|IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. 3, NO. 3, JULY-SEPTEMBER 1997 215

On Approximating Contours of the Piecewise
Trilinear Interpolant Using Triangular Rational-
Quadratic Bézier Patches

Bernd Hamann, Member, IEEE, |ssac J. Trotts, and Gerald E. Farin

Abstract—Given a three-dimensional (3D) array of function values F;;xon a rectilinear grid, the marching cubes (MC) method is the
most common technique used for computing a surface triangulation 7 approximating a contour (isosurface) Fx,y,2=T. We
describe the construction of a C -continuous surface consisting of rational-quadratic surface patches interpolating the triangles in 7.
We determine the Bézier control points of a single rational-quadratic surface patch based on the coordinates of the vertices of the
underlying triangle and the gradients and Hessians associated with the vertices.

Index Terms—Approximation, contour, isosurface, marching cubes, rational Bézier curve, rational Bézier surface, triangular patch,

triangulation, trilinear interpolation, visualization.

1 INTRODUCTION

NE of the most commonly used methods to visualize

and study a scalar field F(x, y, z) is based on the ap-
proximation and rendering of a contour (isosurface) F = T.
Usually, the function F is evaluated or given on a rectilinear
grid, and piecewise trilinear interpolation is used to ap-
proximate f inside each cell (cuboid) in the grid. In the fol-
lowing, it is assumed that the function values F;;; are given
at uniformly spaced points x; ; , with integer coordinates,

e, X = (LT k). Parametrizing a single cell over the

interval [0, 1] in x—, y—, and z—direction and using a local
indexing scheme, i.e., denoting the function values at the

corners of a particular cell by fo00, f100 fo1,00 -+ f1,1,1, the tri-
linear interpolant for this cell is given by

fley,2)= foo0 (-2 (1-y)(1-2)

+fio0 X (1-y) 1-2)
+ o0 ( 1- x) y (1-2)
+fiiel X Yy (1-2)
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where B,.l (x),B;(y),and B;(z) are Bernstein-Bézier polyno-

mials of degree one, see [11] and [22]. An alternative repre-

sentation of (1) is given by
1

fxy,2)=Y,

2 ATkt
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where A"* is the forward difference operator for triple

il 0,0,0 1,00
indices, e.g., A" foo0 = fooor A" fooo = froo — fo00 and

A fo00=Firo=froo=foro* fooo

The MC method computes the intersections of a contour
with the edges of a cell based on trilinear interpolation, see
[19]. The intersections are then connected to form closed
polygons whose edges all lie on certain faces of the cell. The
polygons are triangulated, thus defining a piecewise linear
approximation to the contour. The original MC method
suffers from the fact that the resulting surface triangula-
tions can contain cracks, i.e., certain edges in the triangula-
tion might not be shared by exactly two triangles. Various
strategies have been proposed to solve this shortcoming,
see, e.g., [13] and [21].

The authors are not aware of any research that studies
the exact nature of a contour of (1). This paper discusses the
construction of an approximation of a contour of (1) using
triangular rational-quadratic surface patches. The approxi-
mating rational-quadratic surfaces are represented in trian-
gular rational Bézier form, see [9]. In order to model or
postprocess an approximation of a contour of a trivariate
function, one would prefer a representation in terms of
parametric patches. This is the primary motivation for the
scheme presented in this paper.

The authors are aware of only one reference dealing with
the approximation of a contour by parametric surface
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Fig. 1. Polygons obtained by MC method using asymptotic decider described in [21].,

patches. This reference is [12]. The construction described
in [12] yields patches with three, four, five, and six bound-
ary curves. The topology at vertices is characterized by the
fact that exactly four patch boundary curves meet at a
shared patch corner vertex, i.e.,, each patch corner vertex
has valence four. Furthermore, not all vertices produced by
an MC algorithm are interpolated by their method. Our
method does not require certain valences for patch corner
vertices, and it interpolates all the points generated by an
MC algorithm. We plan to develop an algorithm that can be
used to reduce the number of triangular patches, based on
the idea of identifying patches in (nearly) planar regions
and eliminating those patches.

2 OUTLINE OF AN MC METHOD BASED ON
RATIONAL-QUADRATIC SURFACES

The fact that the contour of a bilinear interpolant is a hy-
perbola is used for the construction of the edges of the
closed polygons whose vertices lie on the edges of a grid
cell and on a particular contour. In general, one can obtain
closed polygons with three, four, five, six, seven, eight,
nine, or 12 vertices, see [13]. Examples are shown in Fig. 1.

These closed polygons are then triangulated defining a"

coarse, piecewise, linear approximation of the contour in-
side the grid cell. The triangulation process itself must
consider various special cases, including certain cases
where additional points on the contour in the interior of
a cell must be added to generate topologically valid
triangulations. Again, this is discussed in [21]. In this pa-
per, we propose an alternative approach for the repre-
sentation of a contour approximation inside a grid cell.
This alternative approach uses rational-quadratic surface
patches.

