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Hierarchy of abstractions

=) Bits: Boolean circuits compute
Tiles: Tile self-assembly implements circuits
DNA: DNA strands implement tiles
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Odd bits
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Boolean circuit model

gate g

gate g: function with two input  bits /i,
and two output bits o0,,0,
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Boolean circuit model

gate g; y,(i1,i2) = 01,02 =
XOR(i1,i2), AND(i1,i2)
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Boolean circuit model

i ¢
e 7 rows in layer
N
(K
. y!
15 %
gate g; y,(i1,i2) = 01,02 = °
XOR(i1,i2), AND(i1,i2) Y
\_ b 02
'
one layer gate g5 yy(il,iz) = 01,02 =

NOT(i1),NAND(i1,i2)

Gates organized into vertical layers consisting of many rows
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Boolean circuit model
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associated probabilities, e.g., Pr[g; yn] = Pr(g; xal = %2
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layer: gates to go in a
each row a
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Boolean circuit model

Programmer specifies @ v

layer: gates to go in
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Boolean circuit model

Programmer specifies
layer: gates to go in
each row

User gives n input
bits x € {0,1}"

Computation flows

from inputs to
layers 1222>3->...

layers: 1 2 3
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Example circuits with same gate in every row
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Example circuits with same gate in every row
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Example circuits with different gates in each row
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Example circuits with different gates in each row
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Deterministic circuits
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Deterministic circuits
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Deterministic circuits
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Randomization: “Lazy” sorting

O

If 1 and 0 out of order, flip a coin to copy gate

decide whether to swap them.
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::@\g

:

14



Randomization: “Lazy” sorting
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Randomized circuits

LAZYPARITY
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Randomized circuits
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Randomized circuits

LAZYPARITY Sl
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for any (positive) probabilities for the randomized gate
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Hierarchy of abstractions

Bits: Boolean circuits compute
=) Tiles: Tile self-assembly implements circuits
DNA: DNA strands implement tiles
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Gates =2 Tiles
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(algorithmic self-assembly)
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How tiles compute while growing
(algorithmic self-assembly)
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How tiles compute while growing
(algorithmic self-assembly)
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How tiles compute while growing
(algorithmic self-assembly)
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Hierarchy of abstractions

Bits: Boolean circuits compute
Tiles: Tile self-assembly implements circuits
=) DNA: DNA strands implement tiles
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DNA single-stranded tiles

Domai_n 4 Domain 3
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glue 4 glue 3

glue 1 glue 2

Yin, Hariadi, Sahu, Choi, Park, LaBean, Reif
Programming DNA tube circumferences
Science 321, 824-826 (2008)



Single-stranded tiles for making any shape
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Uniquely addressed self-assembly versus algorithmic

Unigue addressing: each DNA “monomer” appears exactly once in final structure:
SiTET: S i ——
CROR T 1 =l —1
I HEEE —L -
N — —
Ea_gl_e_hiad Triangle —— 1
ot staple strand for position (4,2)

tile for position (4,2)

23

Algorithmic: DNA tiles are reused throughout the structure.




Single-stranded tile tubes

DNA-level diagram of 20-helix tube

Yin, Hariadi, Sahu, Choi, Park, LaBean, Reif, Programming DNA tube circumferences, Science 321, 824-826 (2008)
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Seeded growth === =

single-stranded tiles
implementing circuit gates
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need barrier to nucleation
(tile growth without seed);
[tile]=100 nM;
temperature=50.9° C
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Seeded growth === =

DNA origami seed

single-stranded tiles
implementing circuit gates
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Seeded growth === =

13 13
DNA origami seed
single-stranded “input-adapter” single-stranded tiles
extensions encoding 6 input bits implementing circuit gates
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Seeded growth === =

DNA origami seed

single-stranded “input-adapter” single-stranded tiles
extensions encoding 6 input bits implementing circuit gates
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Seeded growth === =

