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- oﬂ;rzcr AND MATERIAL ZIGENFUNCTIONS —Cant'd.

® Laplaciam eijgz.fmczlzom x.) All ;Doio«i’s w; avaclable as :am/ale:
a'a;o/ 'heu'ral %eé\Novks:...

Uz A o{’ Zhe 5]vec£fc'c clase of intervest

Kx‘ “’”r Satils E? (u,5)2+/u,f}2$2, as «
o P 'r ) > cma:egue%ce o-/-) fée {'mzn[‘mql)
® "\\'< 2 Aou'na/mzj on constructior, (n 2he
Tinax ¥
(o]

lX,’Xz)-PZa'ne and the a/o/oléec(

[ Lhear cao-ro[f:aqq-ée toan ijovma Leor.

T/ze fz:?a're {Q,one) .s};ow: a,_foéh-[- (" G{UI,:} ika{' LQS MmaXi-

'mal clz:-éauce -F’ro'hq -H;e ore ,:n) Co'h:ic(e-rz'nj alz i:uihi’!

i Lz, Thes dictance is called Fipay , amdl it is Zrue

that @ll poinds Wy satisfy (P I ) Nl o

| P _ii._.l T/IG ZC")FZL Fc’;uve S/(é’zlclye; Pa:_r;é[e

l \ _P_—-’Eu'hcz&oh: (f"YOAQéi/ZzLZe:)z[LQZL

. o \ N one could comsider fov Zhe purpose
()

Tmay *

o<F Q:.r:j'm:n} a A;;Aey ov lower yalue

o-F "Cl?’ri'aéhzl}” Zo o fo{_-,,zl ui; . A 'YEZQ'['(.’veZ} _éijlze"’

Value _Sl:och[‘_/Wdalo( Endicate 2hatl a }DOL’h‘Z’UlJ £S more

Zc’kelj Zo 're/ove.renz.L Zhe J/Dea’f:c clase of interest and

represented 4} Zhe point sei fw §. For example, ane
could .‘;_Ii"jl) via ex/oen"meazz’-a-}:o—n we 2h a/az"cz/ au_’:o/:_-
Zimal” p=function Zhat hac Fhe value | for =20 and
'momoéofh;calli decreases 4o 2he valae O ™Very 'ra/n‘o//J
O/ecreq.rzrn; 40 O whew 7 > rmax . (T/zZS cmzce/pi‘ could be

beneficial whesn #wo peimt cZoua(J,-repye:em.‘z,.j #wo cZa.s’S'es]

"oyewqu" im (X;, Xz)“Sface. The »-value andd « P-—-Puhcz‘zon
might be helplul #o improve clessification im Zhis S‘h‘uaz‘io».).
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B OQJECT AND MATERIAL FIGENFUNCTIONS = Conit'd.

o La.placia'n e:.}_e_:func‘l‘a’ous We L?if’f!} Cje.Scw.'ée zl/'le ge'neﬂ”d [1_'—
and meural networks:... o '
zadion o-,f Zhece Cowcepzf-: and

CO‘ho}i)uZLa{'fou.r -lFov ﬂ,e @‘a’i-

’me'n.riovzaz case, wheve

Zhe given set of poiris
{x:3 is embedded
i Xy, Xy Ap)-
Space and pozf'hlL—)E

%iven: ;)K;g,;?,

e'b I)a.r zLZ:E’ assvciaded

cosvafi‘haite -[u/p/e
c & i\7
(X‘ j.-./ xd""l X@) - 7’4&

le-,l’,_l —,[[j ure (llustyates

2[/:8 Je'nevaz case, /2 Z‘Ae

firvst step, we fe‘rfor'wz mean

St AZ,L’Ya.c'Ll(:oxq_/ é} Sué‘%’)’ac'géhj zUze mean /ce;,-é-rozo//ave'raie

n
From each f)sia..{— Y, 2(e) X :-.L,_ 2‘;:, X “(&:) ;P X=X .