Triangular quadric surface patches in Bézier representa-
tion are discussed in [2],.[3], [16], [17], and [20]. When ap-
proximating a contour of the trilinear interpolant by a ra-
tional-quadratic surface, the construction of the various
triangular rational Bézier patches is rather straightforward:
The closed polygons defined by points on the edges of a
grid cell are triangulated, and the edges in the resulting
triangulations are used in the construction of patch bound-
ary curves, which completely define a set of triangular
Bézier patches in the interior of the grid cell. These patches
approximate the contour locally. Overall, the patches asso-
ciated with a particular cell are constructed by performing
these steps:

Step 1—Triangulation. Given the set of all closed polygons
with edges on the faces of a grid cell, these polygons
are triangulated.

Step 2—Boundary curves on faces. The edges in the triangu-
lations which lie on the faces of a grid cell can be
viewed as linear approximations of hyperbolic arcs;
the exact rational Bézier representation of all these
arcs on the grid cell’s faces are determined.

Step 3—Boundary curves in interior. The edges of the trian-
gulations which lie in the interior of a grid cell are
used for the construction of patch boundary curves
(conics): First, planes are constructed that will contain
the patch boundary curves; second, conic approxima-
tions in rational Bézier representation of all patch
boundary curves lying in the interior of the grid cell
are determined.

Step 4—Triangular Bézier patches. The conics resulting from
Steps 2 and 3 completely define the analytical ap-
proximation of a contour of the trilinear interpolant
associated with a grid cell; they are used for the defi-
nition of the control nets of triangular rational-
quadratic Bézier patches.

Fig. 2 illustrates these four steps, which are discussed in
detail in Sections 4 and 5. In Section 3, we address issues
related to the general nature of a contour of the trilinear
interpolant.

Fig. 2. Triangulation and boundary curve and patch construction.
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3 THE RATIONAL BILINEAR PATCH AND CONTOURS
OF THE TRILINEAR INTERPOLANT

In [10], a parametric rational bilinear patch x(u,
over [0, 1] x [0, 1] is represented as

v) defined

ZZ@“M Bj(v)

(o) = £ 01] 01 3)
2. > o, Bl (wB;(v)
i=0 j=0

Here, b, ; denotes a Bézier control point, and @ denotes its
associated weight. The rational bilinear patch is character-
ized by these facts:

1) Any planar section of the rational bilinear patch is a
conic.

2) The rational bilinear patch is a quadric.

3) The rational bilinear patch is either a hyperbolic
paraboloid or a hyperboloid of one sheet.

Using the alternative representation (2) of the trilinear
interpolant (1) and solving for z, the contour f(x, y, z) = T
can be written as

0,1,0 1,30

—ATTY-ATTxy
AT ATy

T — A00.0 _ ALOO,

0,0,1 1,0,1
A A" x -

2(x,y) = (4)
Converting the numerator and denominator in (4) to
Bernstein-Bézier form and using the rules for dividing a
Bernstein-Bézier surface by a (scalar-valued) Bernstein-
Bézier polynomial of the same degree, see [23], (4) can be
rewritten in (nonparametric) Bernstein-Bézier form as

EEQM,uM@

i=0 j=0
I . (5)

ZZw, ]Bll x)B y)

i=0 j=0

z(x,y) =

The necessary substitutions are

T _ A0
by = T,—O,l_’

T _ A00.0 _ 4100
by = AVOT _ ALOT

T — A0 _ 01,0
bO,l - pAOOT _ AT 7

T — AG0.0 _ ALOO _ A0L0 _ 4110
b, = AT _ ALOT _ AOAT _ ATIT

£ AO ,0, ]
A0 | ALO, 1

= A% 4 A0 ng
= AD01 L ALOI L 4011 L ALLL

Forrnally, (5) is a special, nonparametric case of (3). The
weights in this representation can be negative. This causes
problems for the evaluation (poles), e.g., the Bézier ordi-
nates and weights implied by the eight corner data fy =
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Fig. 3. The four components of the cubic surface defined by contour f =

0.55; fh00=f10=F01=l11=0andfigo=l10=T01=F11=1

firo =fi01 = fo11 =0, froo = foro = foon =fisn=1,and T =
0.55 are by = by ; = 0.55, by g = by = 0.45, ayy = @, ; = 1, and
@, o = @y, = —1. This particular example is rendered in Fig. 3
Rewriting (5) in parametric form yields

u
v
: Wi ZZ@MAWBM
x(u,0) = | y(u,0) | = | =5
z(u,v) Y. > o, Bl(wB(x)
i=0 j=0

which is not a parametric rational bilinear patch of the form
defined by (3). Due to the fact that (1) contains the cubic
term f, 1 ; X y z, the contour f = T is a cubic surface and, using
rational-quadratic surface patches, we can only approximate
the contour.

