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BOBIECT AND MATERIAL EIGENFUNCT[0NS ~ Cont'dl.

°La,>2ac£a'n eigenfunctions T‘-o'r- comf/ez‘efa ess, we én’efly
ano meural metworks:...

Consider z‘éci eneval vo-
fation o-f a /yo:ni'}P arouned Ale oyif(a? £ Zhe
29D /)Zaa«e é; amn am;[? QL = when Zbe /54';%96/)
cm?/e betweern Zibe (ov[e‘h'tle&/) X—axis and £4He
?of('zlc‘ohaz Vectov ofp (s an no;j/ellg #O. T4e
2002 ‘s Zo /’aer{’or'n. Zhis votatdios, viea £he corrca-—
Zemnatiow of six veflections. For éé/.r/fmr/oofe/
we fe‘r-For*m a votatdion 19; 35/ Aor @
via Zwoe ‘re7€/t_°cz[£o'h.r/’ a rotation b o,

done Via Zwo 're-{?/ecz‘zon:/‘awa/ a Tota-
Ziom 57_'_/: 3, dome Via two ‘re-/)/ecz‘[ou‘.r,
Fren zééou;é Zhis Seguence of #ransformations
'mz?éz‘ seen Zo be "Zoo Cow/:/icaz‘ea( anod redundant”

Zs aclieve e oerivedd je%erq/ 'roz‘az‘{onj L4l

C«‘/:\/D')'OQCA shows Lhat Zbe a/e.rz’rp{jeneral yoZa -

Liar lcam be /:'erfowme// /"“’f/}ﬁ,z Concaz‘e%crﬁ'h}
S<x //L"/ememléyf yellectiol b =las defined on
page & (/"5"‘2029‘) ; 8/ Z«(Sz"h; Zhbe ’re/azl'c'oh.céi/o:
described on page 7 (1-6-2024)
for rotadions amol veflections
We can perform 7902“,8 as
ot Rot-p = Refip, 58 - Refp, 28 =
. Achievin} Rot (-B) via = [C{fip} 5&{3)].[6 (28) 3(:%5)}
Zwo reflections with re- S (8] =c (4] g(%ﬂ) "C(ig'fg) !
Spect 2o linesand Ly,  soe left figures.
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™ o3oz£cr AND MATER|AL FIGENFUNCTION S - Coni'A.

o[ laciarn € unctions 7_179 l£: lication 0702_‘/19:9
e e B
Zwo 'mall’rices_/[e/a/J- z‘ée v osrult

l:c(éﬁ)c(%ﬂ)-l-s(éﬂ}s(%ﬁ} —(=c(tp)s (23-/9)"5/?'/3/‘4"/3)] =
s(zp)elip] - c(8) s(28) s(zB)s(28)+c(38)c (38)
[ e(zp-28) -3(%/9—33#)]_[ C=B =—s5- } - |
-[s(i—ﬁ-%ﬂ) c(i‘/""%ﬁ)'- S-8  c-8 -&i‘/&)
us[q.,g Zhe zlh.‘;o‘nomez.zn‘c (dentities oh/foa;e 9//'6"2024‘},

/Velej one caen ?erfowm Zbe ”e/e'mewz‘ay Yoz‘azl(onl“

as cesevilbed om Pege T[S E=~12024]) i O lnkidaras
l Ay Rot o = Refr, 2 - Refy b =
®

_[C(-zwl s(3«) '[c.(;d) s/;d)J_
JFe.

5(33-0:) “C('g'd) s(%.z} -c(t
5 _[c(aad"z"a) =s(2,-%1) _[Col -Sa
T lsRactal | efRarta)] s e |

= Rotot , see lef? -,f_:’;ure.

