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'Lap[acm'n eje'hﬁmcl‘«-onf .”O*e The (.'h'é'roozucttgo'h f‘o anc

a'nol ’hé%raZ%E?wo:rks
dGJ(r.f/D‘ILt-c’h o.ﬁ a (/207-0?2 0N zléc
Previous }uje: (s vather ”Cf"m)oqcfaua/ condep oA

Mmovre o/e{a:/ealfre:eu'/-az‘:o». o-f the mos? 've[evahf
co %/;u‘z‘az‘:op,.r u.rih?_{loe yules af’@foﬁET/?IC AL'
GEBRA showld be helpful. Fivetd we recall het

a Veczlay can ée W‘r:‘t‘*eua: éAe

Sum of a ”/Oaral(e[” (7ar} an of
¥ohoione a2l (1as) Vecz‘oy see lefd
Jf_jure. a = al)aq,, +a/,m,
= <m 1v>“ K {au\w ]1w¥)2
Secoha(l we caw o/m'ecH7 derive
Zhe foromula for the “veflection” (vef) of arvela-
Zive 2o the veflection axic o(c-,f:neo{ b/ W o2
Mpp = Gy = @l | = (a, |v> = (aa/\w)llw,z
e (a:,w) Wil = (aAw)wl | = (u.n"n; wls \V/llwn?)
= ((a:,\v) + (lVAa,)) Wl =
=({wa)+ (Waa)w™ =(va)v' =wvaw’

Give'n: Tlu"ra/) as Ipoz'n'fec/ out a'ho/ di-rtuueo[ ée-ﬁovej a 1o -
WV ane w

£a{¢'oh Camn ée ac/u'e\/ec/ é/ }Devfov')n[h? Zzh(o 're-f-p/ecfc.'ohs
7 JE?QE"’CC TAHS 67 Perﬁ)r')wl'h; & ‘7\970/6(:7[40&- Z[o aerF

we obtain a:ro* = |w a’re,(’ \w T = \w (\Ya/ VAl )IW

: =t =1 =i si =t
Swivarly w = |lwiv Qi (Iw \Y = {u.s;‘ng 1% 'm':*(lww) )

(ww) a (\ww)-' =? 013-‘ i
This formal derivation defimes a ‘RO?’OR Q . o
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'L_O/?glfc"&'" ?E _anuwcfc'ou ,£ 'Vnu.,s-é Ae E’mflza.fized £/;a{ ,_lAe
amn ura metworks:..
= i i .S'z'wp/e 2D and 3D ;lustrations

used #o c/a'r;f} Zhe Conce/;z’; ond rules °£g_éf_:

e @ Elorls & a/ajebva ’}he're17 «re/ore:enz‘ P A L P
S['m};/if"caz"zou: of Zhe u'no/ev//i'n; n~cdimensional
z‘éeayy and ifs aff/kai;o'n. ”eve—rfAEZeu) one camn
anodd Mmust /(98/9 in mind that a vrotation isa
ha/_:_féwj_ééaf akes /zlacc in a /qu’ne, a_Q_P
Subspace.
:Fuvz’-lze-rl a rotav,as -Forwe.[[? defined on the previous
Pegeican be expressed via the Cos and Sinm fund‘ioul.‘
R = wy = (w,w) + (waw] =

= |wll vl cosS + lhwl]vl sin% H !
(Iz‘ will be ilustrated in a -F..";uve wl;7%' Ssused. )
This 're’:'ve.:eo—;z‘a-f.:ow. of a rotater via tvi-

gone'me{-v:c -fou‘nci‘tou.: Poz-h{.r out z‘Ae rota-
Zlom inm Zhe /:/a'n e, im 292 space, when dome

l weth CO-m/p/ex numbexs x,.ot=x,’+£x,_’—-
=(co.s'd, +£$;»noz) (x,-l-ixz)) see_7>_92e23 (4-19-2024)

The left -F[guve remindds us that

@ votation ;s Zhe f/a'né‘_é/_Q‘h

amn /6’ ol Can ée Aoune 67 Zwo 're-flecf'z'ok.r-'

LI_:_! kse axis q 2‘0 'ha/; b e {, Q(/-

_1_:_‘£_']u:e axis ay fo 'maP)?( Zo 3\” .
The vesult (s )X,.o.é:)xl, ecee
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ah o{ M EuvaL T waorksf...

ge%eraz casSe o-Fa 'roztaft'oh En G

21) .subsface Via fwo C‘a'ncaz‘e'naz‘eo( 'ref/er.z‘:oh,r ‘h
the ;eo'me{y:c algeéra Jf’{ft'h;.

TAe [e-,fz" f_c';uve az"fe'mff.r
Zo

23 Suéspac e

Vicualize 24e rele-

4,
Vant I;eo wedvicl

{i
Pv (st ves

anod opera -

Zions involved
When Todading
_(/_1__137_ Zhe “"j/e
_o_tl u.ri'n; as
Ro7oR R=w.
For Zhe ?eweml To -

oL
—=2(ﬂ+f) Zation sketched in Zhis

-ﬁiyure’ Zhe 'rotta'fEa/ vector “’roé lls c/efl’hec( @S

Uy = Wilegew ' SWiyw v
=www (ww)! =Ruw®R7
IT IS IMPORTANT TO0 KEEP IN MinDd THAT Tho
DIFFERENT ANGLES [ ANGLE VALUES (B and &
in £he above ‘F"j‘”’t’) DEFI/INE THE ToTAL
ANGLE 0F RoTATIoN > o =2 (B+Y). In Zhe
-Follow:'h y
use of vrodors amd multiplicatiom Zables .

