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IOB]ECT AND MATERIAL FIGENFUNCTIONS = Comitd.

‘Laplaciqh eiggbfuncz‘ufns WCRITERIA FoR SILBQIVISIO/V/

anoel meuvral networks:. ..

SPLITTING . I+ :s 'necesrarJ £o

cdevise a fro/)er,'roéu.s% am ol e#c'ciehzl/; C‘O'mPuzlaé/e
m e suve dor al dada | sed {x‘f Rl L S R

space Zo oddetdermine whethev Zhe sed showld be :/o/nf.

T/u‘s /’J'roé/em relqz‘e: {o 'YHIA/IZ:.'VC«'Y[a'LIe olazlq ana ZJ:J:I "'9'1
’Mul{,:quia-le d?h:ié}_fuhci({ow.r and Aistvibitions. (2,

Our Case 6 wWe musd /fee;a (n mind Sfec..'f[c charac t"en:leic;
O-ﬁ suUY a/;fzic.«.z'z/zon !ﬂ WE’ must assumn. e Zhat ;_‘AC number

3F~?_ﬁiﬁi:f ¢ {xc-? cs ,/TeZ“'LZ"VEZJ« quzz'lw]n"n Seen (n

Zhe context of Zhe ) T e R é’méeo(é(éhj space.
(ié) We cannot assume Zhat Zhe finite diccrede 7“‘»{
set Ix:f satisfies o[eoz.czéj/o/z.rz‘rzéq,{;o;. characleristics
of amy sp ecific density function [ distribation class.
(55'47 example, Zhe Shapiro=Wilk Fesd isa I/"Mr‘ma/n‘zy
test” 2hat dedevmines whether a finite, discrede

5a4../,2e Je-/: 45 "re/are.xehz?c"nj /'nozl 're;:o“rEJe»-ghzj 4 hor -
mal C/a'.rzl?c'ékllc'oh. We Cammotd E’h:/;/of c/".s’zlrééu{[oh -
specific tests Like #le S/zaf»[ro"WZU{ z‘e.rz’-.) (iit) We
have %o 0{854yh & Mmeasure fov Zhe ”,5/;4/>e” o f Lhe

set [)Xi]l- .sfpec:.'fz_'cq/i?/ we must dedermene wéfféer
3 V4 "w ol /i 7
LLALI sed s a/eu_re or heov,yex zey] M.S'Zhj/

C‘oh,/o =4 c_zL’

Z‘A(’fe {e‘r’h—;f Co 210_7“[4 22} LG‘Y@. /’h ozU;er Wovp/,:/ we ')nuSZL
devise a crclevion Fhatl allows us éia{f_c:_{a{e whethes Zhe

Cohsz[yuczlec( (‘MZhé’rnqé) Aau’na/éh} on of {)2(,,; Sa fb'cé’.( o
one Sko«(c[ _cf[ii- the SeZL.
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-03;[?5(7‘ AND MATERIAL EIGENFUNCTIONS =Lonitd.

ancl nesval medworks?...

in Zhe Lt'n[Varc'a.‘Lle/"o[iméhsional

I ®Laplacian eigenfunctions Statistical moments can beused
®

SeHc’%g_ Zo Glzavacz‘eréze i/ve ”S/m/ve” G-E Q olisf"r"éutlion.

We vaeflj veview Zhe necessary Adefinctions of Low -

orde~ 'mo'me”ﬁr ﬁv lene k%éVav[aZ&e cas e, S:’.‘nce k"now-n

or Zlo-ée- con:-!ruc{eol je'm?"raliza.{[on: 076 Momehzls in zzée
mullivaviate case cowld be comscoderved ov deva[ofea/,
on e %cgl«f consider us L"h? Lk ?é’heralizecl Mowm ents.