1, 1,

DNA origami seed

single-stranded “input-adapter” single-stranded tiles
extensions encoding 6 input bits implementing circuit gates

need barrier to nucleation
(tile growth without seed); ~ hold 8-48 hours

[tile]=100 nM; ‘
temperature=50.9° C

seed input- growing
adapters tiles 25/48



can later add streptavidin (5 nm

S e e d e d g ro Wt h & — V\{ide Protein) to bind biotins and

— visualize where the 1’s are
1, 1,
DNA origami seed
Subunit A " —
single-stranded “input-adapter” single-stranded tiles
extensions encoding 6 input bits implementing circuit gates

f

.-l‘ ./
need barrier to nucleation e M,_.J(Jv(-‘v(-"!‘g?‘;:“’l_ -.1 ; V:
(tile growth without seed);  hold 8-48 hours e — @Qgeaq"@?’c‘""v \
[tile]=100 nM; — ----C”m"“m'(g i
P — : , ,,_"__‘my\ ﬁﬂ«{&lﬁ‘\ ‘
temperature=50.9° C S _}..\,. T N
g ad (\t e .\\ :
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Bar-coding origami seed for imaging

multiple samples at once
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have version with a biotin
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Bar-coding origami seed for imaging

multiple samples at once
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56
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X
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some staples of origami seed
have version with a biotin

represents some combination of
circuit and input, e.g.,
013 = “parity circuit, input=011010"
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Experimental procedure

a form of growth
uncontrolled unseededseeded no
growth Jfubes ~ tubes  growth
I heating : \ ~ t ~ *“Jt
§ (no seeds) 2 - 2 /
>
° cooling 1 hour } \ 1-2 days 1 day
&| (no seeds) } * »
c
3+

@ seed algorithmic unzip, guards,
8 forms self-assembly deposit on mica,
add streptavidin

40 . ] 50 . 60 SORTING
temperature (C) tiles & seed

To execute circuit y on input x € {0,1}*:
Mix
. )

* “adapter” strands encoding x

e tiles computing y

* Anneal 90° Cto 50.9° Cin 1 hour (origami seeds form)
* Hold at 50.9° C for 1-2 days (tiles grow tubes from seed)

*  Add “unzipper” strands (remove seam to convert tube to ribbon)
*  Add “guard” strands (complements of output sticky ends, to deactivate tiles)
. Deposit on mica, buffer wash, add streptavidin, AFM
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heating
(no seeds)

coolmg
(no seeds)

: N~ A~ /f‘;’*

i~
1 hour 22 \ 1-2 days 1 day

N = —

seed algorithmic unzip, guards,
8 forms self-assembly deposit on mica,
add streptavidin

40 . ] 50 . 60 SORTING
temperature (C) tiles & seed

To execute circuit y on input x € {0,1}*:
Mix
* origami (bar-coded to identify both y and x)

# nanotubes

* “adapter” strands encoding x

. . 0’\_
e tiles computing y
1, 0,

0, 0,

5
5 05 3

* Anneal 90° Cto 50 9°Cin 1 hour (origami seedsform)
* Hold at 50.9° C for 1-2 days (tiles grow tubes from seed)

*  Add “unzipper” strands (remove seam to convert tube to ribbon)
*  Add “guard” strands (complements of output sticky ends, to deactivate tiles)
. Deposit on mica, buffer wash, add streptavidin, AFM



Experimental procedure

a form of growth b c d e
uncontrolled unseededseeded no
growth Jfubes ~ tubes  growth

heating
(no seeds)

coolmg
(no seeds)

: N~ A~ /f‘}‘

i~
1 hour 22 \ 1-2 days 1 day

N = —

seed algorithmic unzip, guards,
8 forms self-assembly deposit on mica,
add streptavidin

40 . ] 50 . 60 SORTING
temperature (C) tiles & seed

To execute circuit y on input x € {0,1}*:

Mix
* origami (bar-coded to identify both y and x) (‘

* “adapter” strands encoding x

# nanotubes

0’\_

e tiles computing y

1 0
4 4 O 2

5
5 05 3

* Anneal 90° Cto 50 9°Cin 1 hour (origami seedsform)
* Hold at 50.9° C for 1-2 days (tiles grow tubes from seed)

*  Add “unzipper” strands (remove seam to convert tube to ribbon)
*  Add “guard” strands (complements of output sticky ends, to deactivate tiles)
. Deposit on mica, buffer wash, add streptavidin, AFM




Results

def test parity 100101():
actual = parity('100101')

expected = 3‘:0’3;‘:0’3 3 ::. eeccccccccccccccccee

assertEquals(actual, expected)
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PARITY

Is the number of 1’s odd?