In the following, we describe the construction of a con-
tour approximation inside a grid cell by means of triangular
rational-quadratic Bézier patches. An in-depth discussion
of conic sections, quadric surfaces, their relation to projec-
tive geometry, and a bibliography regarding these topics
can be found in [4].
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Fig. 4. Triangulation of six-sided polygon.

4 CONSTRUCTION OF THE TRIANGULAR PATCHES
APPROXIMATING THE CONTOUR

According to the sequence of Steps 1-4 described in Sec-
tion 2, all closed polygons with edges on the faces of a
grid cell must be triangulated. This paper is not concerned
with the construction of “good triangulations” for such
polygons. For the purposes of this paper, it is sufficient to
use a very simple triangulation strategy: Denoting the
(ordered) vertices of a closed polygon by v,,v,,v,,...,
vy, N € {3,4,5,6,7,8,9,12}, one possible triangulation is
defined by the vertex triples {vl,vz,v3}, {vl,vs,v4},
{vl,v4,v5},..., and {VI,VN_I,VN}. Using this triangulation
strategy, all triangles—associated with this particular poly-
gon—have the same orientation. An example is shown in
Fig. 4.

The triangulation strategy has an influence on the final
contour approximation. We have not yet investigated
which triangulation strategy produces “best” final ap-
proximations. Various criteria regarding the quality of
triangulations in the plane are discussed in [24]. Most of
these criteria can easily be generalized for surface trian-
gulations in three dimensions. A quality criterion that
seems appropriate for our application could relate trian-
gulation quality to the variation of the normals of all pairs
of triangles sharing a common edge, see [5]. Several
methods are known to improve triangulations—by per-
forming local optimization procedures. A commonly used
method is described in [18]; the method is based on
swapping diagonals of quadrilaterals (defined by pairs of
neighboring triangles sharing a common edge) until one
can no longer improve a certain triangulation quality
measure.

4.1 Patch Boundary Curve Construction on a Face
of a Grid Cell

Only the edges v,v,, v,v,, V4v,, ..., and vyv,, lie on the

faces of the grid cell. All the other edges lie in the interior of

the cell. For each edge v,v; lying on a cell face, we deter-

mine the rational Bézier representation of the hyperbolic
arc passing through v; and v; and lying in the plane de-

Fig. 5. Construction of Bézier point by and its weight @y for hyperbolic
arc on cell’s face.

fined by the cell’s face, see [21]. In the following, we repre-
sent a conic section c(t), t € [0, 1], in standard form, i.e.,
_ byBi(t) + 0,b,B] () + byB3()

3 B3 (t) + ,B{ (t) + By ()

)

see [10], [11].

The Bézier points and their associated weights are com-
puted in a straightforward manner. First, we define
b, =v;, b, = Vi and @y = @, = 1. Second, we compute the
middle Bézier point b; as the intersection point of the lines
passing through v; and v; whose directions are defined by
the (normalized) tangent vectors t; (at v;) and t; (at v;). The
vectors t; and t;, on the other hand, are defined by the nor-

mals of the hyperbola at v; and v;. The normals are given by
the gradient of the bilinear interpolant implied by the func-
tion values at the corners of the face. Denoting the mid
point of the edge rvj by m, the line b,m intersects the hy-

perbolic arc in the shoulder points = (1 -y)b; + ym, 0< y <1.
Thus, the weight for b, is given by the ratio

1

v, = —7, (8)
see [10], [11] for a derivation of (8). The shoulder point s
is computed by inserting the parametric line equation
(1 = ¥)b; + ym into the implicit representation of the hy-
perbola on the particular face. Special cases that can arise
are discussed in Section 5 of this paper. This construction
assumes that the hyperbolic arc is parametrized over the
interval [0, 1]. Fig. 5 illustrates the construction.

REMARK 4.1. The notation v;v; implies that this line seg-

ment has a direction: It starts at v; and ends at v;.

The angles between t; and v, — v; and between t; and

v; —v; must not exceed 90 degrees. If these condi-

tions are violated, the sign(s) of the tangent vector(s)
is (are) inverted. Possible directions for tangent vec-
tors are shown in Fig. 6
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Fig. 6. Possible tangent vectors at end points of directed line segment

Vivj'

4.2 Patch Boundary Curve Construction in the
Interior of a Grid Cell

A more complicated construction is necessary for the com-
putation of the middle Bézier points of the conic sections
associated with edges in the triangulation that lie in the
interior of a grid cell. The construction described in the fol-
lowing utilizes principles that are similar to ideas discussed
in [15], [16], and [17]. Each edge in a cell’s interior is shared
by exactly two triangles. Denoting the unit (outward) nor-
mal vectors of the two triangles sharing an interior edge

v Y, by n; and n,, their average, (“1 + nz) is used to de-

fine a plane P that contains v; and v; and has a normal that
is perpendicular to %(n] + nz). Fig. 7 illustrates the con-

struction of the plane P and the middle Bézier point b; used
to define an approximating conic section associated with an
edge in the cell’s interior.

