Rernd Harearn il = 3/2‘7/2022

S'é*allo vahn

» OB;{ECT AND MATERIAL FIGENFUNCTIONS — Cont' .

‘A-Q?Zac[an 92221 uncttz'a»s:_.. TAC.F.i?uYe {lefzf’ _SLoWS l«;ow ome Camn

Olow—y,-JCaZe_ ams ori}:nq[ Voronoé :f"lc

o—F 2he JZ%FZex. \ZDW'n‘Scal?h? froduce.r
a "Jvnaaer Co,ia,l' o-f z‘l)c ovig_ihal f[/e/

?Ye:evvzn? Zhe tile's 5174};@_ Tltusl
omne must establish Zhe condition s for

o,l0
(,Jolo) ( i ) am llw\—{urle o a/efi'ne a./:vO¢’h‘t-L 2hat ve-
Defining subsveqiom
Zh:l&/c\;ovoho[f:le.r Sidec inside such a clown- scaled Voronol

Ag a/ow-»'-fc:zlt'h ore =
-?[hal ic'/t.f, u.t.'»g

lm-{uPlc.{ oﬁ_”/u«re it
Materzals = {10 0) etc~ P‘r‘.hCa.f/t.f for Zhece condcdions L:g« Coy-

45 sceg [{ng Ce»'éev.s‘,

f[!e, One can undevitoan A the ?cwrra(

sédevim 7,12,3 2"5'[». lex cacse See
Note. The special 7 i d
Sihflex ischarac~- -Fiyure.r {Zefi). T be ?eo%e‘t‘r} cnvolved
tevized 57 the fact ST
Zhat é‘c.Pﬂpehdo" ls S[%f[;-ﬁ::e;{ éy Zle -{-oacz,l tbhat 44 e
cular edqge blsectars

are &alse the 9_335 z[-r:qwgle 'c Perpen v lav ep{je bigectors

cSectors,

arve séwul'éaueou.rla alss 4t} e 'Lln'eau?le"g

(0,0,1) Q»njle bisectors. Co'hcc’y'hzvvj notation
Wwe u’ha(er;-é¢ucl a ' Vivisyiaga %Z/e 4o be

H

i”:e Uncion O'l? two Saé'-re}«lo»._:) Z,Q-I

&
V‘j = V;q'u V,L ) =023 .

b
VZ One car mow a(e’[‘ev'hu"ne £he flnfcc

e
= ’)n.=m‘
(‘,.OIO,\%._;—D to.,0) Clotddticon lzh eiualizlie.r) Zhbat a

$9.F¢."h[{'[o-u o f Voreo - fq/g[e I mmust sa 2"'[;#} Ze juarm, tee
mnos tiles Vias unions g
5-F£Wo _s’ué-‘?’e?cfon.s"

Vitand Vb, Thes odefe- a s
mition {5 wuced Fo deter- a Sp ec:f;c ‘YEj Con V; or Vi . Fach ’)’B?L'Oh
Mmine Lhe couwdidions for SR =
a {b,ble tm Zo be inside
e down-scaled 2cle. Bouh alqrg, awnd eO(?e/aug,[e bisectove,

that Lhe associated 7904'1.-{- lies énside

(S beunded LJ_‘Sejmeu{S e-f Lhe Z'Sionplex

® o o




R ernd. Hamanmn
Strztovam

-2- 3/30/2022

m 03 JECT AND MATERIAL FI1GCENFUNCTIONS = Comd' L.

Zf?/acla'n ezjgquu»cfzom-ﬂ... T/?e_f::_juyc (/ele) Shows oh[} 754@

7M:'Lu,/\

=

(1,00)
Focusimag on Zhe Zwe
areaibnie! IV awd Voo
that can be defined
vea thvee Zw&;uallfzel
mcla ’Yeg,l.on).

VO‘ro-noZ

/ vertices

Sisa
V.
Tefzt wused 2o deter =
Mmine whether @ iaf(e

Im [ies inscde 2he
shaded 1’62«50"1, ':.C.}
fﬁe 5llow-1—. doh/u'scqlec(

geom e%rg velevant fov a -!u/olz I 2o
b
Zie cnsicde ,q 6 V, ’ééc ZZWo 'Yejfahj

o(e-f{.'vu"n? Vl. T he {ufle th{”'ﬂ;,mz,hg)

mustd Ja’[?s‘fa zééc fo/[owin; couvd ctionms
Zo ée iniszdle 2

V,Q : m3>0 A 'm,.>m,_ A my>mg
V:b P Mmy>0 A MyPm3z A M3ad>M,
Similarly, ome obtains the inegualidy
comditions Lov Vevonoi £iles Vi and Vg

