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] 03}2 CT AND MATERIAL EIGENFUNCTIONS = Cont'd.

® Laflecia'n eigﬂ;fu'nci'ioh; We '»ﬂc.)’£' devise an e{’-f;c ient
anol meural networks:,..
me tho oL faor !Ae constvrue £iom

.E.F 3 - zllle «needea[ "Aou‘no/i'hj.?v{%ézlive”E'hc/o.sih}

Q giye—n /faoi’hi JeL‘, 9.;./ a éoawo/g'w? @*AQZZ,
$'d£%e%54’oﬁaz Aylvefr—e/zc'/o.rozd or $-a/£%€n.r¢'ohaz

ézloer’-éox ("caéoza/), B amol its L,}:e-r-\ro[uwe\/a-re
cruciall (:rm;:or-/qmé Zo dedermine a-}oo:w% sedl
"fc'?/;{'ne::”'r andd co'h.re?uem-/'(;, z‘o__.s‘flif a point
_.s‘_e:_z‘ imdo fmulfz;»/e fohn‘ Subsets with 24764'7"
- values, We have Zhe -fo”owi'nj des: 2‘.]"“/‘ for B:
i) B should be fundamentally based on the Zrans-
Lormaidion described om i 23 =24 ‘4-//4-/5‘/2023),

Co'hccnlpha{é'h fT‘Q'kS'/QZL(:O'h roz‘azléoh andl scalin ,
7 / F

_3_;4”24 be Zhe minimal-volame Ayfaer-éox/ where
Zhe box cemter amol box oviemdation ave defined
by Zhe ascociatec! center anod eigen—olirections
of Zbe point set.

il In the comtext of he introcluceel “Fighiness” de-
fenction Eczcé-foz'hz"é has an assoccatecd D-ball.

%eec/ o-,@ Cl‘./’f"”} @“5&2{5‘ awa/c'ez—'

cula l-z'nj, Ipm«z‘[q[ D-ball Ay,oer-w/u'mes.

L
RS The left figure shows a simple example
The minimal box volume ¢s Vz lfLH) and
z:_ a; = 3?'7::23‘ 3ﬂ—‘r2 (.St"nfe 'T"':'r"g':’,z'3’. TIN&S‘, T= ‘%E%?'
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= 03}26 T AND MATERIAL EIGENFUNCTIONS = Cantd'd.

* Laplaciam ecgenfunctions i) While Zhe qcyv oints are ©m-
;Pol mem—aZ?—z‘ - "';‘) i ? Eh-/o i
bLeddecd i D-dimensional X vace,

networks:...
:B' a‘ esa Qg
® |@gg!i]]:c the Szl-qzli_rzfchl ec‘?en-a'hq 1751::
g 8 ; af a point set cam reveal Zhat

2

33 fhe ac_z’—uq Z_}oothzl-.re{-c"h/zeﬂre'nz"
T ”e[ E%-dzo-;.eh.riowq&'v.‘7_” is less
Xz. @@ & Z—é/’za’n j) Tl)e _{gf’f £«.’ju're .S'/;ow,r
g i L ﬂwee exarm;p/e.r of Poi'»[‘ ._s'e{',s'
-

Co'n.s'c’.rt‘znj o-fipoc:mz’-: on the Same
lime , while the pornts ave embedded in the (X,,X,)-
"PZG ne,. For such a Sctuation ) Zhe measuve 180_/ Iit"[jh"

vess” must /vzeZa( _aﬁ/o_':oﬁfviqzle T-values as well. We
compude Zhe T-values Ty, T, andl Ty for Zhe skedched
Zhree examples, wheve the small 2-balls have ra-
diws value _'Q. and the Zarje 2-ball has radius valee 3:
T, =32 a:[vl(3) = 87 ('12)?/) 8 = i+,

7. = 2;-.-‘:0,; _,Yol (-82) = ‘/‘?)‘('/z)z/g = M’.

Z;_'—:(’i*r(s)" +Z:0ap) [ rol (83) = (92+9)f0 =7/,
These values ,:n.}aly 2hat the first example Te-
presents Zhe z‘z;/zz‘e:z‘ fac/{zu?l' Zhat 2he seconol
example is half as 1.‘;?41" as Zhe first example; and
that fhe third example ¢s even less Ziqht Zhan the
: | Second example, The left figure
- 4 ::f;/fl sbowsf_?m‘a/:::‘au‘ﬁplacec/;:oiai‘:

on_a line. In this case, one
1 obtaimg T—‘-"n'/lf ,""e}a'rolle:x o-F”.

[ = N J
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» OQJECT AND MATERIAL EIGENFUNCTIONS — Contd'cl.

*Lapleciar sigenfunctions The mumerical examples presen-
anodd mewralmetworks:...

Il-‘eJ de'ma'n.rf'rafe £/ml‘ z‘l,e;wo-

?oseo( ”A’;éf'heu " omeasuvre T

on duces ‘mea'n["nzfa_ll a/o/;nf'r;-
ate chavactevizations of the

Packc'w?.r considevedd. Since T-
-values will be useol £o decidde
whether a ?u'*m!- set {*F rnust
be slplzl—, we discuss the ;wi:-l-
set showmn in the leﬂ fi ur e,
The joal is 2o umdlerstancl how

a low T-value w:ll require one

fPléi‘{C’n? s Pevformea/ anol mpimimal (/17/Der-) yolume
éoumolinj, (hy;:e'r—) bLoxes are established for the /'Doihé
subsets. The GXQm?Ze clustrated in the éof_:ﬁé
_ﬂ:?uve involves f‘_,)oz»nilr with wadius yalue 2 amd

_B__Poi'thJ' with radius value _22_.. The minsmal boun-
d:uj éox /m,r the areq ll-18 = 198. T/m:) ﬂ;e 7:va1ue
T=(4%mr2*+80r(2%) /198 = 189/ 198.