SORTING

h input: 000001, output: 100000

ooooooooooooooooooo

yes

yes

no

Copy

MuLTIPLEOF3

Is the input binary number a multiple of 3?

RECOGNISE21
Is the binary input =212

yes

PALINDROME
Is the input a palindrome?

Z1G-ZAG
Repeating pattern

yes

yes



LAZYPARITY LAZYSORTING RANDOMWALKINGBIT

% PG P

H "/ :fi ;!""‘“""““"““"" -t vngngys

ABSORBINGRANDOMWALKINGBIT
Random walker absorbs to top/bottom

N e




FAIRCOIN RULE110
Unbiasing a biased coin Simulation of a Cellular automaton

! 16 JJMM#

l_ ]: l-t ‘* "¢ -ti d-ﬂ-f!‘ d#f '*-‘ -“t"—'

Prob[result=yes]
= = theory
Il experiment

0.1 03 0.5 0.7 0.9
132 134 130 133 131
bias p & barcode

distance to yes/no result (nm)
{ theory

|

. 3 05 07 009
132 134 130 133 131
bias p & barcode
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Counting to 63

Circuit with 63 distinct outputs

123... ...6263123 ...
Ly 42 Ly

825403850 u3%eut’s § 2%
8% 3° el o3 oFF°

Is there a 64-counter?

No!

Proof by Tristan Stérin, ENS Lyon & Inria

(Consequence of following theorem: Any bijective Boolean
circuit having one output bit that does not depend on all of

its input bits cannot compute odd bijections.)




Parity tested on all inputs

2% = 64 inputs with 6 bits

-

0(000000) = 200
o(0eee11) = 913
o(eee101) = 821

0(000110) = 822

=) .
11‘ 4 y Y

o(e81010) = 830

o(ee11ee) = 101

o(ee1111) = 110

o(e10001) = 112

0(010010) = 113

o(010100) = 121

o(e11011) = 133

o(911110) = 201

32 inputs with even # of 1’s

m
3

201

SERR A
&2n
'.'l

\

0(100001) = 002

.

212

3

0(100010) = 212
0(100100) = 221

Z21d

2237

o(100111) = 223

i |

0(101000) = 230

230y

sad v

0(101011) = 233

0(101110) = 301

0(110000) = 303
o(110011) = 333
o(110101) = 004
o(111001) = 404  KIREEERS \

0(111010) = 410

0(111100) = 420 NE2o

0(111111) = 431

/

o(eeeeel) = o1
o(eeee10) = 11
o(ees1ee) = 828
o(eee111) = 823
o(ee10ee) = 441
o(ee1e11) = 108
o(ee11e1) = 102
o(ee111e) = 103
o(e10000) = 111
o(e10011) = 114
o(e10101) = 122
o(e10110) = 123
o(e11ee1) = 131
0(911010) = 132

o(e11100) = 134

%1111) =21e

o(108011) = 213

o(100101) = 083

0(100110) = 222

o(101001) = 231

0(101010) = 232

0(101100) = 234 |

0(101111) = 382

o(110001) = 318

0(110010) = 320

0(110100) = 338

0(111000) = 481

0(111011) = 411

0(111101) = 421

0(111110) = 438

o(110111) =400 [

‘J' , 1 Yo

32 inputs with odd # of 1’s

0(100000) = 211

-
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o(6-bit input) = 3-digit barcode representing that input
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Parity tested on all inputs

2% = 64 inputs with 6 bits

/ 32 inputs with even # of 1’s \ /

ofeeee1l) = 613 Rl 3_‘\ o, o(100010) = 212 ::a‘l" 2 »

o(eeeeel) = o1

0(100001) = 002 G ISR

e
o(eeee10) = 11

_ NS Y PETR? 1 o(eee1ee) = 820
oeee1e1) = 021 RSEAE o{100160) = 221 2?’ A

o(eee111) = 823

s
ofeee11e) = 022 % EALH -

0(100111) = 223 4% &2

0(001001) = of

o(981010) = 8

We used all 355 tiles in some experiment, so we’ve verified “all tiles work”.

