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-__O_@JECT AND MATERIAL FICENFUNCT IONS — Cont'd.

._L__flflacla-n eé P‘h)fwnez‘;ohJ We Coh.r:.'o/é'y {WD a«/a/;'z[z'ohaz
anod meuval metworks:...

@Xa%/ale.r fov zzée O/QZLL'%QZCOW—

putation of = oo for Zwo scmple seds of Zhe
given fot-»,{,; o . We ude Lha came /mrmhez’ey
value QYY&M;e%«?n?‘J And usteld in oud sheatech e d
fov 2he fivsd eXa%/o/e discusied on 7[ét?/wfeviou-‘/9(y€.
These Zwo additiomal examples are

.S/)DW‘h L n éAe {Wo Z€1F'LZ -fo[juye.r, 307‘4

tal Gr e a/’rea/}

g[veh setsc of poin £
‘ _Olozzc'%al. Téu.r} zfée /)YO/OU.rea/ o/»z‘c"hn‘Za—
f[ou %E'ééoc/ S'Aou[o( ’)‘e/oro/uce {ée;;‘yeh
o/azlq ex ac{‘/i,. TAe f{r.rzé J'czé P o/é"
7E£’heo( é7 Zbe }Dava%ezle" zlvr[/o/ei/s’:?';’l)'; 27.

We abtainot,,=ot=z~%% +(Ysv +0r+%2)/3 =
i, e | o~ 5
=-"Yar +(3w)/3 = V29, The olechal

'6;377" —

/’Jévaheilev value z‘v:/o(e s ‘/3 7)“) 71\’,

as ex/oecz‘ec(_ Tlve ‘hex{ G'Xa%P/e uses a;‘j;’l/e%.?oibzl‘{

£be fe[‘hZLJ (O) w24 /@nrq%ezler values 077'12/3(1)'} 4'/3(/7'.
lee 7’8.&'({2{[7’1; szlz'»,ﬁl fq')’ﬂ‘hre'[ev Va/ue ‘s d‘of..{_-_..—;

= =~RU +(0n* i+ sm)/3 = -39 +(2n]]3 = O
C°"15<9_7“9%-ZZ7I Zbe _o/ozLZ‘nqa[ paraom e tev z[rya/e s 0/7; '}3‘”\; l//3‘/7/_.
as PXffche// a}fu"h. The Pro/aoxea/ a/pz‘c'%n'zaz‘{oh
Qf/roacé a‘hé[ zzée GXQ%/g/e_r co—p...r[a/ereo( [Mf/l"p“%{} Uuse

Zhe ASSUMPT 10N THAT THE CIVEN PoINTS ?©° LJE
EXACTLY ON THE UNIT CIRCLE. When one cammnot

%‘le fé[; Q:;q%lpz‘[oh' ok 3l o 'mas{__jl?heva/[Ze ZLAP error-ﬁmcé;on.
oo
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-o.’gzzcr AND MATERIAL FICENFUNCT IOMS - Cond'dd.

’La/placia'u efjﬂfu'nca“'ond’ ’i‘ is 'nozL obvioeus /7AW one 5'/70“/4(
an'ol meaval networks:...

?e'nera/ize 2 e /@ra/aafeo(_?/p%“-

L zation a/_p/ovoacé onisll Errov
fumction 2o be minimized for
Z4e more gemeval case sketched
in Zhe leff f{jm«e: e
7)04':4{5 ’_°_’ Aare givexn , om€
lies on Zhe unid civele but
Zwe /)o:'hzz.f lie eov Fwo odiffe-

iy rent cirveles w.'-!/; Smalley ’rdola't'
Given paints ‘0’ on

cireles widh rade: T 1T2, 3 (éuz‘ Aav[»,; Zle same ceh'fev).

/’?7 S'QCA aA _mere je'he—raz .Sc)-fzé['h}} h/le’Y'f S/vau/'(

on e fZ&;ce Zhree @?btc'&/c‘-f'zléhijg 5/>acep{ rxmal| 21 3
]

Zer s o.ﬁ ar c ZFMJZZA c/[.rzlc,uce — /fDo[’hZLJ‘ ,.

