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The skeiches show= heve
(__le_w cllustrate an example
for D=2 where a “lail fufnc-
_1.‘_«.’3_1” of domain/window
wiclth Y4 amd peak value |
(s moved om the r-axis
-f'ro'm lefd Zo vi}él". The
"/‘la'f -Fwnc{'c’o‘h” sevrves as Zhe
felter T that ¢s used for
comvoludiom with the set {‘}.
The Zhivd shketch explains
the essemtial calculation of

the value of the fumction calleod #’: We de-

Zermime all v-values (0) inside £he window 01&

z{/;e (_s‘[;a/z'n?) ”Aa{ fh—nczlio'h” and z‘/; € Va Zue.r o-;e $} c'.e.,

Zhe "bid Lunc z‘:ou:' for £hese r-values; and we sum
u/J the ')’e.ru/frf'hj/ Va}ae.r oye 7.‘48 "Zmz‘ fu-nchéon” a'hc(
Q.s'.r[jh Zbe sum as Value o-,P# et Lhbe currend lo-

cation of Zhe mmicddpoint ;. SZc’a[é'n}

Zhe feclter

F over Zhe chosen set f¢3 of 6 r-values pro-

ducer floe /'pzecewa.?e le"neq'r funcztéo'n .S‘éow'h

in Zhe Second sketdch.Our joaz is Zhe estimmea—
f:’.o'n o‘fj?’)—oéa Az_'/[zzy a/eaz::.'z(y fu'hctl'[o’h Va ZuEJ' WZ{A ‘re.S/>9ch

é z‘ée sZ)"a/Z'».e'h::.‘ohqz o/o'maz.'-h Sface i wézcé 2148 ac-

Zual ;aozhzls rescele. We are mot s ntervested cn densities

reledive Zo Zhe r-axis.
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~ OE}Z-‘CT AND MATERIAL FIGENFUNCTIONS - Cond'ed.

- L__C_lplacCQ'n ez?enfwcizms Whi[e 30)( -Fwnczlto'n andd
HAT funmction f£:lier masks
F are _c"fm/:/e amol can be
Z%f/e'me‘n'fea[ efficc‘enz‘[},

'»lqrn}-_-funcfion: cahr I:e con -

ancl meural ‘networks:...
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u:eo( cEh the CoaValut‘[o'h

Process. For examrle, novrmalized ~B".s'/>1£7¢e

bascs -Furnct‘éo'ns o-F a'»y clejfree cam be consc-
deved as z.‘/;e/v /mve fh:a‘n; odescralle )o'ro/)e'r—
Zces ome wants F 2o /mve, c."nCIua/‘."n; WOn-heja-
£zvzz‘7 amd fa‘r:‘!:‘:o'h of a'ou‘z‘;. The j_o/iigfé

ﬁ? ure llustrates how F serves as a ”We::?_/_y_{'

_f«'nciio'»“: An r-value (o) 17"9,7 ™ z_‘/mz‘/barz"
of F's domacn wheve F has a/>o.n’z/¢‘re value
is q:.n'?'nea( thes posctire value as its we:;éz’—.
The c'af»,fuz’-afzoa, of Zhe value of # (m) im Lhe

-FL'J“"I'G _S_sztc on ¢S ahn exa«.ple. 7o SUummavize 7‘-(/18
x\
?Z;u felte~ 7:'—,' Q) define the “wed#h”
! 5 of ;,' anol ;/_3’-) normalize the re-

DFstimate Prx). i
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C{i.s‘cu.rfc'o‘h) we mrust (_/_) céoo:e Qe

° i Va)ue.c Sk,ﬂFO’r%['hj zé},e Com})uéaill:d‘h
070 ?a—oéa éi!iz‘y a(@’hsi’tzy function values,
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= oBJz CT AND MATERIAL EIGENFUNCTIONS = Cont'el

oquZaciah ecgehf«heﬂous wQ T?-C‘o'nsic(ev f/.,e Cssue °'F
anod meural Wetwor ks:.

U,

USim ?i "Ya.?ue:) c=0.N,
Such that IP;.‘.,-?;/ = Cons?

or a ?a',e@ Ivyfe-r-Vola'meS

Ch f-/,e m-s,»ace olomain have

\3“78?5 the same /17/>e-r-nlu'me. Thes

el gy issue (s relevant for the cal-
%.’° 5 Re | P ‘r; culation of proper pro lméc'/:ztz
o "o V2 2

o(e'n.ri'l-y values — relative #o
U-space and NOT ~relative to
the radial *-2ine. We con-
scder a sz'm;’le examp le for
D=2 ando N=3. The dop-left
_-F_{: ure sSketches the first case:
3l¢yer5 The maximal 2-ball Ayfer—voluwe

