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°[a Zac«.’a'n i3 thg_r_?_éfm \?efoTe co'n::a/efn“n} z‘/:e Co:£
amo meural 'he‘z‘_;vorks‘.‘...

fa'nc{"ah; CI Gn d CZ (Previou:
Fa;e), éz Seems a/’f”f".‘{e 2(0 'YeCd[Z Tel&"a’h%

}D’ra/per{:e.r of)_ z‘-n‘; oho%e{'r"c Fuuc{[ou.{'. Oa,e

of Z44e f¢; ures on Zhe previous page ((miclolle -
—/e.{’é) vou;‘/; skedcher Zhe functions Sin o
@ane cosct, S en’f"callj Palopand brel ) d Ehe-
Tacteristics of Zbhe cos '/zu’hcf(:O'h’ 'rejmrp/:'h}
_PE”r:.'o J[CJZ‘/I-ny%e{Y;,Q’VIO/S(:ﬁ bebavior:

l (() cost = cos(-x) (:;wwezf-r;)
(i) ...=cos(a~27) =cos &
= cos (d+277')=... (}’c’r;’oafic“!l])

(iz'z’] alime s ¢ /oc-'h') = =-C0o0s5 o«
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TO{'P Y/\ 7-0-[— 1'\72 = Cog5 (G(""D“} = (St.j'h}fe‘rfo o(l'fl.t{,)
7 ﬂ WV, TLZE!e "’E’Za'éibh.fln'f.r are Z'm/oorzlauf

l T~ Zo A’eeﬁ__ im mind, as z.%e7 must be
Cousc’akaeo( when Cah/oué"aq] andd
uséw} Z)e .S'C?qu /n»oa(ucé: UIL-ol\g,
Witk z,j e{/'Z}, Since Ul;oW; =
cos K (w;,wi]. Furdhermore, Zhe
Zable on Zhe previous page show
that the values of Zle chosen cost
functiorns are 2. 0.2 02,0 |, . e,
Zhey vepeat after . The Left
Figures point out that i Lherefove
Suffices 2o rodate (w,,w,) 57772 only.
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= OB}E CT AND MATERIAL FIGENFUNCTIONS — Cont'd.

® La lchafn ec t?’hfuncﬁow: /’Pz otLAPr Woro(-f clV e z/ée
s e fi0ns .4
"heu'ralmETWo‘rk.&‘

Vector pacr \V a'ho/\sz on e

camn de'Fc'hC an avbl é'rqr} ori'lzofhav’;na.[ Veafow/
facfy ltll afho/ Wy, == f‘ée"y 4fh¢zlcaz Cohf,;a'rqzécoh.

’i- s -"k-ﬁ-ﬁ¢¢cf¢7{: zéo '7’0244{8 é/u_.r cnd Zlca[ ceoen <
-Fc;wrazlto'h B 57‘ votation @ g les o 6[0’ ar/z) .

Fs+ ome a'nj[e ozeCo,""/z}, one cbtaims one .
of thLe 780‘4" ”e;zua[l; o/oz‘c"»,azll avibonoviamal Vec-
£ov pairs skedched om Paze 20 (‘?/16/2023}
for D=2 (m Zhe botbom figuve.”A BEST
APPROXIMATION OF THE GIVEN VECTOR PAIR

WV, AND W, IS OBTAINED BY ROTATING ANY
INITIAL ORTHONORMAL VECTOR PAIR w, AND
w, BY AN 6PTIMAL ANGLE o(_eL'o‘n"/z)

We Now consider ZLhe .su??e:éea/ cost Lunction
(QZ-AZ) * -+ (32'A2) £ én cdetail. ?-c'r.rzlj

One can comsider s:on/o/;fyc"n} Zbe Z%/:ch;-é
cirele 've/oreJP‘héaz‘JOh x2+y2=l Zo Zhe
_é'-‘_x/ole.'c;z_l cirele frefve.rew-t_‘az‘[o'n y: W,
=ls x=s 1, allowzwj one %o defimne Zhe Zwo co -
ordimadles of all Foc"ﬁ'l‘.}'/l’&c{'ov.r cnyolved im
the _f/afzrmzzafioh onéZe'm Via one yvariable ; X.
Second, we can define Zhe initral ordhomor -
mal Vector fac‘y Uty amol wry avrbitrare Z} For
GYam/o/E' we Can define UI,-(x) W} ‘”’J’”z {-V‘”"x}

O<x<, J where 4le variable x is used for o,oz%»uzaz“on
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» o@chr AND MATERIAL EICENFUNCTIONS = Cond'.

‘La laciaoy eijefnyeu'nctlc'crn.s (Tée az-ctev'naz‘[ye c:/-:o[ce
amol meural medworks:... 7
'Fo"r Ulg ¢S u:2=( bI—XZI'X),)
O‘he camn now (nitdiallze 7—(/»9 Yalue o-fX w[z‘/7
a'n; Vane imn Ale a”oWec/} C‘Oh.fl:de"’Eo'{ 'rafnje

betlwers Zeve B ol one ; ome sué:eyucn{[; 0b-
Zacns Zhe cmncdial evthorovmal Vecdor P

