jer'n A #amawn

_fé'raleVaa—,

+ J &l 2/28/2022

] O3JEC7‘ AND MATERIAL FIGCENFUNCTIONS — Comt'd.

‘:_(__a/oZaciaw e[;_e;::funcéiou::,“ /zl o va/)av tant Zeo Q/Wa} Sl ilota B

36!"3 Centric coordimates
and "Volunes” oy dhe ¥-axis:

2hat INDEXING=ORDER=D/RECT 0/ —

~O0RIZENT AT loN c"’hfaczzs Zhe volues

X
——C *—>
Xe Xy | %
= 31
V>0
—
V:>O
el
Vo > O
X
© © —>
X Xo | X
k& 4
™ v<O0
ke —
v,;€0
vo€o
*
—8 ® O—>
Xo Xy A
>
v>o
gl ~4
(E v, >0
T,
V<O

[llustrations of Zhree
exa'»;/;le.r of drvahge =
I ¢ 018 SZWPZeX Ver =
Zices Xo amnd X, and a
S/Cci.ﬁ.’c fa:h'l')?°h ‘}I'C
X-axls, Ratios sfthe
D e D G o o
_Y,L/g t’fha(r[ oAefine 24 e
bear eentric coovdiuaters
of X velative 4o £he
'rc-ferruce 5[”1/:/()(/[,"](’
Sej%mf g.x’w« A}Xo aud x,.

a'hﬂ(.S'[Jl:_S 6‘)e éay;Ccn’Zr(c Cionlialiise fas
We | disciise dhis asp ect in fedai! -fo» P -,few

ZOth = o[{wc»r-fc'o"vél Cases. 7-41_' fijuru {[e-{ff’
sAow il,rec exa‘»,/:Zt_r -fay é‘:r ov»c“a([lmr-—;;-’—

oy al {”X"axz.cl') Case, A’Yc-fcvrhc: /th

Sejm—,n-.{- s defined A] Vevdices Xo and

X, ) and ZLI)C foc'b)‘!' X must be exPrrJJec(

"‘CZq-}ZVC Zo Xe an/x,, rét 2‘4’3!

exa»».[)Zc.r sihaw Zhe Cases Xg <)T< x,)-
X,<)—<<Xo; avd Xo< X,<;. 7he éaYg'
Cendvie coovdinmates of X are coleculaded

-Fov’h—-au? as —Fonow.s:

= e+ (with uo=1-u,)
= ("’4.) xp t U, X,
= Xy Py x, - X
=> ‘xl-xb) u, = ?"'7‘0
f] det (%-x,) PO SO RS BT
—  dei( %,-X) v x4 = Xo
Or: ¥ = wgyx, +(1-u,) x,
D (xo1x ), = *-x,
L Je—f(?-x,) B Vo b A ;C—
=2 et (%e-%) Xy — %o

S /} -

det ( %,-x)




_Be*r"na( #Q‘mann -17-

L2627

Streatovan

= OBJECT AND MATER|IAL EIGENFUNCTIONS — Cont'd.

Zaflaa’ah ez;,f:.funcé:o» SElLL The rela zl‘z'op,_r/,;/o_ between __é:?rgcfm tric

C°°"o("hc.1Le.9 -Sc'g‘ned -ft'”m/o/ex Volu s es

Em— centvic Cabro(iwaz’,'e;
cand "Valu).,e;l' n the x-,_-j’laqe:

@nil Lo ter minands becormes hidend

when 'IfoV'rnl«Za'tzc'h; Z[ét Cazc“la'll"‘“" 0‘&2

AQVJ-CCu'zlrzc Cobro[o"hazle.: Ve a [c'hcqv

e;ua'é[oh-“;f—/eh_ we consoder '/llc -iDca.re.‘

Xo X,

I =u, |+ U,

Whe'l, L(s[;,} C’ra'mer.’rulc 46 solve Zhis

i aer ,ry.r-{ew,) o1 o wblats Lbel didosnisnants

7 A

x x — o —
'0 'ul_xo-)(‘ J ﬂ —

N/ i o X =% 15 = Xo=X
‘I. Po - T/zu.r' Yo=D D= o u,=9/D el
J dlyo di; , =3 —
it P. For example , usimqg 2he values X, =0
2 2 ?Po /’ 7 } e, e
e | Z o dho e

