Rlostq ol H'“'Pna-nh - 16 - 3/22/2022

-vaafo vamn

= 03}557- AND MATERIAL EICENFUNCTIONS — Cond’ o,

'_,_Z_af/ac[aa, éc ﬁ:hyfuhczliows:,., CO’n.Sc'c(er[’hj, i'lu'.f .S‘Peci?&‘c exavn/a le)
szqc ’Wza'éfriaz [‘hf’er-ﬁace 'Fbwho( s
(,'.e.) /Do[hll.r on (,‘2L a‘bo/ le)e[y c«;u»,er.tl"hg,

éz"ne Se;%c-«é" M L ée ’hﬂq,>/:co{

f‘o ’/’247S¢'Cc.l _s/oacalu i’_ %) e Z‘Sfl‘v])_/ix

L)av.‘n;, Ihv,:,J Im, G o lma a s Vrrfcy-

Q.S.Sbcéa'éeo/ ”""ﬁ-!-erla_l. fvac{-fth.

’Nofe, TLlc i‘ZZe éou’ho/arics (o-f féc

(] l.‘
material s}oaCe Vovo—no,: co-m/:/cx)are

ﬂaftn'a[ ’r.lu/ale,r img
anod b, lie imn 4iles
Vs andd V,,'re.rfrc-!ive[ .

hyP,.«qunr-r /éypry/)/w:e tndevrSeedions
The_Pof.’»:‘ 63 %he inter-
‘fa(:e ét'l‘Wtu.V/“h'( V3is <m éée Enderien 076 ézlf .S[)»flr)‘, TA:JQ
cbtained via inter —

é72>crlola'ne: ave PERPENDICULAR

Secting a paravetric
[:’h; Zhrouaqh Img and
im we it é‘::_ﬂ'_’:lo[[c.’é

je==ua—rs
bisectdorse of [{hcsegwmz‘s Im 2 Iy

h crplang biscetor

-7‘/0—./-’—- T e Cl)ﬂb’ac%cf‘.'.l‘{‘[c 076 ée[ng Prrfcu‘

Mt mutrmy =1, T
0!47<A1qv (s dosd whes "“’@D}_i‘l_a_] e

Where M, = my . i3

¥ !’ " l i

tea QE€e o

The resulting point i ===

is called Img, <n ” Tlvcia’jurc (/efél iap} Sustvates the data
ol ailiseidial space.

Cvvelved oo calculetivg a matercal iter-

'/Voi'e. The Zbree bi- i
Sectin [.“hc J‘EJ%th‘éJ‘

Showe on|dhe Fuldetzes
of Zhe Z.“r.‘an-}(c are ?th'é A} 5”{9’-‘?‘{‘."’} @ ?qra'h—,czlr[caZLj/

(Clippe/})ar{.r a-'e)zu'f
Cnderoections of Zhe c(e-fc"'rca[ !:‘he weth an _‘l"/’_ﬁ:ﬁ_‘ﬂg{

PZa'hc deftined as

M, F Y, 4 g =/ o/e f,‘)yea{ l'!’f»trf[&h_c - IZr.rz‘l we Cohpu‘ét
weth the Zhree PaneJ W [ p— PR DAY D fun mases 6
defined as

-[ace ?oiu'f called Mg - We co*w;Pu-l-e 2his

'élve Earam,z{-rv Va lkc 6-{?2{ — Whew kS[h;l toax

i B VAU Y |
1‘_',_:_‘”1_2 an A ?aya‘mzfrv {uv the Z"p’c f‘treu;h |b|° avied M'- ESO_CZ.-
Moz M3, ated with img, - Second , we use this pavameter

’PB-"P:C{[Ve ‘}.
valaue o «:n{-u}; olate szmp(cx vevitices Pe “"’(7)-"' .



3671.(;[ #d'bqa‘h’h
Sf’ra'éova'h

-17~ 3/23 /2022

= OBJECT AND MATERIAL FICENFUNCTIONS — Com?' d.