Once the plane P is determined, the principle used to
compute the middle Bézier point b; of the conic section
lying in this plane—approximating the contour of the tri-
linear interpolant in this plane—differs from the principle
used to define the hyperbolic arcs on the cell’s faces. The
location of the middle Bézier point is still determined by the
intersection of two tangents passing through v; and v;, but
the computation of the two tangent vectors and the defini-
tion of the weight of the middle Bézier point are different.

The two tangent vectors are computed as follows: Con-
sidering the fact that the gradient of the trilinear interpolant
is perpendicular to the contour, we compute the intersec-
tions between P and the two tangent planes (defined by the
gradient) of the contour passing through v; and vj; the in-
tersections are two lines I; and 1; which are used to define
the tangent vectors (lying in P) at v; and v;. We can now
compute the location of the middle Bézier point by inter-
secting l;and 1;in P.

Due to the fact that, in general, the plane P is not parallel
to any of the cell’s faces, one can only determine an ap-
proximating boundary curve in P. The plane P defines a
planar section of the contour. Considering this planar sec-
tion only, we choose the middle weight according to the
following principle: Denoting the exact curvatures at v; and
v; by & and & the weight for the middle Bézier point is

Fig. 7. Construction of plane P and Bézier point b4 for conic section in
interior of grid cell.

chosen such that the approximating conic’s curvatures at
the end points v; and v; closely approximate the exact ones.
The absolute curvatures of the conic section at its two end
points, corresponding to the parameter values t =0 and t = 1
are given by
A
K(O) = ——— and K'(l) e v (9)
3 0 1 o Iz
where A is the area of the triangle with vertices by, b}, and
by, @, is the weight of b, and [;; is the Euclidean distance
between b; and b;. See [10] for a derivation of (9). Solving
the two equations in (9) for @, one obtains the two ex-

pressions
’ 0)|l§1 and| 1I ‘/ 1)“132

The exact curvatures at the end points v; and v;, as im-
plied by the contour f = T restricted to the plane P are de-
noted by x and &, respectively. Their computation is de-

scribed in the Appenchx The signs of &; and & can, in prin-
ciple, be positive or negative. In the followmg, we view the
conic section to be constructed as a convex curve with posi-
tive curvatures at its end points. Therefore, we assume that
the curve implied by the end points v; and v; and the asso-
ciated tangent vectors t; and t; is convex, too. If this is not
the case, we have to use the subdivision scheme for non-
convex data that is discussed in Section 5. Using a least
squares approximation approach, we define the weight @, of

b, as
1 A . A
2 ‘[|,:|13,1 J’leliz :

It must be made clear again that the conic section associ-
ated with an interior edge is only an approximation of the
intersection of the contour with the plane containing the

(10)

(11)
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Fig. 8. Triangular Bézier control nets associated with four-sided polygon.

conic. If one wants an exact representation of this boundary
curve, one must use higher-degree rational curves. There-
fore, one also has to use higher-degree triangular rational
patches. Our scheme will lead to tangent plane disconti-
nuities along shared patch boundary curves that lie on cell
faces, even if one uses higher-degree rational curves in the
interior of a particular cell. Therefore, we have chosen to
use rational-quadratic patches everywhere and not to use
higher-degree patches. We want to investigate this issue
further in the future.

At this point, we have computed the rational Bézier rep-
resentation of all conic sections associated with the edges in
the triangulation of a closed polygon. These conic sections
completely determine the triangular rational Bézier patches
whose union approximates that part of a contour of the
trilinear interpolant that is clipped against the faces of a

particular grid cell. An example of the resulting patch con- .

trol nets is shown in Fig. 8 for a four-sided polygon.

5 SpPecIiAL CASES

There are several special, degenerate cases that must be
considered. They are discussed in this section. Cases 1-6
address problems related to the actual degree of the trilin-
ear interpolant.

Case 1—Constant function on face. The four function values
at the corners of a cell’s face are equal. If the values
equal T, the cell face is represented by two planar tri-
angular rational-quadratic Bézier patches.

Case 2—Constant function. All eight function values at the
corners of a cell are equal. If the values equal T, the
six faces of the cell are represented by 12 planar trian-
gular rational-quadratic Bézier patches.

