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people where every two people are friends or enemies, there may not be three mutual friends or
three mutual enemies (see Exercise 26).

It is possible to prove some useful properties about Ramsey numbers, but for the most
part it is difficult to find their exact values. Note that by symmetry it can be shown that
R(m,n) = R(n, m) (see Exercise 30). We also have R(2, n) = n forevery positive integern > 2
(see Exercise 29). The exact values of only nine Ramsey numbers R(m, n) with3 < m < n are
known, including R (4, 4) = 18. Only bounds are known for many other Ramsey numbers, in-
cluding R(5, 5), which is known to satisfy 43 < R(5, 5) < 49. The reader interested in learning
more about Ramsey numbers should consult [MiR091] or [GrRoSp90].

Exercises
1. Show that in any set of six classes, each meeting regu- *11. Let(x;, yi,2i),i =1,2,3,4,5,6,7,8,9, beasetof nine
larly once a week on a particular day of the week, there distinct points with integer coordinates in xyzspace. Show
must be two that meet on the same day, assuming that no that the midpoint of at least one pair of these points has
classes are held on weekends. integer coordinates.
2. Show that if there are 30 students in a class, then at least 12. How many ordered pairs of integers (a,b) are
two have last names that begin with the same letter. needed to guarantee that there are two ordered pairs
3. Adrawer contains a dozen brown socks and a dozen black ;ﬁé’ 5 1)m&;n(;1| S(LI_Z’bbzgnzLécgothat a1 mod 5 =a, mod 5
socks, all unmatched. A man takes socks out at random ! - _2 ) ) ]
in the dark. 13. a) Show that if five integers are selected from the first
a) How many socks must he take out to be sure that he ?'ght positive Integers, there must be a pair of these
has at least two socks of the same color? ) :nter?ers W'tlh asum equal to 9. N
b) How many socks must he take out to be sure that he ) slt Pi (aoncthusut)rr: n fpar}) (a) true if four integers are
has at least two black socks? selecte ra. o an' IVer ]
4. A bowl contains 10 red balls and 10 blue balls. A woman 14. a) Show that if seven integers are selected from the first
selects balls at random without looking at them. 10 positive integers, there must be at least two pairs
. of these integers with the sum 11.
a) How many balls must she select to be sure of having b) Is th lusion i t (a) true if six int
at least three balls of the same color? ) s the conclusion in part (a) true if six integers are
. selected rather than seven?
b) How many balls must she select to be sure of having
at least three blue balls? 15. How many numbers must be selected from the set
. . {1, 2,3, 4,5, 6} to guarantee that at least one pair of these
5. Show that among any group of five (not necessarily con-
AR ) . numbers add up to 7?
secutive) integers, there are two with the same remainder
when divided by 4. 16. How many numbers must be selected from the set
b . how th ; {1,3,5,7,9, 11, 13, 15} to guarantee that at least one pair
6. Letd be apositive integer. Show that among any group o of these numbers add up to 162
d + 1 (not necessarily consecutive) integers there are two . .
with exactly the same remainder when they are divided 17. A company stores products in a warehouse. Storage bins
by d. in this warehouse are specified by their aisle, location
o ) in the aisle, and shelf. There are 50 aisles, 85 horizontal
7. Let n be a positive integer. Show that in any set of » locations in each aisle, and 5 shelves throughout the ware-
consecutive integers there is exactly one divisible by 7. house. What is the least number of products the company
8. Show that if f is a function from S to 7', where S and T can have so that at least two products must be stored in
are finite sets with |S| > ||, then there are elements s1 the same bin?
and sz in S such that f (s1) = f(s2), or in other words, f 18. Suppose that there are nine students in a discrete mathe-
Is not one-to-one. matics class at a small college.
9. What is the minimum number of students, each of whom a) Show that the class must have at least five male stu-
comes from one of the 50 states, who must be enrolled in dents or at least five female students.
a university to guarantee that there are at least 100 who b) Show that the class must have at least three male stu-
come from the same state? dents or at least seven female students.
#10. 19. Suppose that every student in a discrete mathematics class

Let (x;, yi),i = 1,2, 3, 4, 5, be aset of five distinct points
with integer coordinates in the xy plane. Show that the
midpoint of the line joining at least one pair of these
points has integer coordinates.

of 25 students is a freshman, a sophomore, or a junior.

a) Show that there are at least nine freshmen, at least
nine sophomores, or at least nine juniors in the class.
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b) Show that there are either at least three freshmen, at
least 19 sophomores, or at least five juniors in the
class.

