is an invariant distribution

S n(@)Ta,5) = X ()T (gr0) = w(y) = r(y)
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Detailed balance

« Example: states ={0,1,2), T(0,1) =T(1,2) =T(2,0) =1

« The uniform distribution (1/3,1/3,1/3) is

— Invariant 77T =— 7TT

O o
o O

0
(1/3,1/3,1/3)*(0 ) = (1/3,1/3,1/3)
1

— but detailed balance:
m(0)T(0,1) = 1/3 1 Z=7(1)T(1,0) = 1/3 * 0

— does not hold
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Ergodic Markov Chains

* Invariant distributions are not enough

 For sampling we require that the invariant distribution is
reached and is unique independent from the initial
probabilities

A Markov chain is ergodic iff the probabilities p_n
(for n -> 00) converge to the invariant distribution

(then called the equilibrium distribution)

« Some Markov chains "converge" against a cycle of
distributions
(and therefore are not ergodic according to the above
definition)
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Ergodic Markov Chains: Fundamental Theorem

FUNDAMENTAL THEOREM. If a homogeneous Markov chain on a finite state space with
transition probabilities T'(x,x") has ™ as an invariant distribution and

ry = min 11(1111i OT(;E,;E’)/?T(;E’) > 0 (3.12)
r rhw(z')>

then the Markov chain is ergodic, i.e., regardless of the initial probabilities, po(z)

lim p,(z) = =(x) (3.13)

.—0Q

for all x. A bound on the rate of convergence is given by

7(x) —pa(z)| < (1-v)" (3.14)

Furthermore, if a(z) is any real-valued function of the state, then the expectation of a with
respect to the distribution p,, written I, [a], converges to its expectation with respect to T,
written (a), with

(g} — Enla]] < (1-)" max|a(z) - a(z)] (3.15)
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Ergodic Markov Chains: Proof of the Fundamental Theorem

pa(w) = [1-(1-v)"7(z) + (1 -v)"ra(2) (3.16)
rn is a valid probability distribution
v <=1, since we cannot have: m(z') < T'(z,z') for all 2’

3.16 is true for n=0: just set rO(x) = p0O(x)
pi@ = Y@ (317
Bl - - OTED (- D @ TE (1)

[1—(1- :/)‘ (L— r/)” rn(m@ x)—vm(x)+ VD (3.19)

= [l-(1-=v)"]n(x) -I-(—V)nf/@
+(1—p) zm &) &, 2) — viD)] Gl

L= (L= )™ (2) + (1—v)"*@<m) i ‘“)N (3.21)

= [1— (1= 2y & (1 — )" rapi(2) (3.22)
wherf = (@) [T(&, x)—vm(x)]/(1—v
- e
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Ergodic Markov Chains: Proof of the Fundamental Theorem

ra(z) = [1—=(1=-v)"]7(z) + (1 —v)" ru(z) (3.16)

rn is a valid probability distribution
v <=1, since we cannot have: m(z') < T'(z,z') for all 2’

3.16 is true for n=0: just set rO(x) = p0O(x)

pi@ = Y@ (317
Bl - - OTED (- D @ TE (1)

invariant

[L—(1— y)'.+ (1= )" Z Tn(m@ 2) —vr(e) +vr(D) (3.19)

= [l—(l—r/)”’ 7(x) -I-Q—r/)”y@ (1-(1-=2)")+ (1 —-0v)"
- N - =1-1-v)"+ (1 —v)™
+ (=)™ > ra@CE2) =] =1 (1 —0)" — (1 —0)m) [P)

) o =1-(1-v)"(1-v))
= [1—(1—v)"]r(e) + (IT= =1—(1-v)"t? 1)
= [1—(1=—g™a) o (1 — )™ rpya(2) (3.22)

Wher?’n(:E) T(&,x)—vr(x)]/(1—v
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Ergodic Markov Chains: Proof of the Fundamental Theorem

rn41 1S @ probability distribution, i.e.

1. ’I“n_|_1(513) >0 and

2. > ’I“n_|_1(513) =1

LM u Ralf Zimmer, LMU Institut fur Informatik, Lehrstuhl fir Praktische Informatik und Bioinformatik, WS 2004/2005, Algorithmic Bioinformatics Il 23 I i



Ergodic Markov Chains: Proof of the Fundamental Theorem

Th41 1S @ probability distribution, i.e.

L. Tn-l—l(x) >0

WhY? 7,41 () = 35, () Ll
@— y)&, as v < 1 (see above)

T (y,z) —vn(z) > D TW(% f) > v

(as v = minyming r(»)>0 ()

2. Zac Tn—l—l(x) =1
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Ergodic Markov Chains: Proof of the Fundamental Theorem

"n41 1S @ probability distribution, i.e.