X;
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The _[_ef_é 'E:jig Sumanarizes

the esxea{aq/)aararme{er.r de -

-F:.' '&u"h} £lle X’Z‘O‘Ul’jloace 'maf’/,’_‘:hj_:

= local ori‘?i'nr‘l) 4

to sfﬁ_é a_’:oihz" set —and how

.S

— S‘calin} _.Fac{o.,,s *, analr,_ &

- ordho hoermal _fije” V"‘JG"J &, anc(@z
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- O3J.’£CT AND MATERIAL EIGENFUNCTIONS = Cont'd,

'L_g}:fczclan eigenfunclions The )X‘fO‘U"'5}’QCe ’"“}’}’_2_‘"54_ (linea'r
amol meural vetworks:...
coorol:mate Zram .rﬁwma tiom )¢'.>'

devived and discussed iém odedacl ovz__/?p./6 =25
(‘l'/ ‘?.—16/2023). Theis maf/u"h} is based on Zhe

l Co'hcefi- of deie'r'mafnz’nj @ minimal Aouﬁc/c"nf_
(lyyloe'r—) Agx 078 Q-}'Doi'h'[‘ sezL {'}) W(,'lez :.'ZIS orienta-
Eiow defirred 67 Zhe PozfnzL set's eigend:vecz‘zou:

(@,) @Z;"‘l @3} Q'hal ‘ts (hyper-) Volumme o[e-f;weo/ as
V = 2’?,'21-1',,_'2'7-1) = 23' 77.;;3 ol ;;fr f!re }om—-
pose of calcui-aszrn} Zbe value of Fhe proposed

“éc‘;éfoze.r.r “omeasare T, we must mo Adify the com-

cept of the minimal Aauwo/:w?,_(kyper-)_ég_x z
Given a set of Foioz{-: {'}, where ecach /:ozhz‘ has

an associated D-ball of a S/ﬂt?céyfc’c radius with

the poz'ni‘ éec"nf Zle D_ball's ceo—zi’ev) CONSTRUCT

AN ORIENTED MINIMAL (HYPER-) BOX FOR THE
SET OF D-BALLS. This medification is necessary
since €ach D-ball must lie entive-
27 im the (mterior of Zhe box.

The Lg-['_é_f_[j_cie_ provides a simple
QXa?nPZe For 2"_'2 The T-value is
T= (3% +%w)/33 = (2% 233 =Y.
This value is based on Lox‘.B, which
is the meeded maodifccation of Fhe
point sed's bau'ndi’h} box 3.
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-g__?;rfcr AND MATERIAL EIGENFUNCTION S ~ Cond'd.

‘AQPZaC(:an 82321fuwci'ious O'ne can CO%S{’?“:* flle 'neeJec(

ahcl "har-a[ 'v:.leivakS.'... {
l bou'hali'h} box 3 Aa.reo( 0N £Ae

@ o 5 Po:m{- set’s oriented minimal
- OI(_—I;E ...... % boum o/i.'kj box §t The Zef{--ﬁ_-
s o; ; e, ﬁ‘ ?u're cam SSrve as a .s'{fm;a(e,
: ' =
* o(__/Ey G_I__e:".: >0 ex«:a'mple (.2:_2)-{’97 a construc—
'rz BE 2‘ :"i tive aljo'rcfzu:’m - 'Fov Zhe data
3 % B_! and Zhe Ca'mpuzlazlzo'nal Sz"ep-f

, -, exarmfle, we ave ?c've'n the X‘

JL oe_t»a..‘_.-a4
X;{\ i2evolved. Co'nséa/e-ri'n] the shown

.S‘Pace./ooé’hf' set {)X“ }{:a ) 'F“"’z‘/’e';

the “ec'; em-ra'nal7:£:” a-F Zhe foz*»z’-.re{- gemeraq tes
I Zhe local ovigim 76, Zhe Zwo ovrthonormal ez;en-
~directions (Aasé: vecz‘o"r.r) e, Cmd@z,- and ¢he

two .S‘cali'n?__facfov: ﬂ",::zo[ ra2 fo«y fAe}'Do"'hzl sets
Mminimal Aou'ha/c"n} box B. T/ze_{gﬁ_fzjﬁ Shows the escential:
: _'Fo'r all pocnts x do:

For d=1...D oo:

\yd =\K+‘T@d j ?d "&("‘T’ed a

oy,~0 | bW, =W ra
if €, i e, > max, Zhen w«xj:(\Vd) d’d);

;
IRy E iy
v =
Pyt 1@ (e il b
- « 71 v v
A
4
il

. I‘hiﬁ’al:ze: — Ya i£< \le @) < miny then m:y:=(wd,@at);
T
d=/.9D: P/A ‘-'—-> V= VOZ(B) ‘-'-'77;[3 ('ma.xd-mz-)zd).
maxcﬁ: Tel ; 3 A
® '”!an'.:-vrd ; For the ComPuzLa 00 o-)e atValue.,

one meeds £o know B's volumeV —
but mot 25 jeomet‘r?.