’ia/clac"(rh ec infa‘i"cztfo"v Ste.. Fov Zbe EXxamp le. showss om 2he previows

-
4

e (IR
lm; (”’u"'z;"'s

7-/7[5:_475&&1 Space ”
sketch relates 2o 4he
'{’igure on p. 15 (3/22/22),
Zihiss 2-:2-»»/0& ba:‘_)-»_g:
Zevial 'fvil:[e.r Im; asso -
ciated weth its verdices.
/% Zhes eXawple} élzcé‘
%a'fcr:a‘ ‘é":i’_l_g._: lie £1_1_
) c[[{fcrch{ Vioronos Files
of Zhe "puvre” matercal
z"r:f/e.r (’,OID)I{D,I‘ Ojah.{
(0, 0, V) im “material .sf?_gc_."
ere, mg resides in 2he
Zile of #he "puve’dviple
l", °, I)J while Im, awd 1m2
rescoe cn the 2ile of 2he
”f‘“’c.’l txiple ,,l 5, 0),71,1:-!‘,

we f",'v:;_‘ compute 2 inter-

-Fo.ce PDiu'lLJ in "'btq‘(‘en’a(
JPacc",' in Q.Secou:[J'{'e}p,
we Maqg fée:g Z?oa‘u-}_f
Zo Zhe wawted material
Enterface poiut in ”/ol. -
. I
_ Se cal spacc - called

im the fZ;are.

In the case of?q 2"s£n,,[ex'
ang Z}‘hon‘y} Fouzéle Sin -

?ular anod Aegenerate cases,

Zhe number o-ﬁma%er?a[
L"hz‘er-)eacc poZl-.zls on {4:

A"“‘hdar;,
Cas be

0:2:30)‘ ‘l'o

of Zbe Z“S:mflﬁ‘

?a;g, we oééa;». Jér /e‘hc eiuqzﬂ'on

e (£) = Img + 2 (1m,=ime)

E> (8, my (8), w3 (#) = [,y ms3)

= (I'n,o) mfl I’VI;) b i‘(h,’—m,o)m;_—m:,m;—h;)
( Ro4), Mo and im, lie in Zhe plane m,*m,_fmg-".)
ch :'_%PZ[c:zl./')/a».c egq «tiom 4o USe -Fov

ch Z'hll'cr_Sea{’Zo»- Coy..Pu{—qz’-Zon—. .S

%| = ')‘13 -

W)?Ch ¢'thr'['£‘7} ‘h«,‘(é) aup( M3 /1.‘) [h*o

7.”:&’: t'm/olic[t" e?ua{n’on 6me 0btains
’W),o +{‘(M:“h7) = 'm; +‘f(m3'—m;

=0 AL ™3 = mi

= AL

e,

Amy = mP) = mg-m3)

We call this parameter yalue, associated
with 4he fo[n'l' Img, in matevial space, i‘r.

(The actual material fractions of Img,
are M, , l-2m, and m, = since wmz=m,

and my = l=m, =m3z =1-2m, )

The matercal Zriples lme and Im, ave asso-

citated weéll Ilf‘/.![cal JfaCe‘hlpw’»‘tLS zo Ohe(?l—
TA: '».a-éer[az Z’hierface?p[hiz CcCatvn mow

be computed as
/731 = /790 + i.‘l’ (}Pa"ﬂ’o},
See ‘Fijure (Ze-ﬁf),




$@’wnd Hama nn - 18- 3,2312022.

.(z"ra{-ova'n

m O3 JECT AND MATERIAL FIGCENFUNCT I0NS ~ Cont'd.

'é_aP{aczao. ezjf:.fuuct‘ibns:... l?')ﬂoy[-n? all Po.u:é/e SZ’»julqy awd o/e-

Voromz : enerate cases Zhe 2=cimplex Sce-
TE N N (co0,1) ¢ ) P
material 3 =l pure 3 Malavire widh| dmaterial 'L‘r.'/o/e: asss -
material
bisector/ ciated widh Zhe séimplex vevdices
inter-
fi:\é;'{.- a.ZveaJJ Zehrn tes seveval cases

to be Lah/le:/ 7{oy %q{fr:az (2~
’ferf?acc comstruction. The

'Fc'gure {19751') shketeles Zhe
combimatoria Zi;:/oo.u«.‘é/e i~

0,1,0) /
(I' 0, O)Purg : ?t(w‘c"ma- tuatiomns. In 2he shown "me-
’”lﬂ.ie'lv RL ' er"Qli

ic»«ial J’pace.l” a ZL‘H':«VJ le de-

'SP“CC”" Mmagterial z‘r:ple.r laging ' in
b3 ‘e=mrrermagen
Var ious Vorsonesi £iles of ¢hree materisls