Case 3—Linear function on face. The four function values at
the corners of a cell’s face imply a function that varies
linearly on the face. If the contour f = T intersects the
face in two different points along two of its four
edges, the resulting line segment is represented as a
conic.

Case 4—Linear function. The eight function values at the cell
corners imply a function that is linear in x, y, and z. If
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- the contour f = T of this linear function intersects
edges of the grid cell, the resulting closed (planar)
polygon is triangulated, and each triangle is repre-
sented as a (planar) triangular rational-quadratic
Bézier patch.

totes of a contour of the bilinear interpolant f(x, y) =
ZLO Zj:o A xiyj “are the two (orthogonal) lines

AO,l Al,O

. Xy = =T and y,., = (12)

asy = A1,1 ’

A" # 0, see [21]. On a face of a grid cell the hyper-
bolic arcs degenerate to these lines whenever the
contour value T equals the value of the bilinear inter-
polant on these two lines (the bilinear interpolant is
constant on this pair of orthogonal lines). In this case,
two line segments are used as boundary curves for the
triangular rational-quadratic Bézier patches to be con-
structed. The two line segments are defined by the
lines x = x,;, and y =y, .

Case 6—Contour coincides with asymptotes. The asymptotes
of a contour of the trilinear interpolant (2) are the
three (mutually orthogonal) planes

AL

0,1,1 1,1,0
A A

Yasy = " ATTT " Yasy = ~ 77T and z,,, = - PEEL (13)

A" £0. A contour degenerates to these planes when
the value of T equals the value of the trilinear inter-
polant in these planes. In general, the trilinear inter-
polant varies linearly in these three planes, which can
be verified by inserting x,, , ¥,,, and Z,q, into (2). If
a contour degenerates to tﬁese planes, we use planar
triangular rational-quadratic Bézier patches as repre-
sentation.

Cases 7-9 are related to the boundary curve construction
described in Section 4. They deal with non-convex and a
cure for “overshooting” ‘boundary curves, ie., boundary
curves that deviate significantly from a straight line.

i in
the triangulation of a closed polygon subdivides the
plane P containing the boundary conic into two half
spaces: One half space lies tc the left of the directed

line defined by v;v;, and the other half space lies to the
right of this line. A nonconvex boundary curve is im-

plied by the data when the two tangent vectors t; and t;
point into the same half space. In this case, the bound-
ary curve will be represented by two conic sections.

First, we reflect the tangent vectors t; and t; with

Case 7—Nonconvex boundary curve. An interior edge

respect to the axis passing through v; and v;, dehoting
the reflected vectors by t; and t;. Next, we compute

the intersection points i; between the lines v; + st; and
v+ tt; and i, between the lines v; + ut; and v+ ot;.
We define the middle Bézier points of the two conic

sections as i, and i, respectively, and use the average
of the two intersection points as break point of the



Fig. 9. Construction of nonconvex boundary curve.

two conic sections. This construction also works for
parallel end tangent vectors, i.e., t; = £ t; as long as

they are not both perpendicular or parallel to (v;- v)).
Other solutions to this problem are described in [15]
and [16]. The construction is illustrated in Fig. 9.

The weights of the two middle Bézier points of the
two conic sections are determined as follows: Know-
ing the exact curvatures &; at v; and &; at v; (see Sec-
tion 4), one computes the middle weight of the first
conic (passing through v;) by requiring that it must
interpolate x; at v; and the middle weight of the sec-
ond conic (passing through v;) by requiring that it
must interpolate & at v;. Since the break point of the
two sections is, in general, not a point on the contour,
we do not care about the implied curvature at the
break point of the two sections.

Whenever a nonconvex boundary curve is split in
this fashion, one must also split the triangular patch
into multiple triangular patches. One must consider
three cases:

1) One boundary curve is nonconvex and is split into
two conic sections;

2) Two boundary curves are nonconvex and are each
split into two conic sections; and

3) All three boundary curves are nonconvex and are
each split into two conic sections.

We will consider only Case 1) in more detail. The
other two cases require similar treatments. Assuming
that the only nonconvex boundary curve is associated

with the edge v,v;, the original triangle with vertices

v;, v;, and vy is split into two subtriangles. Denoting
the break point of the one boundary curve consisting
of two conic sections by m, an interior patch bound-
ary curve (also a conic section) is constructed in the

plane P that contains the two points v, and m and is
perpendicular to the triangle passing through v; v;
and v;. The normal of the interior patch b—oundary
curve at vy is defined by projecting the original nor-
mal n; into the plane P. We define the first and last

Bézier points of this curve as v, and m and the middle
Bézier point as
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Fig. 10. Construction of interior patch boundary curve.