- AF%G’Y M ean Iuéé*ac:{zfohl M & Cagm co%/aui‘e 7_‘1;9 e[y?n—

Vazcce.r a'hol ez:je'n Ve‘:for‘r 070 z,‘/ve @-Ay-D Covavriauce

matyix € of all pornts ‘@' Tihe Mormealized,

unzz‘-leh?é/z eije‘h vectors de-ﬁ[ne 2‘}:8 3 Ori'}xo et

'havwaz ec'?e‘h a’ireci‘éons @, l"'l@dl"“l @.D sl;own {2
é SE S

the aboye -Flgl—n'e.
I > The eigeho(zvecféoh: @y = (e,"‘,...,eg )T, el=1... 9, de-
. ‘)ec"ne fée-?raa/iehi‘s/grrac/ienf vectors ije Zbe ZZheav—/.’)o-

"'LO'M.CQZS rd (X”“_be).—.- e:{'x"f‘,_.“‘emdx_'b ) d=1...D.
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=) O3]£CT AND MATERIAL FIGENFUNCTIONS - Cont'd.

a'nc[ ’heuraLuneéworkSS...

I ° L_ali)lacia'n elgenfunctions =» We evaeluate Zhe Linear /’30 J i

’ho'h«u.'a.z,s ;‘d_ — wlu'-c[e all hqve

the -Fu'nc-zléou value O at (X“...’XD)‘:(OI,..'O)“- -FoY
Cach

jive’n i{(_,: } £=I...-’n) é.e., -,Pov eaclzjl.‘ven /oozl,{-Xg
LE‘FO?Q, Q'PF}JL"’"J mean subdvaction 4o the 7)::::1«:2[.5'J coorde-
nate vaZues. Fo~r eaclz Zi'neav /0022'170%;8&[) Z.e., ov eacl,

cliwec{;ou/c/Z'me'nSZoh o[, we ale-l-ev'rnine mincmal a»na[

Mmen

maximal valses Fo " and FI . Specifically we compute
Fo™ = min {rd(x,‘:,...,x;s)j,;:, amnd
FLE" = max {?‘d(xf,..., S s
* A pair of contours Fq=F g™ and Fuy=Fl " odefines
I Zwo AOU’nO(QYJ se?frnefn-&r of Zhe needed (mzmemal)

Lxcu'h o/io?? /legev-éox, Aavc'-n; 23 éo«'no(mfy Sej'mfmzl.r
foz‘qUJ. We can L:omfu-!-e Zhe values of ?ayamei—er: de-

-Fz—».;u? Zhe secondd , local coordinate sj.s'zle% Sz as follows:

Mmax min - 0 D mi Mmax
Dy =Fgql =F, j Ty 2a=, (Fi =8 )e, .

oramal eijeazoll'recféc'hs (@d) andd £/1€ ”'T'aa/éé” ('T‘d)
c/erlhe fée fﬁ‘ree (Ao'mo?e’neous)zzvaa«,,rfoy‘w,a{[oh
madrices S-‘) R ahd T Zhak [dedevmicie MI=SI KT,

' ")lee ZOCQZ o'réjiﬂ—z of él,e sSecond sy.rzze'n«l (6)‘ zljle orz"/w-
®
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wOBTIECT AND MATERIAL FEICENFUNCTIONS =Cont'd.

anol mewural metwovks:... it
'é-réx M Camn ée u‘ho/e'r,szlooa/ 'ma_rzl‘

l ‘szlac“afn ei;_e_z_w_;fu'ncéiou.r" The "mtzh'n"h} Ole-/-’é'hea[ é? 2he ma-~
L

sia"/;/;, é; 'r‘evéew.:'n? i/:e .s/oecéal Casé€ 07521/28 ZZWO'—a/Z“

mensional case Summarized on 2. 15 (4/8/2023). Hefe,
g3 =M <= = MUY
WLE’YC’ X = {X,, XZ)T £s a }Do[‘m.zlj "r?})-re,rew‘l,lazlc’oh "reZa‘

Zive 2o Zhe f;v.rz{—' Ovlgzhal Coorodimate JJ.S-[eon and

u = (u, ) “z)rc'-f Z‘Ae ?e)ore.re'hzlaz‘zow relative 2o the

second coovdlimate system. Spec;{’zcalljl Zhe mapping

o-f) the imdividual coovdimate values (s gil/e'h as
‘u-": X, e:/?, + Xz 82‘_/?“ "'(f, 6’,’ +'£2 82' )/’r' P

2
'LL-;: X' e]/‘l‘z + 2.912/‘!"2 “(25,8,24'%2922)/1—,_ .