POJ:ZAZC CDM'FL'JHYG{"’OMJ t'h"'ma'llen'a(,
]Fc"lqea/ A} ‘ﬂ:’cc ""a'tlem’al 7’7:/>/e.r

Caml beliny 24 ome of fouy dypes:

C) T does bot cntevedct o Vorone:
2‘&'/: éomn(q-—;,. 7; (s assoce~
ateo with one materal class suly.

4'4') To has three cormer Pointsin

2we Voveme: 2iles. Ty has2

cntersection points with one

Zile boun a(arz; it s assoce =

ated with 2 matecial classes,

Imﬁ;&l'l':) 7:3 ha.f fhree Corner Po«‘n{.r en

ﬂ:ﬁf&;_%aierzal intevface Pu‘»z‘: {'lprce Voyo-no‘f {:ICJ’. 73 con‘faa'n;
7£’Y°m"‘mq'f¢r.’al space “"back to ”phz—
Zhe Vonno: vertex L. 7:3.171:?

Sical s/oace“?cm«raz‘r: the points Pr
Shown for Zhe four possihle cases. imtersection points with 3

£ile éou»olarc'e.f; et éES vew




ngT’hc( taniann -/9- 3/o4]2022.
ji‘ra'fo vanmn

] O@}EC‘T AND MATERIAL FIGENFUNCTIONS = Comd’d.

*Laplacian eigenfunctions:o,, associated with 3 material classes.
(0,0 1) Iv) Ty has three cormer Points in three
Vovomo: diles. Tu DOES NOT contain
2he Vovomo: ventex @. T, has 4
(ndersection points with 2 #ile

L:Sec {'DY/

[Mf’rr—

face bet-

Ween

V,ab/V3

Aau'h davies 12 ndevsecdion /002»4:
-Fov eacl-. O.f éllc 2 f;’lt éouu o(an"e:),‘

l:tl‘ ¢S aSJoc{a"!J wt‘“ 3 %aftrc’al classes,

(1,00) (o0,1,0)

7 v
Flat 3~5¢'w/>/ex"4'h ma -
Zfevial s ace ' vesultin
f’row éhe l'/' VE/£€X~0119—
Ct‘a{g atercal fri {rJ',
m=lm,, ma, m3). Three .
ot the I’flat‘.g-_f;”v//ex
edaes intersect the ma-
z‘e(::a(_é.,'.rec{w Separa —

Z{s’n} Voro—no; Ziles V, aha{ w¢ f}-,, Veyr 'LLex— asse cia{ed %a-),Ler[u[ fra;'ﬁ‘oh

The ﬁgq\res (Pvcv"ou_y?:g_f) fof av'g[ éoﬂo».)

Skc{'elz -élvc 720447 Po::iéle Thoq, ~ deje».gra{-c

2] 1 173
Co-;.fia,w‘fﬁ'l'iom: (h ’mazl‘et’;al avu/ /-0177:[(4(

S}aace“ ‘LL/;a‘?.L €an OQccur fov- @ Z”SEMPlex

e

ILVZPZL’I Iim '—'(Vh,) mzlmj»).

"h 2%8 caw.‘fexf 07(j Comfu'fqzlfonq[ 5[7;,“!42‘[0;4;

:;-67-—)775:(:4[ ?l»encmehal 3‘s£w/>/ice.r are

(?ehequZ}) Z)e 5[4;,/3/[ce,s 07‘0 A:;At.f'[‘ i
Aemlslon needel = e:Pech?l; 7€oy VoLUME

fYchLZD'h Compu tations, Of Course, 2l e

urmber of distimed matercals considered
e ——————tmm) T ———————————

_/‘iglbfm_‘*t_}_f}zc Zhree inter- '
-Fqcc Fofr-z‘.r Zo "/047:[“.( dis 2‘77’56‘&2/}, Ik Zér?(r by, Zhvee.
s e vod uc ;— olnts Py, .

e T ccip 'z :