0(0e1100) = 1¢
o{ee1111) = 1,
o{e1eee1) = 1, . " ”
gate tiles work “together”.

0(010010) = 1

0(010100) = 1,

” 110101) = 004

0(111001) = 404

2oy *

o(e10110) = 123

ofe11eee) = 442 RN I ;
ofe11011) = 133 o(111010) = 410
ofe111e1) = 208 o(1111ee) = 420 '4 car o o(011100) = 134

o(e11010) = 132

0(111111) = 431

\_ |

L N I

For 14 circuits, every tile for that circuit was used for some input, verifying all |

, ? 3 \"’J“N‘u‘d\wvhu
L' &y

o(e11ee1) = 131 R

32 inputs with odd # of 1’s \

M 0(110111) = 400 R L 2% AESNENEN

0(100000) = 211
0(100011) = 213 Rl I L SSREREEEE

0(100101) = 003  H e R

0(100110) = 222

0(111000) = 481

o111e11) =411 [CNRIRE 1\-.‘.....‘.5-‘..-.'........1

* ¥

o(6-bit input) = 3-digit barcode representing that input
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12 um AFM image of
parity ribbons for several
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12 um AFM image of
parity ribbons for several
inputs whose outputis 1

error statistics:

seeding fraction: 61% of origami seeds have tile growth into a tube

error rate: 0.03% = 0.0008 per tile attachment
(1,419 observed errors out of an estimated 4,600,351 tile attachments,
comparable to best previous algorithmic self-assembly experiments)




Next big challenge: Algorithmically control shape

We “drew” interesting patterns on a boring shape (infinite rectangle)
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Can we grow interesting shapes?
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Next big challenge: Algorithmically control shape

We “drew” interesting patterns on a boring shape (infinite rectangle)

20D P ww™ 6R Yo WP TSR SIS

Can we grow interesting shapes?

Theorem: There is a single set T of tile
types, so that, for any finite shape S,
from an appropriately chosen seed o,
“encoding” S, T self-assembles S.

[Complexity of Self-Assembled Shapes. Soloveichik and Winfree, SIAM Journal on Computing 2007]

38




Next big challenge: Algorithmically control shape

We “drew” interesting patterns on a boring shape (infinite rectangle)
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Can we grow interesting shapes?
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Theorem: There is a single set T of tile
types, so that, for any finite shape S,
from an appropriately chosen seed o,
“encoding” S, T self-assembles S.

[Complexity of Self-Assembled Shapes. Soloveichik and Winfree, SIAM Journal on Computing 2007]
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Next big challenge: Algorithmically control shape

We “drew” interesting patterns on a boring shape (infinite rectangle)

2O 1 ww™ SR VLW PETTOR STED D

Can we grow interesting shapes?

smiley_face

Theorem: There is a single set T of tile
types, so that, for any finite shape S,
from an appropriately chosen seed o,
“encoding” S, T self-assembles S.

[Complexity of Self-Assembled Shapes. Soloveichik and Winfree, SIAM Journal on Computing 2007]
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Next big challenge: Algorithmically control shape

We “drew” interesting patterns on a boring shape (infinite rectangle)
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Can we grow interesting shapes?

Theorem: There is a single set T of tile
types, so that, for any finite shape S,
from an appropriately chosen seed o,
“encoding” S, T self-assembles S.

These tiles are universally programmable for building any shape.

[Complexity of Self-Assembled Shapes. Soloveichik and Winfree, SIAM Journal on Computing 2007]
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Thank you!



