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5.6 The canonical split network

It remains to be shown that all shortest paths from v to w have the desired
properties. To this end, consider an arbitrary path P of length d from p to 4 and
let p’ be the second node in the path. By assumption, p’ is connected to q by a
path containing d — 1 edges, each colored by a different index and none colored
by the index of the component on which p and p’ differ. Hence, P has d different
colors.

Let us demonstrate now that N is bipartite. Chose a fixed taxon x in X. The
parity of a projection p is set to 0, if the number of components of p that contain
the taxon x is even, and is set to 1, otherwise. Using this measure, we can partition
the set of nodes V of the Buneman graph in two disjoint subsets V; and V; such
that for every edge e € E one of the endpoints lies in V; and the other endpoint
lies in Vj, in the following way: Let V; and V, be the set of nodes with odd and even
parity, respectively. Then, for each pair of nodes u, v in V; (or in V), there does
not exist an edge connecting them since they differ on more than one component.
This completes the proof that the Buneman graph is a split graph as defined in
Definition 5.5.1.

To prove that the Buneman graph is a split network, we need to show for the node
labeling A : X — V and for every split S = A | Bin S thatthe deletion of all edges
of color S produces a graph consisting of precisely two connected components, one
containing all nodes labeled with elements of A and the other containing all nodes
labeled with elements of B (see Definition 5.5.1). Theorem 5.5.2 ensures that, for
each split S of a split set S represented by N, by deleting all edges of color S we
obtain a graph N consisting of precisely two connected components N2 and Ng.
We need to prove that all nodes labeled with elements of A (or of B) are contained
in N9 (or N§, respectively).

In the proof of Theorem 5.5.2, we showed that any two nodes p and q are
contained in the same connected component of Ns if and only if S ¢ o(p,q)
holds. For every pair of nodes p and g such that A~'(p) = aand A7'(q) = b, with
2in A and b in B, it holds that p and q differ on the split S. As demonstrated
above, this implies that S € a(p, q), s0 p and q are not in the same connected
component of NYand N}. Since this holds for each pair of nodes p and g in Vand
for every split, this concludes the proof. O

Let S be a set of splits on X'. How many nodes and edges might the canonical
split network contain? If the incompatibility graph G(S) contains a clique of size
k, then any one of the 2k possible choices of split parts gives rise to a node in the
network and thus the number of nodes and edges of the network is exponential in
the number of splits in the worst case.

In Chapter 7 we discuss how to compute the Buneman graph using the convex

hull algorithm.
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