L fm v

2t '(m"vk)tk’ .
where t; is the tangent vector of the curve in P at v,.
This means that the perpendicular projection of the
middle Bézier point onto the line v,m is the midpoint
of it. “Overshooting” can be controlled by using the
scheme described under Case 9 (see below). If t,
forms a right angle with (m—vk), we define the
middle Bézier point as v, ++|m — v [t,. The given

(precomputed) curvature value at v, defines the
weight for the middle Bézier point. Fig. 10 illustrates
this construction.

Cases 2) and 3) require the generation of three and
four triangular patches. Assuming that the two trian-

gle edges v,v; and v;v, both imply nonconvex

boundary curves, we construct a first interior patch
boundary curve for the edge v,m;, (see previous

paragraph) and a second one for the edge m; m, , .

Here, m;; denotes the break point of a curve consist-

ing of two conic sections passing through v; and v;,

respectively. We choose the line segment m; m,, as

the second interior patch boundary curve. Regarding
Case 3), we choose the three interior patch boundary

curves to be the line segments m, M, m;m,;,, and

m;,m;,, which leads to a planar triangular patch “in

the center.”

REMARK 5.1. A boundary curve degenerates to a straight

line whenever t; or t; has the same direction as (v;— v)).

REMARK 5.2. It is also possible to use degree-elevated conics,

i.e., rational cubic curves, as boundary curves of the
triangular patches. The concept allows to handle non-
convex boundary curves more easily, see [15]. We do
not use this concept here since
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Fig. 11. Avoiding undesired “overshooting” of (a) convex curve and (b) nonconvex curve, using splitting.

1) the number of control points per patch would in-
crease from six to 10 and

2) the computation of the center Bézier point by ;; of
each triangular patch would cause additional
problems.

REMARK 5.3. The construction of the interior patch curves

resulting from subdivision and emanating from (or
ending at) one of the break points m;;, m;;, or m;; en-
sures that patch subdivision terminates. Interior patch
curves are are either convex curves or line segments
that do not require further splitting.

REMARK 5.4. When applying the patch subdivision process,

Case

Case

one obtains convex boundary curves (including line
segments) only, being the shared boundary curves of
the resulting subpatches. Thus, the process terminates
after one level of subdivision.

8—Horizontal tangents. If both end tangent vectors t;

and t; are (positive) multiples of (v;— v;), the boundary
curve becomes a straight line segment with control

; 1
points v;, 7("1‘ + vj) ,and v;.

9—Avoiding “overshooting” boundary curves. Following
the boundary curve construction as described above
can lead to curves that highly “overshoot” for certain
tangent conditions at the end points, for convex and
non-convex boundary curves. For example, whenever

the two vectors t; and t; are nearly perpendicular to

(vj— vi)—but not parallel to each other—the resulting
conic section(s) will deviate very much from the line
segment v,v it

The degree of “overshooting” can be controlled by

restricting the locus of a boundary curve by forcing

it to lie inside the square region R with the four
corner points ¢, =V, -+Ivi., ¢, =v,-1Iv} ., d; =

P 0T N L e SR N0
+

+
i,j’ i

1 = 2L
v,—5lvi,and d, = v; 2lvllj,

j j
and v; ; is a unit vector that is normal to (v;— v;). Usu-

where I = | lvj—v;| |

ally, one would like to avoid

1) overshooting convex patch boundary curves;

2) overshooting nonconvex patch boundary curves; and

3) overshooting interior patch curves resulting from
patch subdivision. ~

9A Avoiding Overshooting Convex Patch Boundary
Curves
Whenever the default construction of a convex
boundary curve leads to a conic section partially lying
outside the region R, the curve will be represented by
two curve segments that both lie inside R. To test
whether a conic section lies outside R we simply test
whether its shoulder point lies outside, see [10].
Denoting the control points of a conic section that
partially lies outside R by by, b;, and b,, we compute
the intersection points i; between the line segment
b,b, and the boundary of R and i, between the line
segment b,b, and the boundary of R. We define the

Bézier control points of the first segment as by, i, and
%(i1 +i,) and the ones of the second segment as

1(i, +1,), i, and b,. The weights of the middle Bézier
points of a segment are chosen such that the curva-
tures at end points that are also corners of the patch
are interpolated. Fig. 11a illustrates this scheme.

9B Avoiding Overshooting Nonconvex Patch
Boundary Curves

We describe a construction for a nonconvex boundary

curve that will be represented by two conic segments

which both lie entirely inside R. Using a tuple nota-

tion to indicate the ordered vertices of a polygon, we

use the intersection of the polygon (c,4(co +dy),

3(c; +d,),¢;) and the tangent passing through v; as
middle Bézier point of the first segment. We construct.
the middle Bézier point of the second segment analo-
gously. We use the intersection of the line passing
through v; and v; and the line passing through the
two middle Bézier points as break point of the two
segments. Fig. 11b illustrates this case.
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9C Avoiding Overshooting Interior Patch Curves

We assume that one needs to interpolate a tangent
vector at only one of the two end points. Furthermore,
we assume that the tangent vector to be interpolated
is t;, associated with the end point v; (a vertex in the
initial, triangular contour approximation), and that
the other end point is m;;. We represent the interior
patch curve by one conic segment. Its Bézier points
are by = v; and b, = m;, and the construction of b, is
the same as the one described under b).