Bg, Céh-ner.'tliha Z‘I:_CJ—C’;:%} TLIC.‘]E?MYGJ’ SAoW’n o n 21.4;: /oq?e 0‘1/2/
Om obtacn < 2_‘4?”/)0.:1’&:‘ TE

la{e‘{u"o,{'l'v.ﬁace Z(YZQHjlc" Serye élze 7)“)’/00-!{ 976 A:%f‘f”} qf ¥AC
Thes z‘vfﬂm; le J‘tparn?es
the materiqa-| Lron. Lhe

Waterial =3 erc;ion Enside

combinatorial an A gee medriecal CoPnf/rh'Z/;:

P 2 / one must hawdle [0 Zhe case of Zhrec
be S=simplex.

materials and 3-5{’"/"16)‘ Fllys[cal Aomalbs.



...ge-r'na( 'Hama'h'n

Sdvatovan

-20 - 3/25)2022.

] OQJECT‘ AND MATERIAL F|EENFUNCTIONS — Cond' L.

'_éif[ac[a'n eiji‘ff«hcfc’oush.. Sf'hce our cl‘vi\fc"hj P¥a blew, is5 a

m.s mS
(1,0,.,0) “(o,. 010

i M e

S&"hplfec/ dlustratiom o-ﬁ
féc t’v,crq( R-M-.a{en’q,l
chisle lond Zha Vivawost
édJeS{ fe.!.l’e”a{[pu o-ﬁ
Ymatervial space with
geou,e't"rf Ca({}, Cdentical
Varo‘vro" Z:les \/'.I“‘)vk'

In the ntevion of ) e
al(owaélt’ “‘th'!'er[qé
Sface"o/o'mm’;. Vore » oe
tile \/4' s bounded b}_
(parts of ) Zhe (k-1)
Llyﬁz_"flahe.r a.’ef{heo[
ZJ/ Mg =, i ey

M T Mg ey M ey,

[m 2he coptextd havin

Zo CLASSIFY A MA =
7ERIAL TUPLE 1m ,
We tmustd conscoler Zht

feo llow:.'n} /’Jrofer{r_'e.r o

’) Tuple imis in Ve
when 2he unigue
material f‘kr(e
(0,..., 0,1,0,...,0)s
im s clo.re.sf-"}’“"G
material f«f(..

2) T“PZt )m(a’e: on
(hul*i’rle’bf:e:‘
2orfs) when £wo for
Mmove) oL Lts m-values

Ave egqua l.

(O,...,D,') class data ch_ui-fc'cQ'f{on pos blem

T u 1‘[4.—

JWe

AT[E;Z} Sj(:{'cl: Sowm ¢ a-,f 24 Cowceff’-f Che

”'i"-'”’k Mmust lm»./(e when o/ef(bihj_nvu/ celcu~-

Za{{hy-(aug/gfyexea -}:hij Z‘hfrvface!

7501 multi-material data. |4 2)e Jenem[

o)case Af K wmdtertalsfajateriall classes

)
a maiterial -Fvaa.lluw fuple s

im = (h.'._.'wu) ) wl\erc
Myt tm =] and m:Z0.

&
G %fre‘dl:

I’h "%a{Erial :Pa.ce” f/,\: k "/Dtufc

Aave /<"Ll~/>/es (', 0, 0 e-) 0))((5/[’ 0 .-, 0))

i iaisat ol (D} 0, 0/"’/ ‘). A?QL”)‘;’ one ca‘nA

asso c[qée a I/ovow.o;’ 'éa'/e w:z‘/z eacL' 0-#

Lhese | K ,/Purcu matercal s, The muwéerof

Voromei dilec t5s K, and all k tiles have

Zhe same Geeometry. 7¢le boundaries are

hypec=plancs (e, parts of hyperplanes)

Zhat are peipendicalar bisectors an A

delfcnle madery) tndevfaces. The set of

all_hyper=planes is defined by

Mz mi < (<g4=k .

T}zq.r’ Z£) el sulph v o ‘-7/”.,-7(4»,:5 i (é)

The value of (5) is (k%K) c.e, 2he

number of 072177Ptr—f14’l1e5 grows gua»(mz‘:cdla,_
with Zhe mumber of matertals,

o