G % 2.‘49 It”)?:zé C[v—cé’e fo_o/ozlz,'%,a{ﬂ} aP/:VoXJ%a‘[C
fée 72'0"17{.5 (O. ?‘ A Szhf/e aho{;{vaij‘z{for\ﬂa*é(
aAnswer %o Z(lu'J’ ?ue-f?l[o‘h ‘s 2141'5 onrn €.

Z[:e {Le ”'r'a Lis o i o-)"a}oD:h% ro!

Zo define a We:;ézL Wier:) amd

'm«/—z‘:/g_lj_ Zhe CO’Yeffoha{c"?; Zerms of

fé e ECrrov -fkhc'!‘_'oh Z(Dl) é w(r, ,I W(Yz)’ w(r.

302

- g T W(r,)ffoé*az,)2+(ac+z/37r—d,)"‘-f(xf”/gv’-az,)zj
39!3::'907“/7&%%% _+W(Tl’{(‘("°‘z )24 (e Ty =ty ) 2t (#3722 | 9
‘,::;Z'u;—r‘:’ ‘;"7-, a *weryd (=g )t (at 7oty |“ 4 (Y3l - i3] Lj
Weray=t+ (1-7:) % -
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wOBIECT AVD MATERIAL EICENFUNCTIONS = Cont'of.

2z
‘Lafldc:ah (53 _&qf«nc{:omr = Wi(rn) {OLZ"-ZOZ,OZ + L,
an'odl meural networks:... 3 2 2 2
+ (2 +%7) =2, (4t Y3n) +<,

+Hlu+N3m) 2 u, (atYsm) 4, ”
+wfr) LS+ wirpfa? 2oty g ?
+ (ot Yam ) 2oty (+Y3m) +32
# (at¥37) =2ty (o +*37) +o232 |
.-.W('r-,){ &l =il ot o +o, %
+ q* “‘l'/_a'rd ,_4/?7),2_2%4 ,9/3%0(' +ol,"‘
¢t a0 2,0 - V3, Ao 23
"'W(*r,_)[.-.} +Wl'rg)[,--j
Ewiv,l Bul* %0k Cuot w + 2% pt —Yorw 433 %
twery) L vwer L]
=wiry L 3?4+ (47 ~but))at + "Bl
+wiry) § 32+ (4 -6«,) . + Czj Constants
+w(vs){ Bu? + (47 —Eatg)lec + Cq f.
T/vq:, we obtacn Zhe jt”herdl(Zeo/ fersd derivaidive
cJ’/d‘,,:':_’:(ou = wim) I 6 + ‘1‘77-6«,§+wrr,)[64+‘/77—6d2j
+ wervg)d 6o + 4 - Eayd

Bt [ wen) +Wera) #wery ) + % (werytwen) 4wes)

1}

=6 (werdoy * wvy) oty + wivgia,) =O

l > o = —‘2/3’;7’ +‘W(v,)oz,+wr,,1°z2+ww,)43}

/(W(v‘) +tWir,) wilrz) ) 4

@
’”ofe, TA[; -for'mulq Aeco'».e; Zhe faov'pnu{a. f?eff’h?l?o/ on

Page ,5- //0/‘25—/2023) fov Wer) =W(r,)=wir, )] = ’.‘
(¥ :-273’17’-#(101,+I¢2+Id3}/{/+/+/) :-2/3+(ot,+4z+ac3}/3.
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-O?}.ECT AND MATERIAL FIGCENFUNCTIONS = Con ' L.