X,= 1 and x =2 yirll.r £he éargcc».z’“réc

]
X1

1
X

-~ x|
1

4 -2
Vel (: l, i =2|_ "ol"" Sl cooredimate valuaes Mo=:|.=—' a"‘[“'=—.l=2 *
Z |-1- 2 2
i i ...__.__.._g._._) TAc .Sc.g'nea{ :Zm/a lex
The six possible waygs 2o VAR x
Cndex The Vertices of Je ) volisy ec /!ué's"»,/alcx
Lriangle with velum e V40
Y2 ov =z, dep zw(zay on volumes are defined
Couu‘l‘rv-clvchwz.re or Ve20
clockwise ovientation el L L 4 é} Zbe ,(c—ferw[na,,{-‘(
af the thvee VerticesS. VI<O ieE
@ @ a'na( :’D, z:. [l
Ay point p in the xy AT i FEIA
Y Raat g n Lo XY o #
.?Za%e can be used to v=2D ; Vo= Dy amd v, =D,, The ‘mov e
:’/;/a'f flic”'rc‘ff’rencc Zri- i X - 5
angle” inteo f/trCc jaé— C°W%on{oywulq5 Ko = ‘,—-:o d"o( b= Y,')f:
i‘if.f’}f.i‘f Z‘Leir'.siahC{ are oéi-a",.el 57 %.‘H;,,Z}zu} 2), z)oaud ~D, b; (‘I)_
volume s ale-f.:neﬁs' coord é-

nates.

e~



_BGT’HO{ #a‘ma‘nay “/9‘

S‘f‘raf‘o vamn

2/2)2022

- O3JECT AND MATERIAL FIGENFUNCTIONS = Coni’dl.

'_Z_QPZG‘CZGM Qijthch“o‘hsﬁ.._ T/ye ﬁ'iuvex on Zhe previows il e

EQ'Zwa‘AJc coordinates page (!e{’é) Show Zhe influecnce o f

and Volumes" on the x7~plnuc
"

= cub-stmplex "volures 2 L.'ha(cxih} /OT[eﬁz_l-a'éZoh © % 24 values

016 dedevrominants = Zhecr Jéj'h.&'-[%

'Llcztl‘lon;

the case of sianed Yvilimel complut
J 2

foy ?."rz'amj les im Zhe Xy‘fZ“'e:

A Poé'»:i-ﬂ) (s represented Via bary -
centvic coovdimates relative Zo 4he
Zhvee yeodices of @ veference simplex
(fvia‘nj(el, The specific point

P = (13 3)7 is vepresented velatin

THE BARYCENTRIC CooRDINATE

Ze Zhe /ﬁo{h'fs witdh cobvditrade {wflti
(o, o)™ (1 6]" Ly (o] IT IS
IMPORTANT 70 REALIZE THAT

TupPLE 1S ALWAYS ('3Y%s,'%3)7
')"e?aYo(Zf.fI d-p 2he chosien Zh/exf-h?,

oviemtation a7£ Ve»«f"ceslf‘ﬁa’»vjle.s.

The six pouz’!'/t wey Zo A dobsridinadel Va lup i lts e f;u ed e ther

index the vertices of 4he
nhffer--rzjlt.{‘_qu-.é,,‘-&:}L‘.u ale ui
witdh "VeZu‘»pc' '/6 or=fg )

- €

8
< Z = é (Cou%{er-c_[ockw»':c

] 1 (]
Jcpeadihj 63 orientation, CCLJ’c) or u." o~y -é'): _z) =§'

The other 2wo Sué‘f‘h"”'ile.r {clockwf..fe CQSC). In o2her w0ro(5]

alss have “volumes” s f values
6 or-"16.

'£/IQ yelue and .fl:j?z 67E a Po[%é{r _ﬁc_r}:

TAQ Value p-f éar;drn{f"c

centyicl coolrdihate relative 2o e sp des Lie

Cog-ro(Z‘na'éC e s alef:o-eo(
as Wi =Vy/v ,i=0,12.

’rtffcvcnee Poin‘é LS L."‘Lo/efea,/en,zl‘ a-{:aZl
"'ije(rucc ?oc‘b-@:’ [nO(ext'h} and Simplex

O‘r:e;,‘é¢‘£:o'n-. Py




-36’7010[ #amauﬂ«
J'Zl’ra ‘LLo Vaos,

-/19- 3/3) 2002

® O.BJECT AND MATERIAL FIGCENFUNCTIONS — Conit' L.

" 1]
'Za)'o(acéa'h e[ge‘hfahctl«.'ousz'ﬂoi'e. The "more COMmMmon for‘m«lqs ~/’a:-

-gclrac'ew@n’c coordinates
cnthe xy—/olaue — Zhe

il?t _é?VJCChZLVL—C coovdinates o1e ; (3% the

detevminants involved: X—ceXcs ) relative Zlo Xo c‘n,glx,' are obidaived
ST X ¥, =%, AJ ’hccrelj az%en'n?_ Zhle oy ded o £\ 2b el twe

$'—° Xo X Xa T = Xey,* X3 Yo
Yo Y1 Y2 + XY, = %) Yo

| I X,y _xzy
D= [% xnf = -Fpieny
B I S +XY.')‘|‘[
[ gvz—xzv
.3. =|Xo z Xl == o2t %Yo
Yo ¥ Y2l * XoY %Yo

L T g gl
IDZ= Xo ¥, X| = = %, F+¥ y,

Yo s ¥ *+ XY =X Yo

The meedey four deter-

Mmingnts wWhen usinv
Cramer's vule o com -
pute the values o(u,,u,l uy.

i P2

Data fnvolved in Zbhe com-
fu'fﬂfa'o»u of Z‘;c deter -
mimants D, Do, D, and Dp*
Simplex/ f”’"a'njlc ker =
f(:ce;ﬁ)o)/?u/?z andA L‘éc
f’o[ﬂf—P. The data can be
viewed as< po:’a.{' data ov
Veetor a(q{a e é? Cohs:'t-{e-
Timg the points' posd-
{[p‘hdl V?Ct‘ov_f. 7"2 fe\'l‘ls
in 2he determinant Cr-
Pressiens ave rglated
2o cress Producits o £
Positiomal vecdors.