O f—

Zl-(, Qma/alz /0 qo,o/) 57 Cou-rza/ev['h; :,lée -ﬁouv S‘ca/mr

/'Dvoa/uc{,r UI("\Q'_) Q'ho[ 'rozéaz‘;v—,j_;f/;e Vf_’cz(ov-/oa[‘x/

ut, amcl W, Cn Zhe angle Tang e E0‘m72) on e
6btains an extremal Value(s) o-F C‘:.':C"co()
-FOV a .r/aeczf;c cw:?(e valuecs). Tuv{kev} one
Shouwlod alrss ’*e/:"fefe'bz‘ Zhe gives Mow=ovihogo-

nal Vectars \V, a’ho/lvz ex/o/ic['//;, as /oo:.-_'-

iy
£ional Vectovs om Zbe “M/?/:e?’ Semi-circle

These two unid vectors ave W, =(x,, v, 1 anit

W, = (XZ) ya)T}' féu.rj f4e7 can be fre/rre.fenzieo(

-+
as \V,‘-'-"(X,, VI-x,")Taow/ lVZ':(Xz]V/—sz )wz#é

=7 = 2 .2 -
=, =) e st = as Xj +}z&, =I,J€[I,2f,
K@GP[%? z!ée.re J@f{h[z{[on:, St'mf/[fc'CQ-ch'ous
aae ol 'Ye‘?uiye'me'n{-_r ™ thz"ho[) one camn afha27ze

Zhe ‘th ction CI and ts exdremal bebavior.
T e A QWISta The dot product of dwo wnid vectors
=1 /-

1\74 /Zczg chavacteristics tUlaZL are ”‘_e?a:'-
\ | ?( V&Z@’hili 2‘0 féo;e o-,e é./,e CcosS « f“'hc—

'L‘a’o—ni Cowcg»ro.;'nj fe'r{o 0[1'6:"[7,_-57””"”95”7_
encd 5’:}14;' Tl'ef"]j_:_e Shows 'ROT(lYI-I-aL)I 'hza/opig,j/ \v

Zo W.
® o o
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[ oz;lzcr AND MATERIAL El EENFUNCTIONS — Cont'd.

‘é_a_ lacian ec enfunctions The dot product chavacte-
anll meurallet f

neural metworks:...

4ol 'l’c'-S'{'c‘cJ are c’”u.rz"razlec( geo-
ot ’mei"r{caZl} 67 Zbe [@FZ.L ;l‘juve,r,
i Py | W" The céarac{c»n’.rzlzc: are 2

(i) (L-, ﬂOT/lv)a<J=W} 78)01—/\\/)-0;)._.’“\;

= WeW =WeWw
: +a A =
£ (::) Ror (W,ot):lvl ?07—(\\/,0L+¢'2‘7>’}=\V(; ,

1\ g ooty 2

((:L.) => ol \V.(-'\-/- = \V.T-\-/:L' _

(::i) ROT (v a]=7, ROT fiv, o+ (2:¢1) ) =W;
= FoL | T
1% SR 1
L= Z=l.lo 1 2,

v 2> ... VeV = — ey,

'/ TLle.s‘e clva'racfe‘r(_’.r'[‘[c; Cowe.r/ooh"(

AR sl Zo (c‘)l (cc) anod {z’[c’/ o’hfﬁge 4]
SRR TETE

w T YJ\ Uiy We comsider Zhe :/oecé-fc’c Nume-
®
'r¢'<a2 C‘Xafm/;/e llustrated in
UI:,PT £he left -ﬁ[;qve : Tée;;w:-»,
Xq 7“'"':{' MD”’GYzZAo;oual VECzlor_{

are W,=(V3/2,17:)T amdl wy=(0,1)",
The initial values of the unid
O'rélwgoual vectors Zo be vodated Opzlc")na//; are

u, = (’/ 0)7 and w, = /0, I/t 37 Visual Ensp eclion,0ne
Sees Z4hat the rotatiom aq,}le =N, maps U,

r . Pr
a"’la/ U 5 'Z(o élié’c"r O/)fz'w,a[ c[{-‘recztgozys u:“”"auolw; o
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e os}zcr AND MATERIAL EIGCENFUNCTIONS - Coni'l.

- La [ac: an euyeufa‘ncfcons' We a™"n a/yze {/u'.: P)(a'»,/n le é;/
awd meural Jetworks:.

ca]cu)c.{un? oot ?roo/uc-/.r ar

Q'no/ Co.rzL -fcwhc'/c'ou Va[ue.: 7[)07 cerzla:% rodadion auj les.

() (RiZa0E) The Lot figure pr-

(72 ) Vides the resu 1'/517?
V3i2

A

VZIZ) Cbove{["ha‘ée V&‘tlae_r a-ﬁ
Vz/2
(ﬁ/z) Seven VEc‘éoY.rI oé{‘a[he(

i A; votatin {48 initial
unid vectov (l O)Téy
debe 2t ) Abl &

= (. IZJ c= .es »
(o) These values ave vele -
Va’h'é' 186\( z’:l;e Cow/oaztaftou o-ﬁ Vector ot Fvoa(uci’s-
1 2‘116’ -ﬁo[/ow:.'n} we uSe Zhe motat con Ul, Q'na(ulz
Zo frefev 7!0 'flve Ve etors oééq;neo( 57 frozLazlchj/ Ul, // O}T
Qf;,o( u,z - (O l)T ' / {Ae c’htzlca[ G/L'YEC‘/(,O%I O“F
W, and w, ":f7 X, = (- W/n./ t=0..6. Thevalues are;

o(\{}‘(ﬁ—u)/tf
VI (V3-114

o[["'}/'m_] CoS o« u:,‘: Lupf:
(o) I (o™ (0, 1)7
l V2 (VB +1) i (VE(VE+014,VZ (3~ 114 )T (=V2(V3-1) 4, V2 (va+i)/4)T
2 V3/, (V3iz,2)7" (='2,V3/2)7
3 Yz (it Nz} (=Vzi2,4V2/2) T
L /a2 (‘/2.J V3,2 )7 _ (=V3/2,2)7
5 \Vz2(vz=1/# |( VZ(V?.-:)M,IYE!V}H)/#}? (V2 (V3 #0)/a,V2OGF-114)T
6 o (o, 17 (=1,0)7 |
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