Find an increasing subsequence of maximal length and

a decreasing subsequence of maximal length in the se-

quence 22, 5, 7, 2, 23, 10, 15, 21, 3, 17.

Construct a sequence of 16 positive integers that has no

increasing or decreasing subsequence of five terms.

Show that if there are 101 people of different heights
standing in a line, it is possible to find 11 people in the
order they are standing in the line with heights that are
either increasing or decreasing.

Show that whenever 25 girls and 25 boys are seated
around a circular table there is always a person both of
whose neighbors are boys.

Suppose that 21 girls and 21 boys enter a mathemat-
ics competition. Furthermore, suppose that each entrant
solves at most six questions, and for every boy-girl pair,
there is at least one question that they both solved. Show
that there is a question that was solved by at least three
girls and at least three boys.

Describe an algorithm in pseudocode for producing the
largest increasing or decreasing subsequence of a se-
quence of distinct integers.

Show that in a group of five people (where any two people
are either friends or enemies), there are not necessarily
three mutual friends or three mutual enemies.

Show that in a group of 10 people (where any two people
are either friends or enemies), there are either three mu-
tual friends or four mutual enemies, and there are either
three mutual enemies or four mutual friends.

Use Exercise 27 to show that among any group of 20
people (where any two people are either friends or ene-
mies), there are either four mutual friends or four mutual
enemies.

Show that if » is an integer with n > 2, then the Ramsey
number R(2, n) equals n. (Recall that Ramsey numbers
were discussed after Example 13 in Section 6.2.)

Show that if m and » are integers withm > 2 and n > 2,
then the Ramsey numbers R (m, n) and R (n, m) are equal.
(Recall that Ramsey numbers were discussed after Exam-
ple 13 in Section 6.2.)

Show that there are at least six people in California (pop-
ulation: 37 million) with the same three initials who were
born on the same day of the year (but not necessarily in
the same year). Assume that everyone has three initials.

Show that if there are 100,000,000 wage earners in the
United States who earn less than 1,000,000 dollars (but
at least a penny), then there are two who earned exactly
the same amount of money, to the penny, last year.

In the 17th century, there were more than 800,000 inhab-
itants of Paris. At the time, it was believed that no one had
more than 200,000 hairs on their head. Assuming these
numbers are correct and that everyone has at least one hair
on their head (that is, no one is completely bald), use the
pigeonhole principle to show, as the French writer Pierre
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Nicole did, that there had to be two Parisians with the
same number of hairs on their heads. Then use the gener-
alized pigeonhole principle to show that there had to be
at least five Parisians at that time with the same number
of hairs on their heads.

Assuming that no one has more than 1,000,000 hairs on
the head of any person and that the population of New
York City was 8,008,278 in 2010, show there had to be at
least nine people in New York City in 2010 with the same
number of hairs on their heads.

There are 38 different time periods during which classes
at a university can be scheduled. If there are 677 different
classes, how many different rooms will be needed?

A computer network consists of six computers. Each com-
puter is directly connected to at least one of the other com-
puters. Show that there are at least two computers in the
network that are directly connected to the same number
of other computers.

A computer network consists of six computers. Each com-
puter is directly connected to zero or more of the other
computers. Show that there are at least two computers in
the network that are directly connected to the same num-
ber of other computers. [Hint: It is impossible to have
a computer linked to none of the others and a computer
linked to all the others.]

Find the least number of cables required to connect eight
computers to four printers to guarantee that for every
choice of four of the eight computers, these four com-
puters can directly access four different printers. Justify
your answer.