Z:hcav e?qa{-;ow:.’

!
e 2): = Xi-—N
el | e i= Xe X, LA

Holto = X b, = X Do=|x 3|7 *-%

"O'rdev of e;uo -

.
éic'ns matters,

D,= S| = X=X,

_>u°=—k—x— 2 U‘:—_z___x" <
)’,-Xo x‘—x°

CO'hSZa(e-vZ‘na thes Note ) @ PureZJ aZjeAYa[C
aF/’YOQc_LI ZLO Calculcuz,z‘a(} ztl,c zllu/ec an](nuvn

values of ﬁ_a:;cen'ém’c coovdinates U, u,
and u, of a point P= ()?‘ T{)TWZM re -
spect Zo a ‘veference zl-r:mqjle" with

vertices Jp; =(x;,y;)1:£=0,1,2, lead s to

the /c"heav ezuaz{’éou_fgsfem

/‘\

LV SR B T py = 4
T I R I | U

Yo Y. Yol Uy,
Yo Uo* You, * Yol = 1Y

Xelo¥ I Ut ¥ X 2p S0 1 o Xo X, X2flu, |=

'
X1,
k]

i
The w;-values can be computed yia Cramers

'rale) Cee lef’z_‘-/zam{ séde, and ;féc} are

Y, = Vo /@l =042, /mferesflhjz}/ Zhe terms

cle;fbu'wj 2l dedeimivanbe dlss avive in, €ross

?'ro Juc[‘s‘.

-’




—897%01 #q%qa'nn

Sf‘?‘a.z“o van

+20-= 3/4]2022

m O BJECT AND MATERIAL FIGENFUNCTIONS — Coni'lol.

'_Z_qPZaC[an eZ;E_'_-n unctionst .o, [ z.Ll,e Ccas e o-F flre-rc 3-57‘3 oleter —

?0562"{011 al veeters

Amd cvoss products

de Lime 2 oleterminants 2

o

e T})‘}'Cc Crosgs Proo{ucl‘:-’

Po X [Pry PrXPzy Pa>po

Fol X| X
Poxm: \’o y; Y =Z(x°y'~¥, ‘10)
0 0 Z} =32 w
X)) Xy X
Pxpy | v, v 20y ny)
T Plo.z = Z Wg
X& xp X
FJ-YIPO: \/2. Yo Y =2 (x170~x072.)
e ©--0| Z =Z Wy,

o T hvee addi'l

cross 7?0:[(4«:{“:-'

P xf?o; IP*]?U P *)p2

Xo
Yo

o<} ¥l

X

Y [F2(Fye-%y)
Z =Z WOO
Z | We

=z W'o

%c'%ﬁk.és ®) 'ﬂo‘ ®| an l/[ \92_ ;Z‘ s PUJ‘Jéé/C
Pl zo.z‘er/oreé the Letermivnant evu s

Via cvoss Pro{ucf_c o-/? Vectors ¢n 39.&7“:_

We Cloai st Ao D 24 detacl:

D = ("' X.yz —xz‘f,} "“(’Xo Yz+xz7'¢)+(xo'{,-x: Yo)

le. * Wso * Wo

.D°= ("’X,y1 =% \/,) "’{';71*"1_7- ) ‘*'(3?7,- x,¥ )

= W, 5 + W, + | w,
SD,_=. L1y L, ) ey taiy, ] [+ (XJ-;;O)
= Wi I Wi o + |
:D;;_:(*X,?*YY,) +(-x°7+)?y°) +(xoyl_)¢.%)
= will el bl
AY

We can cow:c’o(cr '/:hc jeov

M Q{Yl:fa[ Z»z‘evfrcz‘a Zion a'FD.

" 2 "
TLG cheyehcc .SL”“)P le x

With vertices [Po, Pty P2 has
éLe”VoZ“%e”V. Amc{-’ v: VQL (S[WID(Q)?”’P‘))

- vol (SZM}D_(;O,]?:))’& ))-Vol (s:'mp {(D' /?"”)Q).*

Y X‘ X i -; Xz o :O.
pxﬁl: ¥ P =2(x ‘l.")ﬂ‘{) P"Pz‘ 7 Yoy =Zl)¢72-x2s’)
St | O O Z '—'ZW., 002 il
>PxP zVv,, =>)?,_X]p s =M,

= -Z W" = HZW,

* Simp (ar, b,c)

simplex with ordeved vertices a,

b c.