1. Tn—l—l(x) >0

2. X Tn—l—l(x) =1

Why?

T Ty raly) TSR

11“ >y rn(y) Zx(T(y, x) —vn(z))
?Zy Tn(y)
mzy Tn(y) 9,

Zy Tn(y)
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Ergodic Markov Chains: Proof of the Fundamental Theorem

Using (3.16), we can now show that (3.14) holds:

[m(2) —pu(e)l = [m(z) — [1-(1-v)"]7(x) — (1-v)" ra(2)] (3.23)
= (=9 (@) = (=) ra(@)] (324
= (1—v)"|7(z) — rp(2)| (3.25)
< (1=-p»)" (3.26)
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Ergodic Markov Chains: Proof of the Fundamental Theorem

pa(z) = [1—=(1-v)"]7(2) + (1-v)"ra(2)

We can show (3.15) similarly:
(a) = Enld]] = | X;a@)m(F) — Ly a(@)pa(d)] (3.27)
| s a@[(1—v)*a(E) — (1—v)"ra(E)]| (3.28)

(1 =v)" | g a@ (&) — Xz a()ra(7)| (3.29)
< (1-v) max la(z) — a(z")| (3.30)

This completes the proof.
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Fundamental Theorem

« Theorem applies to homogeneous Markov chains

 Cyclic Markov chains
(transition matrices repeat after some period)

Tn =Th4d

=>homogeneous Markov chain with transition matrix

T=TpTy...Ty_1

 If for ahomogeneous chain v>0 does not hold for its T, it could
probably hold for some Tk, thus, the theorem holds with rate
bounds with the exponent n replaced by n/k

« Theorem: at large times the distribution will be close to the
invariant distribution

« The state of an ergodic Markov chain at time m will be nearly
independent of the state at time n when m >> n. Starting at any
state at n will lead to the invariant distribution at m.

 This motivates to approximate the expectation via the mean of a
series of values taken from an ergodic Markov chain with the
appropriate invariant distribution.
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Markov Chains

« Computational effort for a good Monte Carlo estimate from
the states of a Markov chain depend on

— time to simulate each transition

— time to converge to the equilibrium distribution (giving
the states to be discarded before convergence)

— number of transitions needed to move between two
iIndependent states from the equilibrium distribution

« Bounds in the theorem often not very practical

— Many theoretical analyses have been tried (e.g. via
Eigenvalues)

— or empirical testing is required
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Analysis of Markov Chains via Eigenvalues

o Definition (left eigenvector of a matrix M)

A left eigenvector of a matrix M is a vector
v # 0 s.t.

vM = M\

for some possibly complex number A\, the eigen-
value associated with eigenvector v

 Thus, obviously, the invariant distribution & of a
homogeneous Markov chain is an eigenvector of its
transition matrix T for eigenvalue 1

™l =7
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Analysis of Markov Chains via Eigenvalues

 For most stochastic (transition) matrices T one can find a
set of linearly independent eigenvectors.
The eigenvectors are

1. associated with eigenvalue 1 and with real positive
values summing to 1

2. other eigenvectors associated with eigenvalue 1

3. eigenvectors with elements summing to 0 associated
with eigenvalues of magnitude <1

« class (1) contain the invariant distributions
 class (2) eigenvectors indicate that the chain is periodic

 Thus, ergodic Markov chains have one eigenvector of class
(1) and possibly several of class (3) 1 > |[Xo| > |A3]| > ...
with eigenvectors m,vp,v3,. ..

L M u Ralf Zimmer, LMU Institut fur Informatik, Lehrstuhl fir Praktische Informatik und Bioinformatik, WS 2004/2005, Algorithmic Bioinformatics Il 31 I i




Analysis of Markov Chains via Eigenvalues

 Represent the initial probability pg = © + a>v> + azvz + ...

« then the distribution after n steps of the chain is
pn = poT"™ = 7T" 4+ a>v>T" + azv3T" + . ..

= m 4+ A\Saxvs + A\3azvz + ...

 Thus, with increasing n, p,, will converge to © with the
asymptotic rate of convergence given by the magnitude of
the second-largest eigenvalue A,

« As the eigenvalues of areversible Markov chain are real, we
have a bound on the time for convergence (independent of
the initial distribution)

pn(z) — m(z) A2
v w(x) = mingm(x)

If T(x,x) >=%: for all x, all eigenvalues are non-negative and A,
Is the largest eigenvalue less than one
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