Find the least number of cables required to connect 100
computers to 20 printers to guarantee that 2every subset
of 20 computers can directly access 20 different printers.
(Here, the assumptions about cables and computers are
the same as in Example 9.) Justify your answer.

Prove that at a party where there are at least two people,
there are two people who know the same number of other
people there.

An arm wrestler is the champion for a period of 75 hours.
(Here, by an hour, we mean a period starting from an
exact hour, such as 1 p.m., until the next hour.) The arm
wrestler had at least one match an hour, but no more than
125 total matches. Show that there is a period of consec-
utive hours during which the arm wrestler had exactly 24
matches.

Is the statement in Exercise 41 true if 24 is replaced by

a) 2? b) 23? c) 25? d) 30?
Showthatif f isafunctionfrom Sto 7', where Sand T are
nonempty finite setsand m = [|S|/|T|], then there are at
least m elements of S mapped to the same value of T'. That
is, show that there are distinctelements s1, so, .. ., s, Of S
such that f(s1) = f(s2) =+ = f(sm).

There are 51 houses on a street. Each house has an address
between 1000 and 1099, inclusive. Show that at least two
houses have addresses that are consecutive integers.
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Let x be anirrational number. Show that for some positive
integer j not exceeding the positive integer n, the absolute
value of the difference between jx and the nearest integer
to jx is less than 1/n.

Let n1,n2,...,n, be positive integers. Show that if
ny+ny+---+n,—t+1 objects are placed into
t boxes, then forsomei,i =1, 2, ..., t, the ith box con-
tains at least n; objects.

#47. An alternative proof of Theorem 3 based on the general-

Permutations and Combinations

ized pigeonhole principle is outlined in this exercise. The
notation used is the same as that used in the proof in the
text.
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a) Assumethatiy <nfork =1,2,...,n%+ 1. Usethe

generalized pigeonhole principle to show that there
are n + 1 terms ay,, ag,, . .., a,,, With iy, =iy, =

=g, awherel <k <kp <o < kpy.

Show that ak; > Ak, forj=1,2,...,n [Hint: As-
sume that Ak < Ak, and show that this implies that
ik; > lkjy which Is a contradiction.]

Use parts (a) and (b) to show that if there is no increas-
ing subsequence of length n + 1, then there must be
a decreasing subsequence of this length.

Introduction

Many counting problems can be solved by finding the number of ways to arrange a specified
number of distinct elements of a set of a particular size, where the order of these elements
matters. Many other counting problems can be solved by finding the number of ways to select
a particular number of elements from a set of a particular size, where the order of the elements
selected does not matter. For example, in how many ways can we select three students from a
group of five students to stand in line for a picture? How many different committees of three
students can be formed from a group of four students? In this section we will develop methods

to answer questions such as these.

Permutations

We begin by solving the first question posed in the introduction to this section, as well as related

guestions.

EXAMPLE 1

In how many ways can we select three students from a group of five students to stand in line for

a picture? In how many ways can we arrange all five of these students in a line for a picture?

Solution: First, note that the order in which we select the students matters. There are five ways
to select the first student to stand at the start of the line. Once this student has been selected,

there are four ways to select the second student in the line. After the first and second students
have been selected, there are three ways to select the third student in the line. By the product
rule, there are 5 - 4 - 3 = 60 ways to select three students from a group of five students to stand

To arrange all five students in a line for a picture, we select the first student in five ways,
the second in four ways, the third in three ways, the fourth in two ways, and the fifth in one
way. Consequently, thereare 5-4 -3 -2 -1 = 120 ways to arrange all five students in a line for

|

Example 1 illustrates how ordered arrangements of distinct objects can be counted. This leads

A permutation of a set of distinct objects is an ordered arrangement of these objects.
We also are interested in ordered arrangements of some of the elements of a set. An ordered

ExamEI)l(It;: <
in line for a picture.
a picture.
to some terminology.
Links 852 arrangement of r elements of a set is called an r-permutation.