-1 o i s v = 27‘}’. The egaia/érian{[}
(k'° 'A:. (Rf ?‘3; S/cheal ?g'vah(er are (/2,;:'_;;\}_2',
o 3¢ %3 V2

The Ayf:e"r ~volume of Zhe zzll'la]er
is V (QL.,., 2)7"} . 8 Va 7'7"
Twe layer models for § function. V, # __’7" Lty Vz-— "‘"7’. (z V V)

7.;!8 next -Fgure skez‘clge: the Seco'»olcase IQC/l

éaye'r -»zu_s-z‘ bave le same A/Pe-r voluwm e V = 3 ™. The
‘Z),_‘VQZQEg are ?(.Veu as /(()c v-/-_g_'v—_} z_.e., Z)a 0, Z),—
R:=5V3 anst R3=Vz. (See p.8 (5127/2023).)
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O_L;_Qplacéq‘h eijﬁzfu'ncf"o'ns I'F one de-F‘:.”es Po“hi (O)
anol neural metworks: ... I R R
cle'n:[-}y_ o'nl? 'relai-ivell

2o the ome-dimensiomal
'f“-li'ne) then Zhe P'roéa-
AZ[c'tl; c(é”h.n':‘? estimate -Fo-r
the interval [‘A),:, Rivs) will
be ©: = n;/(?;,.,-?;)) where
M (s the mumber of m-;oo::wx‘.r with Po.r:{za-
mal vector (wm-@) £hat satisfy Zhe layer com-
ditiom ’/2;_2 fl/u:-@’/z<?g+f, See iop-lefz“ fc"
} the ac{ual__/_‘lz}:er-v«oluwe

.gufre, Considerin
of the w-space layer sketched in the figuve

for D=2, the probability densidy estimate is
1€ = m [0 (R,2-RY), For 2he case D=3 one
obtaims the den:«:z‘, est:mate 3&:%;/{%’-?(&-3-?{’)},
For Zhe general D-cimensiomal case, one ob-
Zains Zwe formulae,seep. 9 (4/25/2023):

2 /2 D g d
I S =’n.:/(75!7371"l7’ (?zu‘?i )),3'-'0,2,‘/,...,
D /277 LD/2J
° %4 = "%‘/ (‘%7—77‘ (R:-R:%)),D=1,35,....
Thu,;) Q o- Adcmensional den:éz‘r il

certain mulliple, scaled versiom of 9. ='S:,
37 cow,?ta‘c"ng Q- ) ome can obtacn J)?" ) je{%%‘/;..b},

9‘: Tis a

via M lt‘zfl;’ catlon,
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- OEJECT AND MATERIAL FIGCENFUNCTIONS — Csnt'd.

® LaplacZan el eufuucz‘iou.s Mofe c‘o'mfacz‘l7 we can ww‘z‘e
and meural wetworks: ... » ? Do U
Q ~D‘a{£7n8'n:io'naz ale'ns[f] ?‘- as
28 =m; [(ca (R.?-R.), wheve cp is Zhe
'Facz‘ov z‘lva'l' a/e}oe'»a/: oNn —Z/;e alzone'n.:;on @..We

Cam Eexpress $ interms o-FJ?; (an o vice versal:

SE ey mt B 7
2Q:; Riey=R: |° =2 (ﬂ;ﬂa'?{’) - Retr =R: e

I+ ¢s )po.r.u'é/e Zo symbolically compute Zhe
term (p,;.,.,m— @‘:‘D)/{p;ﬂ-p") exach. We obtain:
D=1: (Rp=R )/ (Res,-R:) = |
D=2: (P;.,.,z-ﬂ;z) / (Risi=R:) = Ry, +R:
(7?«:'1-;3"2"3) / (Wiﬂ"wi) o pi+|2+??“+, R; 4-7?;2
(p£+?° 72:',") / {?a‘u -R‘-) = p:j*x’:f.a?e "Wiﬂﬂzz"?zs

> (?224_’3.. R: a)/(x)iﬂ_?i): Z+?-'+ 7‘354?-2?: * ?54?-3}?,:2*...

D=2 D={
+Ris) RS T+ R;

S
:0

S
[}
+

D=y Z E
=30 2012 R;% =5, |
3=
1t ¢s now ;oo.r:zéle Zo ex/ofve.s: s as

S "':D?ZC:D Zy & i?‘,: ?2/(61:23) .

We Co’n:iale-r a .SZm;:Ze exq»».;,le -[)av Z‘AG’ case

D=2 anel ?‘:-2 ‘.'/‘I-V:Z‘l (=0... 4 (e:uic{c’sz‘cuf' spa-
Cimg of R:-val«es). He"’e,z?,: = ?(:/('h’(?£+;+i),.')),¢..=a..3,
?"ar*lzer, (Riy,*R: )= (ct1)/4VZ + /4 VT = (2:+0) /4 VT .