One can shovien Zhese expressions éy,uszwg, Zhe mo-
Zadion for scalar (imner) products of yectos <-,-:
u, =Y (X, el +X8] =(4,e] +4,¢,))
=l [ X eD - Kk e,y ) | ||
U, = My (X2 + X 8 = [t eF+4,e7))

el [ {X @)+ KiZ e, )| ||

Thus, he value of uy inthe D=~dimensional case is

1

uy = %y (KX, eu) =CH,e4)) || , d=1...D.

One cam write +hcs e;ua%iou eyen more c'o-mfacflj as

U4 = (ed, )K"‘ﬁf)/'rd o

The #ranslation vector # (s Zhe /)oséf:o'nqz vector = D .
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- 03}1‘67’ AND MATERIAL FIGENFUNET(ONS =~ Cont'd.

*[ aplaciam ecjeufunchous ® We discuss a simple three- dimen-

a-ncl %euvr:[ o«e{-wovks

Siomal exa'm/u[e Zo c!ar;;‘:? z%ese S‘/ef.r,

XA
3
X;_ We ave ?[VE% Suyr foithS )X£)£=l,._Lf.‘

=

x,=(0,001", x,=(#00)7
A8

¥o= (0,4 1007 %,=(0)o %],

X2, s The mean is x = '/42&, 2= (h0)7

X = ui;

@ rd
Lr X, A‘F{'PY M Can .Cuézl'racéiov./ one Dé'éa{hf
Discussed -
o e}(Q»)urle_ >xl :{-”-')~,) ) \2(2: (3"'[‘Ol)7;

Wy (=t 2=0]7] | 5, d (=1, 13]7]
Tl»e.re -Fou—r Pog‘hZLJ c/e-ﬁ['he Z2be covariamnce 'ma't,lrc‘x C)

e, ik 3 R | st ] 12 =% |= The ec'}e'nva}ues o-f-C
C= =t 13 -] 3 -1 ~l|= -4 12 -4 o,
1o i s S |48 ok 12 are /\'=-’ lél ,\2=16 mw{)\sslt

7%9 Co»ye.r,p 0719/:.11; ’hor’h-.ﬂ/czeg(ezye'nveczlar.r ar e e (‘ /2' 4 2/2)
e, = (- 7 /2) 0) avol @3 = (v§/3,r ’/3) Tbei43uve absve

f"rolfco/e.r an c[}u.rzlvq le-O”z. TAe —re.rul-l,.v;? lix ear /)i;vromidzf avre
L r

E = "\E/z X4+V1}2. X3 J Izz-v-/lxa-'.% x2 and ¢3=V%X:+ ZXZ*%X3.

EVQZG(aZLL"nj_ ZIAPSC’ three /t'hea:/'ﬂ_i]'ho'mia/.r Fay a ;:o"tvzl—f_?i(__’_

{us;n?_{éezv cosvdinatles BETORE wmean subdractisn ) yields
A Es B A el B B Y Y sy 1 1 P ok R R,
o= 0, ;r;‘“" = 4% . The vespective vadius vales ave
Dw, = 4VE § Qg = 4T ; and Jvy = 4V3sa. Furdher, 2he
0rig inm @ olf 2L implied (o zoil s b)) éou‘nt?/Z’h? box s

D = 3{- 243:‘ (£ +F ) ey = (2/3) 2/3/ 2/3)7-, The Zranslation
;Zo'r '@:-3) fhe uhzf_e;ijenalhecic’ons ®4 and the radil vy
define fhe coovdinate Zransformation ug=Cey, X-#)/~,;.




