A Multi-resolution Data Structure for Two-dimensional Morse Functions
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Abstract

The efficient constructionof simplified modelsis a centralprob-
lem in thefield of visualization. We combinetopologicalandge-
ometricmethodsto constructa multi-resolutiondatastructurefor
functionsover two-dimensionatlomains.Startingwith the Morse-
Smalecomplex we build a hierarchyby progressiely canceling
critical pointsin pairs. The datastructuresupportameshtraversal
operationssimilar to traditionalmulti-resolutionrepresentations.

1 Introduction

Scientificdatatypically consistof measurementsver ageometric
domainor space.We think of it asa discretesampleof a continu-
ousfunction over the space.In this paperwe areinterestedn the
casen whichthe spacds a compact2-manifold. Examplesarethe
sphereandthe torus, and either one of them can be obtainedby
compactifyinga simply connectedpenregion of the plane.

A multi-resolutionrepresentatioris crucial in the efficient and
preferablyinteractie explorationof scientificdata. Traditionalap-
proache®f constructingsuchhierarchiesarebasedon progressie
simplification guided by a numericalmeasuremenof error  Al-
ternatively, we may drive the simplificationprocesswvith measure-
mentsof thetopologicalfeaturesn the data. Thelatterapproachs
appropriatéf thetopologicalfeaturesandtheir spatialrelationships
areessentiato understandhe phenomenainderinvestigation.An
exampleis waterflow over aterrain,whichis influencedby possi-
bly subtleslopes.Small but critical changesn the landscapenay
resultin catastrophichangesn waterflow andaccumulation.

Thetopologicalanalysisof scientificdatahasbeenalong stand-
ing researchfocus. Morse theory relatedmethodswere already
developedin the late 19th century[1, 11] and later even hierar
chical representationsvere proposed12, 13]. Most modernre-
searchin the areaof multi-resolutionstructuress geometrybased
andmary techniqueshave beendevelopedduring the last decade
[9, 14, 7, 10]. Subsequentlymary of thesealgorithmshave been
extendedto allow thetopologytype of the surfaceto changd6, 8].
In this paperwe usea differentapproach We directly computethe
topology of the data(representedby its Morse complex) and use
it to guidethe constructionof a hierarchy The constructionand
simplification of Morsecompleesis basedon the work of Edels-
brunneret al. [3, 2] aswell asthe error metric we useduring the
simplification[4].

2 Background

Weareconcerneavith areal-valuedsmoothfunction f overacom-
pact2-manifold M withoutboundary Thetopologyof f canbede-
scribedby consideringts critical points (pointwith zeroderivative)
andtheir relationships. Thereexist threetypesof critical points,
minima, maximaandsaddlepoints. Additionally, we considerin-
tegral lines which follow the local gradientof the function (lines
of steepestaiscent/descent)gnoring specialcasesgachsaddleis
the intersectionpoint of two integral lines, or the startingpoint of
two lines of steepesascentandtwo lines of steepestlescent.By
tracingoutthesdineswe computewhatis calleda Morsecomple,
seeFigure 1(a). A Morse comple consistsof four-sidedregions
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Figurel: (a) A sampleMorsecomplex includinga degeneratesell.
(b) An exampleof cancelinga saddleanda maximum:(left) origi-
nal surface;(right) simplified surface.

(Morse cells) eachof which containa minimum, a saddle a maxi-

mum, anda saddlein order SinceinsideeachMorsecell the data
is monotonethis completelydescribeshetopologyof f. A Morse
compl canbesimplified by cancelingpairsof critical points,see
Figure1(b). Eachcancellatiorremovesa topologicalfeaturefrom

the data. The error metricwe useto rank cancellationss distance
in function spacebetweerthe two critical pointsthatarecanceled.
This metric hasrecentlybeencalled persistence [4]. The cancel-
lation togethemwith persistencaserrormetriccannow be usedto

createa hierarchicalrepresentatiof a Morse compl. By ap-

proximatingf within eachMorsecell thisalsoinducesageometric
hierarchyfor f. Thishierarchycanbeusedto createalargenumber
of differentview-dependenapproximationf f eachof which is

guaranteedo be topologicalcorrectand obserestight geometric
errorbounds.

3 Algorithm

We computethe Morsecomplex by constructingwo linesof steep-
estascentandtwo lines of steepestiescenstaringfrom eachsad-
dle. We follow the local gradientintroducingnen edgeswhen-
ever the gradientflows througha triangleratherthanalongedges.
Following somesimpleruleswe avoid degenerateasesvherethe
interior of a Morse cell doesnot touchboth saddlesor is not sim-
ply connected. We are carefulin defining robust algorithmsthat
alway produceconsistentesults.Especiallyin degenerateegions,
whereseveralverticesmayhavethesamefunctionvalue thegreedy
choicesof local steepesascent/descemhay notwork consistently
We addresshis problemusingatechniquebasedbn thesimulation
of simplicity [5]. Eachedgeis givena directionthatis thenusedto
breakties. Now, all verticesin the datasetcanbetreatedasif they
werein generaposition.

We build the multi-resolutiondatastructurefrom bottomto top.
Thebottomlayerstoresthe original Morsecomple. Higherlayers
are createdby successiely performingcancellations.Eachnode
in the hierarchysymbolizesonecancellatioranddependencieare
createdby examiningthe region of interferencdor eachcancella-
tion. The region of interferenceis definedasthe region in which
thefunctionchangesiuringa cancellation.If two regionsof inter-
ferencehave a non-emptyintersectiornthe two correspondingan-
cellationsaredependenanda link betweertheir nodesis created
in thehierarchy

During cancellationsthe geometrycanbe adaptedusingitera-



tive smoothingoperations.For eachMorsecell tight error bounds
for the geometryexist in which we canoptimizethe function. For

renderingpurposesve remesheachcell to aregular4-8 meshstruc-
ture. This allows interactve renderingof the currentapproxima-
tion.

4 Results

We testedour algorithmon the PugetSoundterraindatasetat res-
olution 1025-by-1025and elevation valuesrepresentedvith two-
byteunsignedntegers.Severalresolutionof the PugetSounddata
setareshavn in Figure2. After removal of all topologywith persis-
tencebelov 0.5%o0f themaximumelevationtheapproximatiorhas
only 4045critical pointsof the 49185in the original topology (too
denseto be shavn). Thesepointsdeterminethe highest-resolution
MS comple. Themiddlefigureshavs anapproximatiorwith 2025
critical points and a uniform persistenceof about1.2%. On the
bottomis a view-dependenadaptve refinementasedon the pur
ple view frustum,which yield anapproximatiorwith 1070critical
points. Thefull-resolutiontopologyis preseredinsidethefrustum,
while outsideonly the minimal dependentopologyis maintained.
Note how the topology can drop quickly from the highestto the
lowestresolutionwhile maintaininga consistentmesh.
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Figure2: Fromtop to bottom: PugetSounddatasetaftertopolog-
ical noiseremoval. A texturedrenderingis shavn togetherwith
thecorrespondinglS complex; thedatasetat persistencef 1.2%;
view-dependentefinement currentfrustumshavn in purple.