In the implementation, Cases 1-8 must be dealt with.
Case 9 can be used as an option. We recommend to al-
ways use the methods described under Case 9 to avoid
“overshooting” boundary curves and patches. Furthermore,
one must take numerical instabilities into account in order
to identify any of these cases.

6 REMARKS REGARDING AN EXACT
REPRESENTATION

More research is needed for the determination of boundary
planes for conics which are generated inside a cube. In or-
der for a rational quadratic triangular patch to be a quadric,
the patch must pass through the intersection of the three
boundary planes, see [2]. Thus, it might be useful to ar-
range the boundary planes (which are currently formed as
averages) in a fashion such that the quadric condition is
met. An alternative would be to elevate the degree of all
patches to degree four, since those allow for the represen-
tation of quadrics with arbitrary boundary curves.

It is clear from (1) and (2) that a contour of the trilinear
interpolant is a cubic surface due to the existence of the cu-
bic term xyz. In the previous sections, we have described an
approximation of a contour in terms of triangular rational-
quadratic Bézier patches. Without adaptive subdivision, the
errors in this approximation can become very large. Con-
sider the contours xyz = ¢, and let ¢ take on small values.
The implicit cubic comes arbitrarily close to the origin,
while our approximating rational-quadratic patches will

approach the point p = (%,%,%)T as the closest point to the
origin. This is illustrated in Fig. 12: The Bézier control poly-
hedron (broken lines), the patch boundary curves (solid
curves), and the point p are shown. Thus, in this case, the
error will never be less than 1 /3, and it can only be low-

ered using subdivision.

One can obtain the exact implicit representation of a
boundary curve of a triangular patch by inserting the
parametric plane equation of a plane P containing the
boundary curve into (1) or (2). Representmg a pomt xin P
as x(u, v) = xy + ud; + vd,, where x is a point in P and d,
and d, are two basis vectors in P, and inserting x(1, v) into

(1) or (2), one ‘obtains an implicit-cubic- boundary curve-

representation. The ten cubic terms appearing in this
representation are u i, j20,i+j<3. Thus, one can
compute the exact implicit representations of the three
boundary curves of a triangular patch. Furthermore, one
can use well-known implicit Bézier representations for
these cubic curves by constructing stencils of 10 Bézier or-
dinates in each boundary curve plane, see [1], [8], and [25].

Fig:- 12 Cohtour approximation of xyz=c; x, y, ze [0, 1], ¢ < 0.001.

The values of the Bézier ordinates in this representation
are defined by the gradient and the Hessian (see Appendix)
of the known trilinear interpolant at the endpomts of each
cubic curve.

Thus, one could construct an implicit representation of
all triangular patches. Each triangular patch would be the
contour of a cubic polynomial in Bernstein-Bézier form de-
fined over a tetrahedron, using barycentric coordinates. It is
beyond the scope of this paper to explore such a construc-
tion in detail.

7 APPLYING THE METHOD TO A RECTILINEAR GRID

Considering a rectilinear grid consisting of multiple cells,
one could naively apply the construction described in the
previous sections to each cell. Unfortunately, the union of
all resulting triangular patches would be a discontinuous
surface. The reason for this is the fact that the piecewise
tnhnear approximation of the given function values F;; is
only C’-continuous, which means that gradients and Hes-
sians are discontinuous on cell faces. In order to generate a
contour approximation that is an overall C’-continuous
surface, we must have unique gradient and Hessian values
for each vertex v in the initial, triangular contour approxi-
mation resulting from the marching cubes method. We ob-
tain unique gradient and Hessian values for a particular
point p by averaging the different gradients and Hessians
associated with the cells sharing the edge containing p.

8 EXAMPLES

The examples shown in Figs. 13-18 were obtained by ap-
plying the contour approximation technique to analytically
defined functions and computerized axial tomography
(CAT) data. The analytical functions used for the genera-
tion of Figs. 13-15 were evaluated on a uniform rectilinear
grid using the same number of X, y, and z values in all three
coordinate directions. The CAT data used for the genera-
tion of Figs. 16-18 were provided as stacks of slices, each
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Fig. 13. Triangular approximation, rational-quadratic approximation,
and exact contour of trilinear function defined by the function values
fo.00=0.f100=0,fo10="1 f110=05 fop1="1 fi01=05f 1=
0, and f; 1 4 = 0; contour value: 0.3333; resolution: 2 x 2 x 2 grid points.