Q'}’lo( ?f]ve[,'y ’YE.S'/‘DCC{'[VC S"‘é"reg,l:o‘ﬂ_f—'
Q

2 : ™, >0 A Mg >m3 A h3>"m'
&
2 * m3> 0 A %z>m,:\’h.>"'3

.
o

my >0 A MI>™M; A My Pmy

<
Wee
LX)

M P00 A M3>dmag A Mma>Mm,
These Complitions leaa lalce be u.seo()

Eh a SZ[;AZLZ} Qo(a»];feo( WQJ,, 2o determine

whether am Im-tuple cdefives a point

inlsidiel a Adbwnscaled Vérovwor Hile.

Version o-ﬁ Vovonold ‘TEST ?R,NC’PI‘E: Voro"‘o; ‘t'l:le V’

£ile VL. Tle Vi was
Aowmn—scaled by £he
Scalin facz“av 36[0"].
"Ta/;[e 1 Cs scaled™
67 th e -Facéoy /s )
j,ehera-f(:h} the ‘l(hplc

lm'. Omne can how Z{eszf‘

Whedher in'ls insideV,.

S
V,Q = scaled~clown
version of Va

ha: Ju>¥ak'na(¢fhj VO?A'NQ&' ver dices
L4

With a Mermalized odistance 02"

Zo ll, o, 0),‘ Vi és scaled-otown by

SC¢I¢'h; factor s, with O%55Y,
see figure [letd, botton ).

e o o




Bermd Hamann - 3-

S*"Q'é'b vat

3/21]2022

» O,BJECT AND MATERIAL ZIGENFUNCTIONS — Coni’ .

"Laplacian eigenfunctionss. Comsidering region Vi¥) we
detevmine whethe, lh’-(bv,,m;,h-g)
Ls Emside dhe Scaled=down
Teglion “V,‘ 6‘7« Ptrfav’»u’hg a
Scaling epevation and Subsegurnt
‘tests

l 1) Cowpu'}e the difference vecter

’\mz cll = m = (1,00) =(mz-1,m, m3),

Im i 2) Scale #his vector by '/g'

im,=(1,0,0)
i m::(h'”h;,h.gj p'roalucih? the vector
I’ = (m,, m;  mg) di' = = d .

/Ua.r'f'razlz’o» O‘F_gé’ometlr?- 3) Ado( -}h[_r SCAIEJ ’Vecébb’ ‘£'D

anwd data invelved in de-
fer’%l:hl:hj Whethey 2{‘1/’[? t‘)e f"fle ("0‘0)' C?ea‘}:‘hj
Im (s inside a_.rpec:.f:-__c.

Ziclle Jké"reiZo;. o me#. Ih‘l 4 “’”,+ dl’ i~ ('l 010)*‘4,’
7i4 e ZZZ&-"*"G £iow show s

¢ /
a scalin 'f"céo';f_ with = (Vh. ) Wy ? m3 ’ #
value3/s' Usimnq Zhe

Mmappings Summarized 4) Co‘hCa'Z‘E'hai‘Z‘hJ Zhese Zhree

o thes ag€, sbhe MmapJ

é

I 2o im ' amd fests transformations leads 2o
Whethev i1m' satisfies

Zhe three condcdions ™, =
o-F a /@O[‘hf Ze be [m = ‘m’ = ('* : . il "ﬂ
side MZE If im’is in

ST ST S )‘ ®
Uf‘) £Zeu. I s ;a.‘V,“,
5) PEY-For‘h testd 2o determive

s i'erma'lirg 'mefbod.‘

Mowing \m and 5., one whethev im' lies inside V,':
Could caleculate ¢the 7 } 4 L J
maximal J‘calf»: -Facl-ov ’S ‘%3501\ ')n,>1nz,\ My >m3’TR”E,2
Swaxy that = ywhen wsed

inthe Summarized ¢vanse If it (sZrue, im is imside
® forwmation == maps im to fpe -+

Q ?otni- én ¢he 2-5:Mflex the Scaled=down version a-ﬁ
where m,zm; holds. IF

a ° s Q
35 S'ﬂ‘*' *‘leh I :.f ‘.h‘ v' ) €. e.) V. e
S:Je SV.".




Bernd Hamann i vl 3/31/2022

S'é'r-a-foVah

= OBJECT AND MATERIAL FICENFUNCTIONS = Coni'd.