*Laplacs e Zio F Fa
Gm €lgenfunclions for Cxample, one md use
Q’h& Mmeuraql j*ne?hror%::.-- /> { ;

a .S'z'h/a le _\A_/_t:t'j_/z_zf'(fuuc:lioh)

wol=Weve) = K #FI([=0t)* jalel ] we;jAzé that

LS ?,ua dratic m T df.r[j'nc"hj £Le value | Zo
Pozm;}; o0i| 2he umid civiele  amnedd £hle Valae 2 Fo

?oi'nzl: Aavé'nj- z‘/,e(/per/pendzcu{av} Adistance |

Zo the unid cirele. Fov Zhes wezjé-f one obtaimys :

o= - %5 + ({/+(l-r,)‘ldl+{:+/1-rz}‘}ozz+(I+(/-°'_;l‘/az3)

JOi+U=s12 0 1a (1) ® + 0+ (1-75)%)
==X, 0 + {(2—21—,+r,2)azl+(2—2rz+Yf}ozl+(z—2r3+732)°l3)

J( 6 =20rtr,em5) #+(n 45, 4r;?)

=7t ([200-n)er2)a, (201-0) 0, u, + (20177314757 ) 1)
/(2. (3—/r,+n+"3)) + (v 2 tr, t7y Z)) (*)

sNote, Again, 2his formula mus# become the formula pre-

il

Sented ox ;;qje ’5(!0/26‘/2023) when Zbe £hree j[ven

points lie an Zhe umit czrc/e} c.e. when v =r, =, =1,
and (Z does:
__o_(,_'i-z/g - ((0+/)°/, +(0+1)a, *(0+1)ay)
/( 2:(3-3) +3) = -%, + (Q/I‘/‘dz+013)/3.

We conscder a mumerical example
XUgpe for Zhe c”,,/m{a tivn of the optimal
value of’oc:czofé ) 45ing Zhe above

S fow%ulq {*—,. The j,??[’zl foeyu-re shows
Zbe data used. The gt-VEh o; —values

Aave onan[’ am‘foy,,,, Sfac;"hj —éu{
Zbe rrz-values avre olzf—fevevn‘é. R
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-03}fc7‘ AND MATERIAL FIGENFUNCTIO0NS = Cond'd,

’heu'ral T e£Wkas (230 527

'LQ/:lZacia-n e{}ehfunczﬂ’ou.r We cq/cha{e z‘ée & -Value -7Eov

=0, 4y = YT, vy = Y57 amd

e s | o

o= =Yyt + ((2(1-1)+1) 0 +(2(1-5) +$) 20+ (20-4) +75) £4)
[{203=(1¢3+2) +(1+%%) ]
s+ 0 + 3 « ZE) [ F + )

g-h
&1l 35.16

Lode g ~_3_5—(\.. o |2 IS R 4T [REsa

et 2 il ol Pl B St T ol

Py waue s L, —pem 0013 0L e e
/37 788 " ey Sl Yl

7-1)(45/ f/)l? ’Yf.ru]'llc'h; _?/?214'%42 {Yc'/)_/_e o7p H‘h[-foy'»./;,

equl c/[.r-/ao.—!/7 :/vaceo{ & = Values s Zhe z/n'f/(:‘
oL = 6./g,’IT =,309 (= /7.70), cl+2/37T=”}}5»377‘=.2.‘fD3 (=137.7°)
emod b+ Yam =28 0r T = . 498 (=257.7°). The

Olpzlc'%a/ /wo[‘hz‘.r {.’ Qre Sllobtv'hi:? Llée-f"}uve o 24 e

PrEVigus paye . m= T he described methods for an op -
z é{f'h«za/ Ca/chlazlt'oh O.F zlée

unit sem;-

A -Value meeded -,for._o/:-[,:q,,‘[
F[qceone-n{ of Zhe /:o['hzl.f.,_.“

usel a JC’?LLL[%; wﬁere /’04'111‘:
‘0! and ‘o lio is) Zle same

/ola-;,e, 74e [P-fz‘fzjave Shows

a relevand generalization® Here,
Z)e poims Q! lie on a unid (sem:-)
] _S/bée're, awa/zlée_é_:_O/_]_Z_ /1S THE

CALCULAT 6N OF AV 0PT/MAL PLACE -

MENT OF THE FQRUIDISTANTLY SPACED -
POINTS IN THE XY- PLANE MINIMIZING A GEODESIC DISTANCE,