D,

AL
\LLs

Fig. 14. Triangular approximation, rational-quadratic approximation,
and exact contour of trilinear function defined by the function values
fo.00=102, f100=0.9, fo10=0.7, f;10=0.0, fo01 =09, fi01 =02,
fo,1,1 = 0.1, and f; 1 1 = 0.9; contour value: 0.4804; resolution: 2 x 2 x 2
grid points.

slice being discretized by a uniform rectilinear grid and the
spacing in axial direction being uniform.

Figs. 13-15 show the initial triangular approximations
(upper-left parts, wire frame renderings, and upper-right
parts, flat-shaded renderings), the piecewise rational-
quadratic approximations (lower-left parts, flat-shaded
renderings), and the exact contours (lower-right parts,

04
N"}PX v
\ v y

e

(

Fig. 15. Triangular approximation, rational-zquadratic agproximation,
and exact contour of f(x, y, 2) = 0.01 ((x-0.5) — (y-0.5) +(z-0.5);
contour value: 0.2; resolution: 9 x 9 x 9 grid points.

Gouraud-shaded renderings). Figs. 16-18 only show the
initial triangular approximations (left parts, flat-shaded
renderings) and the piecewise rational-quadratic approxi-
mations (right parts, Gouraud-shaded renderings). For
Figs. 13-17, the initial triangular approximations were ob-
tained by computing points on the contours along the edges
of the grid cells, connecting these points, and triangulating
the resulting closed polygons. The initial triangular ap-
proximation of the skull shown in Fig. 18 consists of
only 5,277 triangles that were obtained by applying the
data reduction scheme described in [14] to the initial trian-
gular approximation of the skull shown in Fig. 17.

The piecewise rational-quadratic approximations were
obtained by applying the approximation scheme described
in this paper to the initial triangular approximations. Each
rational-quadratic patch was discretized by triangles, which
were flat-shaded. The renderings of the exact contours,
shown in Figs. 13-15 only, were obtained by using a high-
resolution uniform rectilinear grid for the discretizations of
the underlying, known functions f(x, v, 2), x, ¥y, z € [0, 1)
applying the MC method described in [21], and using
Gouraud-shading for rendering. ‘

9 CONCLUSIONS

We have described a method for the approximation of a
contour of the trilinear interpolant by triangular rational-
quadratic Bézier patches. Each patch is a rational-quadratic
surface that locally approximates the contour.

Future research will address the reduction of the num-
ber of triangular patches resulting from this method and
using the triangular patches for interactive modeling appli-
cations, including potential degree raising and subdivision
schemes for defining approximations with higher-order
continuity. Another interesting aspect to be investigated is
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Fig. 16. Triangular approximation and rational-quadratic approximation of hip; triangular approximation consisting of 25,256 triangles.

Fig. 18. Reduced triangular approximation of skull and rational-quadratic approximation; triangular approximation consisting of 5,277 triangles.

the automatic movement of the Bézier control points of the ~LEMMA. Let f(x) = f(x, y, z) = T be a contour. If t is a unit tan-

triangular rational-quadratic patches in order to decrease gent vector of the contour at x, then the normal curvature
tangent plane discontinuities along patch boundaries. of the contour in the direction of t is

t' Ht
APPENDIX K(t) = “TA (15)
The normal curvature at a point x = {x. 1, Z)T on a contour of
the trilinear interpolant is computed based on a lemma in where

(6], [7].
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(¥ F F
Vf’(;/@'lz (16)
is the gradient of f at x, |Vf]| is the gradient’s length, and
If AL S ;
5 %
H=l35% 37 3= (17)
Iy
R
is the Hessian matrix of f at x.
PROOCF. See [6], [7]. O

Computing the Hessian of the trilinear mterpolant (1)
yields

0 AVLO L ALLL  ALOL | ALLI y
1,11 0,1,1 3 jei B |
. A101 A111z 5 R T | b e k- 09
AT+ Ny BT AN TR 0

This lemma and Meusnier’s Theorem, see [10], are used
to compute the exact curvatures at v; and v; of the patch
boundary curve that passes through these points and lies
on the associated contour of the trilinear interpolant and
in the plane P. In general, the plane P, used for the con-
struction of patch boundary curves in the interior of a cell,
does not define normal sections at v; and v; since P does
not necessarily contain the gradients of the trilinear inter-
polant at these two points. According to Meusnier’s Theorem,
the curvatures of planar sections at these two points are the
same as long as the tangent directions considered are the
same. Thus, the plane P does not have to define a normal
section.

For our purposes, we compute the exact curvatures.at v;
in the direction of t; and at v; in the direction of t;. The di-
rections are defined by the plane P. We refer the interested
reader to the differential geometry literature for more detail
on the geometrical principles we are utilizing in our con-
structions. :
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