:l__q?zacia% ez;_s:hfa»céfous:,.. T/7 e_ﬂ Ure (Zefzé) S}IOWS £1;e ;e—
O'hqe{)'} involved :<» /Drrfor%[n}

the altermative tesd method

%c‘n%lawe;{ o Fhe Previous /'Daje.
Thile olldetradivi smile dblod caleglates

fl)e 'hoaX('.‘Y")al SCQZ('P)J f&c‘zL"V Shax

{loqf Woula/ )f;q\/( ZLO Ac‘ Lt.!'tr// ch éti'f

é’?anxfor'n,qzl[on_s Summarized oun the

Prcv[ou: }oqyt 4o ’}'114/) thn {'D lh"h\ax,

Alternative Zest for

deteraning whether Im Z.e,) an lm,—iq/o/t fl,'az" [t'fj o [2he

iS imside SV Caleu- %
late a .s'c.-.a(b.g {—'azz’:or éoq-p,a[a:z, o-F V‘ ) Wheve M, T, Aola[é"‘
S”'Q" meeded #o by acy
im Zo a boundavy Lo~ The ?811 eval -Fovwmlq ole-fcréloc‘n—,?,
Cq£l:°h.”h'm¢y. Thens b
".__" sua Zél)e ’hraf»/pu'w} D-ﬁlhﬂ | 0
im inside VY, [
M, - M m
E> S = Sax . L= =(’+ ’S‘) Sz) Sa)
*Note, Oxne can also de- When IM, liels o3, Ehe boy »,p{fnrz of
rlve the valye oﬁshax o T S
b infersecting Zhe ,)wherc m,Z v, we obtain a special
}'Dnr«'me'én'c line 7 ’
ébu'nler? 'éhfle I =”’7h-,qx = o.

(1,0,0) + Spposc i1, 2y m3) o - a
«NC e CO%FOheh{'J‘ m, abp(WL ’PvnuJ-z/-

W['fé Zléc_?-__?n/)[‘.f-‘l:tl }77P_'_'_‘ R
plone be eiual for im max ) ©One sbtarns the

Laa = 0 COhd&floh
-
’ } iy | ™2

Ths - = =
s leads o Zhe egua 7/ Svas 1S max

Lion

-1
'+5Max (M,’l)".(h,a,()nz‘-'a, => SW‘G)\ = (' 15 mi +”’Z)

)
l=m,+ma °




367*7:&[ Hamann
Si'\'q 'EDVa’n

Ligrl 4/2]2022

™ oggi'cr' AND MATERIAL FIGENFUNCTIONS — Cont'd.

'__.Z_aPchLah eij_e_’h unictiong 2L, 7—46 f%ree o/[_;cu.meo/ medrics 2o
174
measuve distance 2o Zhe pure maderial
2

%(d})ze (’I O'OJI‘WGkQ ;{POJ’J:‘A/( 7‘0

deﬁme;gaas:-fvabaézlz4¢'2r_"p_
2l m=tuples : The valye o-FP
showlod be 1 Lor im ={ 4,0, 0)
Mot T d and shoul o decrease 4o O with

“afe a probabilityp-  imereasing olisdance 4o (1,0,0),
Yalue widh 2uple im.

The_P-Value m.aao.:{ude Medhood 1 4o define a f-l/a/ue for

¢S _’r_er-re.,n:nléec{ A?_{l)c

Lred :Aaolanj‘z».ée»-riéc?,.

Im = (M,,M,_,m;) Cs shown in the [e«ﬁé

- fegure (Zopl:
/2N | (=2wm, , ;.:~$m,.<.l
i—;::;; { The colilinibe) fo) bur - vallier
= Ganderd Zhel indevisy | of | Zhe 2-5;"'/“/"")
(1,0,0) i AR L P8 7 P PP R
Metho o 2 #o associ- s

ate a P~Value with Im . P"V“/‘it %4}h¢'¥hde l/avia‘ll[n» ozf Ihe'MOJZZ
Shadivng (mtensit Tepre- T

Sentce P-Va[ue hm}ht{-uzle. ? { I-VI'r ) Oéh\‘,hg slz'.

A Mmatmyzst

J
o

) ctherwise

i
wl,cye - = V—z‘ (m:'i-'matng +‘hn32-) ,2 "

The Aozl'[.‘o'n, -F_Zgu‘rc SLAWJ P-Va{ue

Vaviatlon ge’nerallec[ Via| meedholot|3 :

m=mz , im inscde V
Mez‘LoJ.S 4o assocs — ? =
ate a p-value withim (o ) © therwise
in SuL""'e?:.'ou V‘Q.

L