A 'mucl, .S[’h,f[@?l more efficient and .S'é'rﬁijéllﬁrw“‘é{

a?f'roac/z Woa[;[ _lf_S__e -H»e We[Z"I(-noW'n univariate moments

"c/ZreC'HJ" im éée 'muz-z-irmrzazle .Sezl;on?. 7/755 af/ﬂoacé

would have Zs yse o*nefavawe-/er/w:réaé[e om which a
c/em;{?_/a/zulzéaézm in a D=dimensional space e =
Pen&/&. The distance (’raa/éu.r) f'ro'». Zhe center o;e Zhe
sawfle foiw.fs can Sevve as this oue/mrameéer/vu;aéle,
[ the contex o-F descriled Zi"neqv coovelinate Zvans-

_—Fovmazlion a/o/a/[ec[ Zo Qfo[‘hi' .sez‘, Zje wuse 073 uns-
Va’YCR'fe 'rno'me'nz{‘.f cam Le u'ha(er.rzlooez Qs -fol/ows =

i The left figure ilustvates Zhe fact

+ 1 jl /14._'_ that we can use fZhe w"{‘“/’k" of

'. °0|, li‘ the /Dochz‘_r —lall Zyunj i Zhe mov -
‘Malczé’c( (éoawa/an}) /77/>er—éox [’ ']

ﬁ

'r:«raolius
{clisia—nce FER 8 R Sy WLlez covve:fo»na[.mj, curcu*ms:'r‘éeo[
£
® O'riogy?’n) -l il I"y]:e-r 571161'@ (' au) Z’ud =1 (‘ ’)
:Densizly/dL'sz’-ribuﬂo'n funcz‘pons can Ae o[ef(,'hé'al ‘re[a‘iLVB 2(0 T
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= 03}567‘ AND MATERIAL FIGENFUNCTIONS = Conid'd.

’_l_.._a/OZaCZan e _e_gafunc'f:ons /'n or a[ev Zlo Co'm?uzle c[e%:c‘zlj/d":zln'-
and neural metworks:...

butien -)Fufn ction, €stim a%e:l we musé

' utilize the gemeral fovomula fov Zhe (/vﬁaer")\lolawe
iﬂa AaZZ WZ{A vadins ? L .D lim, en Sions , Ii‘fsl’l we
uy A P must define a Simple method for

'R,I 'RE[ //-/ e;-ééfmazlin?_/ooéhl— a/@'hsizzy_as a
: o > funcdion a/e/:eoqa{zu? on Taclies R.

.\J' i The left —F:?uve sketches 2he
'l-t'nde«r!g[*h} concept of a o/em:z’}

estimad ot schea et Tar fwe (A7loer-)
Aaus[‘k D"c/z'me'n:u%az s/oace) w£¥4 Aof/x éa”: Aavznj/

the orr;,?iw as center andd radii '(/Q, and 792) ome can
Count Zhe number of poinis 1757;} inside Zhe ball wid
) e Za'r?e-r en dlcels [ 1R:) amall o S:'%MZ;I‘G%EDQJ{} alse
176'}1} inside ¢he Laldl with Lhe smaller vadlius (’A’,)’.

fuy%l.ey' one cam _c:g_m/@ﬁﬁ the {ly;loev—) Valire | bouroed
_éj_fée Zwo [é;,oer—}s/o/yeves wizh radic R, ane R,

e od c[ehsézzy can be estimated as Zhe number of
Poim#?s coumted divided by Zhe computed (lyper-)
Volume. The szu-,e clustrates the case D=2, Here,

12 points ' lie cmsiole the 2-hall with vaclius R, bt
ot cnscde the 2-ball withl vadis R, (5\3‘ <Ry ). Thus,

the Yf.S‘u?‘l‘Z’hj density estimate is 12/(rR,2-rR2?)=

= ’2/(77’//’?22-?, 2)), This yalue can be assoccated woth the
interval EQ,I'IQZ) or radius (R, +Ry,)/2 as ale'n_czuly estimqte.
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-OEJECT AND MATEFRIAL FIGENFUNCTIONS = Cend 4.

‘Lq chia'n e’ ﬁzfu'nci'io‘h.f O-F Courrse} <% f/.e ﬂ"a/éwenszonaé
anol meural netwovks:. ..

