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Abstract

The efficient constructionof simplified modelsis a centralprob-
lem in the field of visualization.We combinetopologicalandge-
ometricmethodsto constructa multi-resolutiondatastructurefor
functionsover two-dimensionaldomains.Startingwith theMorse-
Smalecomplex we build a hierarchyby progressively canceling
critical pointsin pairs. Thedatastructuresupportsmeshtraversal
operationssimilar to traditionalmulti-resolutionrepresentations.

1 Introduction

Scientificdatatypically consistsof measurementsovera geometric
domainor space.We think of it asa discretesampleof a continu-
ousfunctionover thespace.In this paperwe areinterestedin the
casein which thespaceis a compact2-manifold.Examplesarethe
sphereand the torus, and either oneof them can be obtainedby
compactifyinga simplyconnectedopenregionof theplane.

A multi-resolutionrepresentationis crucial in the efficient and
preferablyinteractive explorationof scientificdata.Traditionalap-
proachesof constructingsuchhierarchiesarebasedon progressive
simplification guidedby a numericalmeasurementof error. Al-
ternatively, we maydrive thesimplificationprocesswith measure-
mentsof thetopologicalfeaturesin thedata.Thelatterapproachis
appropriateif thetopologicalfeaturesandtheirspatialrelationships
areessentialto understandthephenomenaunderinvestigation.An
exampleis waterflow over a terrain,which is influencedby possi-
bly subtleslopes.Smallbut critical changesin the landscapemay
resultin catastrophicchangesin waterflow andaccumulation.

Thetopologicalanalysisof scientificdatahasbeena longstand-
ing researchfocus. Morse theory relatedmethodswere already
developedin the late 19th century [1, 11] and later even hierar-
chical representationswere proposed[12, 13]. Most modernre-
searchin theareaof multi-resolutionstructuresis geometrybased
andmany techniqueshave beendevelopedduring the last decade
[9, 14, 7, 10]. Subsequently, many of thesealgorithmshave been
extendedto allow thetopologytypeof thesurfaceto change[6, 8].
In this paperwe usea differentapproach.We directly computethe
topology of the data(representedby its Morse complex) anduse
it to guide the constructionof a hierarchy. The constructionand
simplificationof Morsecomplexesis basedon thework of Edels-
brunneret al. [3, 2] aswell asthe error metric we useduring the
simplification[4].

2 Background

Weareconcernedwith areal-valuedsmoothfunction � overacom-
pact2-manifold � withoutboundary. Thetopologyof � canbede-
scribedby consideringits critical points (pointwith zeroderivative)
and their relationships.Thereexist threetypesof critical points,
minima,maximaandsaddlepoints. Additionally, we considerin-
tegral lines which follow the local gradientof the function (lines
of steepestascent/descent).Ignoring specialcases,eachsaddleis
the intersectionpoint of two integral lines,or the startingpoint of
two lines of steepestascentandtwo lines of steepestdescent.By
tracingout theselineswecomputewhatis calledaMorsecomplex,
seeFigure1(a). A Morsecomplex consistsof four-sidedregions
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Figure1: (a)A sampleMorsecomplex includinga degeneratecell.
(b) An exampleof cancelinga saddleanda maximum:(left) origi-
nal surface;(right) simplifiedsurface.

(Morse cells) eachof which containa minimum,a saddle,a maxi-
mum,anda saddlein order. SinceinsideeachMorsecell thedata
is monotone,this completelydescribesthetopologyof � . A Morse
complex canbesimplifiedby cancelingpairsof critical points,see
Figure1(b). Eachcancellationremovesa topologicalfeaturefrom
thedata.Theerrormetricwe useto rankcancellationsis distance
in functionspacebetweenthetwo critical pointsthatarecanceled.
This metric hasrecentlybeencalledpersistence [4]. The cancel-
lation togetherwith persistenceaserrormetriccannow beusedto
createa hierarchicalrepresentationof a Morse complex. By ap-
proximating� within eachMorsecell thisalsoinducesageometric
hierarchyfor � . Thishierarchycanbeusedto createalargenumber
of differentview-dependentapproximationsof � eachof which is
guaranteedto be topologicalcorrectandobserves tight geometric
errorbounds.

3 Algorithm

WecomputetheMorsecomplex by constructingtwo linesof steep-
estascentandtwo linesof steepestdescentstaringfrom eachsad-
dle. We follow the local gradientintroducingnew edgeswhen-
ever thegradientflows througha triangleratherthanalongedges.
Following somesimpleruleswe avoid degeneratecaseswherethe
interior of a Morsecell doesnot touchbothsaddlesor is not sim-
ply connected.We arecareful in defining robust algorithmsthat
alway produceconsistentresults.Especiallyin degenerateregions,
whereseveralverticesmayhavethesamefunctionvalue,thegreedy
choicesof local steepestascent/descentmaynotwork consistently.
Weaddressthis problemusinga techniquebasedon thesimulation
of simplicity [5]. Eachedgeis givena directionthatis thenusedto
breakties. Now, all verticesin thedatasetcanbetreatedasif they
werein generalposition.

We build themulti-resolutiondatastructurefrom bottomto top.
ThebottomlayerstorestheoriginalMorsecomplex. Higherlayers
arecreatedby successively performingcancellations.Eachnode
in thehierarchysymbolizesonecancellationanddependenciesare
createdby examiningtheregion of interferencefor eachcancella-
tion. The region of interferenceis definedasthe region in which
thefunctionchangesduringa cancellation.If two regionsof inter-
ferencehave a non-emptyintersectionthe two correspondingcan-
cellationsaredependentanda link betweentheir nodesis created
in thehierarchy.

During cancellations,the geometrycanbe adaptedusingitera-



tive smoothingoperations.For eachMorsecell tight errorbounds
for the	 geometryexist in which we canoptimizethe function. For
renderingpurposesweremesheachcell to aregular4-8meshstruc-
ture. This allows interactive renderingof the currentapproxima-
tion.

4 Results

We testedour algorithmon thePugetSoundterraindatasetat res-
olution 1025-by-1025andelevation valuesrepresentedwith two-
byteunsignedintegers.Severalresolutionsof thePugetSounddata
setareshown in Figure2. After removal of all topologywith persis-
tencebelow 0.5%of themaximumelevationtheapproximationhas
only 4045critical pointsof the49185in theoriginal topology(too
denseto beshown). Thesepointsdeterminethehighest-resolution
MS complex. Themiddlefigureshowsanapproximationwith 2025
critical points and a uniform persistenceof about1.2%. On the
bottomis a view-dependentadaptive refinementbasedon thepur-
ple view frustum,which yield anapproximationwith 1070critical
points.Thefull-resolutiontopologyis preservedinsidethefrustum,
while outsideonly theminimal dependenttopologyis maintained.
Note how the topology can drop quickly from the highestto the
lowestresolutionwhile maintaininga consistentmesh.
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Figure2: Fromtop to bottom: PugetSounddatasetafter topolog-
ical noiseremoval. A textured renderingis shown togetherwith
thecorrespondingMS complex; thedatasetatpersistenceof 1.2%;
view-dependentrefinement- currentfrustumshown in purple.