7:54142]}/ ome executes Zhe rota-
Ziom ?oz‘/é_v{q Zwo reflections
With vespect £o £he lives b,

an ol /,_, see Ze-["z‘{_c?me. TAqrj
Rot B = ?eﬁj£(¢+$ﬂ}fﬁe{el (x+58) =
ol [c(z«+§,e) s(h*?-ﬁ)][c (22+2B) s(zu;-p)]

“x = 3./ -
5 (24+3p) =< (2r3p)|| s (20+5p) =e(24+3f)

i L CP —5/8 1= p {_ T/zq;/ £Ae.?ene*az 'TOZLQZZZO‘J«;
ra PR (e, Sﬂ CIB -—o-é,' Woi_d.:?oflg.?ofd.pozl—é 9?4,“125

' Rotea = Refy (a+3p)-Refp (x+4p) Retr, ($.2)-RefL, (G d—i‘
‘ ﬂe)egez(‘#‘,g)’Peféf’, (4‘3-,3}. ese
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) oﬂ]ch AND MATERIAL EIGENFUNCTIONS — Cond'd

'Lafjaciq'n eigenfunctions It is /’DoJJz‘é/e Zo devive Zhe

atod meurald nedworks:...

Same result for fl)e_?emem[
Yotetion Via Zhe use of complex mum bevs (and
”"ro'fcnf.r”j Zo /pp-rform Zhe Zhree votadcons ﬂo!‘—/g,
Rotot am o /(()o‘f/g éy fmu/'/:/;/[cqz‘c'ou. We rotate Zbe

PIC epaiple- - peink b pll vty

Re P=x'f'4-7 lm CDW/)/ex 're/:re:ew}qfc‘v‘h

/B as;P:)t-l-zy_""éy z{éeq«oz‘a-
Z, = c(-ﬂ)+£.s‘/—/9) Ziov matvix ?ofdsﬂo-ﬁ/@‘pofd-?oz"-ﬁ-
l y T =“-CI3 +e("5,3) (qui—n‘ Zhiis Cohcazl'e?hazzio»

® (nvolves redundsont Lerms
and o/bPYaZL(:o’hS. 7% e/Durfo_re of
fél'.f ¢9Xﬂ'}uf/9 v z‘ofi{/o[a[?—, t}e
?P%C’?d?f?c’hcz/O/EJ Dlefc'hfh?
Zlbe fre/az‘(:owx/;z/b betweer
jeo’m ezl’)’c'c 'Zl’)'CV’l?.f'?pOV?‘vq{ZO‘hJ'
amo cw»«,/g/é’x ’hu%éerJ.) Zhe
23=c,3+c'$/3 ’{e-fz.‘ Féimie.r chow #he Zbree
o ] rolors J <L Zld Zhrep
/@oz"o-rs' 2'121Q070(23
used ;o/oe—rfowm £be (u’n[z{‘) Cb‘h«y/plex 'hM%éE"r.{ = )
Concatenadion @o*{:
= RotB:Rotat- Rot=4. z2 a"’”{zsj Zhat act om the
?c‘ Ver /J oc"hz‘/co%/o/ex 'hu‘mépvf).
Thus, one must show that Rotf-Rota -Ret-g - D
- cs S?aivalehf Zs £AE]>YO//MC{' 23‘(22.(2'.}3,,), .
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] 03];5:7' AND MATERIAL EIGENFUNCTIONS — Cont'd.

‘Laflacéafn elgenfunctions To demonstdvate the e;m’Va/emce
anod meural «wetworks:..,.
070 zlée;e P'roo/qC'fs} weferfor»n,

fé@ hclSfave IMmhu /‘/ZP/fcaf(:o;,; 07[) z’é? Comf/PX ’hu%ééf_(:

l ,’()ofoﬁ.!;, i 23-{21- ( z, 'P)) = zg-/zz~([c/3+z(-s;)][x+z77))=
&

= z3-(z,-(Lxcp +y:/9.7+£[yc/6’-x5,@_7})=

=

Z3- ( (Caz'*ZSd} '([xcﬁ*"yfﬁ]-l-z[yc}—x;/g])):
= | Zg: ( Excac/B +y<¢s/§ —ysach +><sa<:/9_7
+¢ Etsoccﬂ -l-,.fotrlﬁ +7cozc/6’ -xcusp _]) =
= {c/8+Zs/B)'( [X(Cdc/@*l'!cl:ﬂ)+y(<‘d.r/g".s'c/c/9/.]
t L% (cacpcasp] +y (sasp +c cﬂ)])’-‘
= (cIB+£5/3)-( [xcla-p)=ys(«-p) 1
+10x s(x-pleyela-p) 1) =
= [ xeﬁc(a-ﬂ)*ycﬂs(a—ﬂ)-x;ﬂsl.z—-ﬂ]—75'/8c(oz-,5’)1
+ilxspelu-pl=yspsla-pl4xcfsla-pltyepela-p)]
= [ x(cBecle-p) —5/35/01-/9))-7((735(01-/8) tsfecla-p)) ]
+il x(spectu-p) +cp sla-p)+y (~sBs(¢-p) +cfelx-p) ]
= [ xca -y_cdj ([ x s« tycu]
= (cu+tisa) - (x+ly) =2, p e Rotw 2 .

rollovt/&n? Z)e jeweraz cdea of Pc”rforw{'vzj-jeowe-
£vical é-ra'nr-/)w%mz‘/ousé}/ E_?a[l/a/cuzl a/jeérazc ope-

y/\ lm 2{;,°P Yy pim o,
Aot e .p e P plex numbers, we briefly
I e T e e L i, e
%y > 5(_412.,;/ see left Ejures.

Tw—ahslqzltoh chllh}_
oo

’Y‘d{'ébhs prl(:("/ Z[D oy~
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- OBJECT AND MATERIAL FIGCENFUNCTIONS — Cont'd,

'Lapzczcia'h e e'hfumcz‘(on: W[*é z{jle yse of' CO’Mf/ex T -

an'ed v eaval medworks:...

bers (c'd—z the 2D CohP[?XP/ahG),
We Caxn ?e"-ﬁor‘m éée:e z‘wo fo—aw:-ﬁorwa{do»: é7
.S'("hv/)/;/ ao/o/z:'h? a Co'n./o/ex %unéer(:’-}zlqu;/qz/;ah

Vécz‘ov) Lo Zbe co%/;/ex ruomber ?=X+¢'7) re -
;)*re.re»z[:'n; z‘ée ﬁo[r»zLP-'-'(xly)T; 2% 47 ’Wm/zl[—

i/yi%?f by a real Mu’méer(Q,f‘calef%;'fac-z‘é}}_
T/;e C'u'»z/;/ex ’hl«t'méer 'u..reo{ .-Fov z?*ra"nr[af[on s

*g éx +££7, a'l’)o( féf ’Y'Paz ”'H%éf"" 730)’ JCa/t"nj/

el W'rc'z('zl'f"n as a CD%ID(GX Ny ber == (s S =5+0.

Téus/ zZAe e?u:.'Va/e'hz_" Z‘?’ah;for'n,a-/"o»:!/a/a?ra‘{z'oh.f are?

® Translation — é,y-é‘={1£x,{7)7 = 'fx-*iz‘),

_?' (x’ y')r-'-'/}) +4 = /xly)r-f' (4x, z‘,]v.:{xﬂ‘x’yf-fy)r

./’1)':.': X'J-Zy’:/o -f-'f: (X-f-[,)*(z‘-x+4’2l/)=/x+-fx}+¢'(7+fy)

Py ‘SCQZZW}.‘-éysg.S*é'OT o

-//)l /X;Y'lrz’s'f:'s'{xly} = (J‘EL_‘")
/'o' =x'tiy’ = s p = (5+z-0)-(x+£/v)=(sx +isy)
The 'Ye’ma[’n[’n; z('ra'h}'f)oy’ma'z[[o‘h Zo be »7—9/;7@_;9,,219‘(

> n

' Wl u

Via Co'h,/ofex myumbevs [ 'ref/ec-/;'o'nlwi-/é ve.s'/oeczlfo
] m

# an (eriented)line Ll /mw"h;
%eﬁ_,@ ;14 ahj‘ze B wm./l, 2he loriented)
e-ax(s /x-ax:.r), see /efz‘ﬁyura
Re The reflectcon wnq/oi’)_é_a)g_‘,
Lo st 47_2__) mapping P o 3,
(?oi‘-ﬁ);_iZ_ZM “pping Z, to 2o
(2.=5F,); and iii) mapping 2, Zo 2’ (?oi')B)..
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