we 7)701/‘-4/9 .S‘['m/n/e G’Xa'»,/:le.: Zeo Clar(f} z%e
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°/a Zacia'n eijeo‘fuhcfc’ons The ~/)Z'r.r-zé E‘Xa'mp(e uses ?eomet‘n’c

a-n}:( WeuTaLME?WOY Stk
CJ? eAva Zo ferfar'm a Yotation in

33 J‘/)ccce arawno( £/7¢...>53-0X[: é _27
See left f:jwe. The vector n=(200)7

<s %a/:/)et/ Zo w,_ ,=(-2,0,0) e
Via the use of a vatewr . 7te

Zwe (Vectors o/e-ﬁchi-h} Zhe rotov

@
]
=

an d fl.e lo/cm«ae o-F 'Yoi‘ccz‘[o;, are \V=‘(110,0)Tahoé

w = (0,&0'7—. T};e ovthonovmal éa.n'.r vec tors are

/Ag:’- ("D, a}T.‘.‘ I Q‘HO[ /Az " (o/ Il olrz‘wl W[éll /‘3‘;(0/0/’)7-
Zbe axis ¢1e ro l"af'g'o'h, 74«3‘/ l}’:(V,val V317—;

clefc"h ¢"h?,

=(1,00)7 amd W= lw, ws w3) 5. Farther the firit ve -

_F/ec{‘.oh L Pe,?@ovweé( relative #Zo Zhe Xl-'axi,r) and
fhe second reflection is dove velative o dhe %,-axis,

C‘onSe?u 6112('/ ) fOV £A¢'J Scehar[o—/g= OI f-"—‘(l}‘;l Q'ha(
o =2 (ﬁ*f) =7. We st Covn/m‘fe the rofor 72 an of Q-’:
R=ww = Cw, wd + (waw) ={(0,1017 (1,50)7) +((6,,017A (10,07) =

= O+(W;V¢‘W¢V‘)/‘.z+(W2V3-W3V‘)I‘gg+(W3V““Y,V3)/‘34=
= O+(0-1ll; +(0-0llho3 + (6-0)l43,= 0O -11,, =

WA W oiw
W W= e iene =0 7T W iw =<\V,Iw>+(lm wv)=

i -,Alz )

R!'= (iww)™!

= <\w, wo>=(waw) = 0 + b, =1b,, |
lbyyur Byy ==1b,, (200)7l4,, ==~lb,20 1, =

=> "“#o){; = ?w P—'
=2 (=l Ib, lb,, ) =2(=lh, 1b,)==21b = (~2,00) ",
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'Q,:Zacéan e _e_-,.-f’uncf:on: lee Secanal e><a‘m/o/e co'n.rc’c/er: G
anol 2 euralintwor kst ...
Mmimner Mmo J[-Fanzla'o;.. of-az.lée f(r.ﬂ‘
QXafm/:le. 7he _/_g_ﬁ_é_%;::_s‘ shows
Zhe velevant olata Fov thic vota~

Ziom in Zhe (X“Xz}"flame

u=(20,0)", w,.p=(0,201]7,

_7:9/o~a/ow~n view (wto IE;
(x!) xz)“/J/a'he, 10044.'”7 Uipoto = ("2, o, 0); IL'= (‘, o, o) )
down #4he xz-axis.

e /Az=(o,llo)7', IA3=(0,0,l)r,'
= (VZ/Z) VZ/Z,O) T i = (-VZ/ZI VZ/z, 0)7-, Fbor theoce .s/oec"-f"c
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Values, ome sees Zhat w is ')na/zloea( Zo Uiyop andl

UI.,.e_’_- cs ')naf/oec( Zo Ulpoyo = (m,e#)ye@) where /8=f
anol ﬁ*Xb:('T/Zj a/e-ﬁt'nc"hj Zhe Zotal rodation amJ/e
as ol = (n" = 2 (jB'I')r/ =2 {’h74+‘i;,‘#}‘ T‘e Cozn/)kzla{:’on.r are:?
'k': Wy = <\\v‘ W) “‘(IWA\Y):(('H/ZI G/zl o)r(ﬁ}z,v;/e, 0)T> +

2 +(("ﬁlz)n;a) O)TA (ﬁ;‘, Vl-/zl O)T/ = O""(W,Vz_"'WaVl)/‘lz *

f (Wg V3= W3 Vz_) ’ng +(W3V,°W,lf?) /‘3, = 0'/‘,;"*0843"’0/‘3,‘:

=0-bis j

R'= (ww)™ =0’ =h-::i;"a ,‘,3;%,;3 =wiw =...=/lbs .
$ul7°£ﬂ= ﬂa‘ ?-’ = -IAOZ W 1‘]2_ = -I&,zzu, “lz= ("2’ 0/ O)T o

.#ow Can ome Use geofmez‘n’c al?ebvq Q?w/ rotovs Zo

M-olimensional sedting 2 ONE DEFINES Tho VECTORS,
W andd w, THAT DETERMINE THE ROTAT/oN PLANE
AND THE ROTAT/!oN ANG—Z_E’ u‘::{(\y)m;).

Qcco*n,/)Zt'Ill a ’roz’“azlioh in a 2D .Sués;:ace in q ;enera_[,
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