Case , we must use fle ?E")zérq&

-Fm«fmula -Fo*r ZfAé’ (/17loer-')VoZu'me a-ﬁj)*éalls. /z‘ s
C[esiraéle z!o comnscder Z(Wb fo‘r'rnuZae fov z‘lle (1:7/73»(-)

Volume O-ﬁ a :D"éau, ene foermula for EVven VaZue_r

of D ancl one Fown-.ula 7[)or 3014 Vallilele o.ﬁ.@;z‘ze7 are:

“o/2

V4 =T:DL['57!'“'" oy B | Delolz4
ras2l

V ____?;5_:'_!__ (n,LJ)IZJ Q:D ] 2)6{"3‘.5_1,,,5 :

Here, Defo,l 2,...}) n!= 12 (u-t)n (where O!=1),
ml! = 1-3-5. - (n-2)- 0 (wheve n is odal) anod Zhe
nodadbon| | U bl "I 1" isluseel for £look and cbcling.
Tor example, he volume of a 10=ball is given as
Viiip) = Vi T R = Vb, o7 P77 Bald 200 Vallimle o oo
lI-4al)) (s given as M: 26/”,"1 'D";/“=€lf/103qg iR
Tor| D0 Dy Do bl d BEY ohs L3LL L Ue e sy

formutae VLO) =1, V(=28 V(2)= TR and V(3)= 57 R°,

oNoie. /’h Oter J‘e'él‘é'hj and af/:/c'caztl:oh, QZZ-/oo:."hf.S' /c'e i
ZLLe Zt’nc'zt (3'1'45/4‘&5‘0%9) sD‘C/L.ME'hSJOhC‘Z Aal[} 4'.9_‘3_5_, LOZJS
-Fo'r all Poihzl_r (Q'leer af/o/£cazlc'o». o-f 2he odesevbed
/[’heav Coovd[ha‘fe f'rq'n.ryfowh,azlzoh). VQZQGS cF@ Ccan

L_e /l’)—ela{[VEZ;/ /ar?e,"inacé /ar?e’r z‘qu'n Z‘AYE‘&. 7‘46 'numéer
o-f/oo,:o«ré.r Lh {UIL'} s Zc‘/{f{} i zLLe ’)—-a'nJ,e /Ozzlo /06.

o0 e
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- OB}ECT AND MATERIAL FIGCENFUNCTIONS — Conid'd.

’Lalplacca'n ec ehFuMChom,s 'Tu-rélner 6ne 'n«u.s‘féeef cn ’”u-“"(

and mewral networKks:,

flpq{‘ Q /arje Number o-ﬁloac nts

in a VErJ ;,l, iy ooy scomial (D~ éaZZ does 'ho,{-

NMecesSsare [3’ lead ,_Zé ?é f6¢h£ o/eauuzlg, Thus /ou;.-!-

densct s e climates| ‘ane Ledler | Fob ldwed valups o flD.
The volume V=VID) of a D-ball can be wridien
as V(D) = ey R> ) wheve Zhe ;:ol;fnow;qz coeffe-
cient €4 c/e/oew/_r on Zhe divension D, as defined

o Zhbe Previous fq;e. Lo ok dlen Zb icaliddlate ol oo -

fz'nuou_rl_lp[eceWJSe Consdant appro-
/ T Ximation of point Jen:zJJ/ $=5(R)
_"l we subdivide Fhe unid intevval
L ey L = o) 1] lnto sub—cntervals [73;,?;,,),
v R: Ron ! R wheve Ry=0, R;<R;,, , Ry=1l and

U E?' ?".ﬂ) = EO 1). Tie —)Ciyu're shows Zha? we asco—
cilate f’lre a/en:,,:l} VﬁZue ? with sub=interval E?\)“ H_')

Assuwc‘n?, we use (/V-’) Sub=indervals we must comute

]
Z'thE'YVaZ—S/DecL’fic S/en .rizly, estcmates fov ER:’O, Ql)g"'&
[?N‘II ?N:l)) c'.@.) ?o/...] ?//..,. S/Ject—-%)c'f‘l“?l WE'muIé
delermine Zhe number of foz:n{s Lhat 541‘5:7"} £ e
Coho[ {l—o’h ? 2\ 20’_" ud. < rA)‘+I2(z[o cC im ZZAE TEJLDH.) NL-R R

asxocuazl a( WLék Sué‘;ué&r\/al L-(K)“p,,n) Furf/zev We'musz"

L+‘)

Cow/>u£e z.%e (joy/oer “) ’VoZu'me OF e ‘re:/oeczlr_ye ’rejt-oh

L. e e., \/E?,:,?,:ﬂJ Cy'’ (/,Qd., "7? ~D) Téus Zhe 're:uZzL:.-n} Jensu.‘y ‘s

9,;'—‘ NERL,QZN)/VE‘R,:, Ry+1) - M‘:/Vi °




