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1 Intr oduction

Thischaptedescribestroke-based endering (SBR),anautomatic@approacho creatinghon-photorealistic
imageryby placingdiscreteelementscalledstrokes suchaspaint strokesor stipples. Many stroke-
basedrenderingalgorithmsandstyleshave beenproposedijncluding stylesof painting, pen-and-ink
drawing, tile mosaicsstippling, streamlinevisualization,tensor eld visualizationandjigsav image
mosaics.This tutorial attempso make senseof the disparatevork in this areaby creatinga uni ed
view of SBRalgorithmswhich helpsusto identify thecommonelementsaswell astheuniqueideas
of each.Moreover, presentingdeasin this fashionsuggestpossibilitiesfor futureresearch.

We canintroduceSBR algorithmswith a painterlyrenderingHer98 Her03:

e

Sourcephoto Paintedversion Finalrendering

This gure shavs an SBR algorithmin action: startingfrom a photographa collectionof brush
strokesareplacedto matchthe photographandthenrenderedo appeasif createdwith oil paint.

Althoughthedetailsvary, all SBR algorithmscreateimagesby placingstrokesaccordingto some
goals The mostcommongoalis that we want the paintingto “look like” someotherimage— in
this case,we wantto placecoloredbrushstrokesto look like the picture of the mountain. Another
importantgoal is to limit the numberof strokesin someway. Otherwise the algorithmcanjust use
mary tiny brushstroks,producinga very goodmatchto the sourceimagewithout muchabstraction.

Finally, oncethe strokes have beenplaced,they canbe renderedn someotherform. Note that
we did not add texture until after the brush strokes are placed; we comparedthe sourcephoto to
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someintermediatamagewith a simpli ed stroke model. Thisis bothfor ef ciency andfor aesthetic
reasonsto bediscussedater Themainpointis thatthe nal renderingmaybedifferentfrom theway
we expresseabur goalsabouttheimage.

Hereis anotherexampleof a automaticvector eld visualization[TB96]. Here,streamlinesare
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Vector eld Finalrendering Blurredrendering

usedto effectively cornvey the motion of a vector eld. In orderto clearlyillustratethe vector eld,
the placementshouldbe placedevenly — the middle renderingwas createdwith the goal thatthe
blurry versionshouldbe ascloseto a constangrey valueaspossible.For comparisontheimageon
the left shaws stroke placementon a regular grid without adjustment. Again, we can seethat this
streamlinevisualizationalgorithmis an SBR algorithm: it placesstrokes (streamlinesjiccordingto
speci edgoals(to follow thevector eld andto matchatargettonein theblurredimage).

It is usuallynotpossibleo exactly meetall of thegoals;henceijt is usefulto have away of trading-
off the goals,and quantifyingtheir importance.We cando this by formalizing an SBR problemas
an objective function minimizationproblem. An objectie functionis a mathematicaformula that
explains*how good” ourrenderings; SBRalgorithmscanbeseemsattemptingo minimizeobjectve
functions.For example,it isn't possibleto placethe streamlinesn the above visualizationto achieve
a purely constanttonein the gray image. Hence,instead,we can useas an objectve function the
deviation of the blurredimagefrom a constanimage.

Sofar, we have describedwo differentSBR problemstatementspnefor painterlyrenderingand
one for visualization,but said nothing of how to designalgorithmsfor theseproblems. Thereare
two mainapproache designingSBR algorithms:greedyalgorithms, in which strokesaregreedily
placedto matchthetargetgoals,andoptimization algorithms, wherethe algorithmiteratively places
andthenadjustsstroke positionsto minimizethe objectie function. A greedyalgorithmproducedhe
above painterlyrenderingandanoptimizationalgorithmproducedhe streamlinevisualization.

Haeberliintroducedboth a semi-automatigreedyalgorithmandan automaticabptimizational-
gorithm in a seminalpaper[Hae9(Q. Digital paint systemshad previously automatedsomeof the
stroke renderinggSmi01], but did not automateary stroke placementhoices.Wireframerenderings
hadpreviously beencommonin computergraphics(precedingohotorealistiacendering),and Yessios
[Yes79]describedh systenfor draftingwith strokesbasedon architecturatraftingstyles.

Althoughthistutorialfocusesnthetechnicaldetailsof SBRalgorithmsit is importantto remem-
berthatthey areuselessvithout humancontrol. Every aspecf the system(including the choiceof
stroke models the settingof weightparametersandthe selectionof inputimagery)requiresaesthetic
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decisionswhich canonly be madeby an artist working towardssomegoal. Ideally, a humanartist
usingthe systemshouldhave total controlover the decisionseingmade.For example,a usershould
be ableto specifyspatially-\arying styles,sothatdifferentrenderingstylesareusedin differentparts
of theimage,or to specifypositionsof individual strokes. However, oneof thegreatadvancesn artin
theageof digital machinegds the ability to createcomple systemf procedurahrt, wherethe artist
doesnot directly createthe nal work, but rathercreatesulesaccordingto which the nal decisions
aremadé. Hence,an artist may designthe enegy function, but not necessargdit every individual
imageproducedby the algorithm. In onepossiblescenariothe artwork may “occur” at a time after
the artist's involvement. The main goal of SBR algorithmsis to provide proceduratools that auto-
matepartsof theimagecreationprocessnotto replacethe artist(which would be botha futile andan
undesirableyoal).

In thistutorial, | survey someof thevariousSBR stylesandalgorithmsthathave beencreatedand
discusgheadwantagesinddisadwantage®f each.l will rst describegheframavorkin somavhatmore
rigorousdetail,includingtheuseof objectve functionsto de ne speci c problems. will thendescribe
speci ¢ SBR applications,groupedby algorithmin orderto emphasizénow, from a computational
point of view, stylesthatlook super cially differentareoftenjust variationson a theme. Pointersto
relatedresearch{includingextensiongo animation)aregivenin Section?.

2 Stroke-BasedRendering: Stating the Problem

In this section,| outlinea generalview of stroke-basedenderingalgorithmsin termsof enegy min-
imization. | begin with somepreliminary de nitions and examples,followed by the basicproblem
statementswell asa statisticalview of the problem,andconcludewith a discussiorof the advan-
tagesanddisadwantage®f this approach SBRalgorithmswill be sureyedin theremainingsections
of this chapter

We beagin with afew de nitions. First, we needto de ne whatour strokescanlook like.

De nition: A stroke is a datastructurethatcanbe renderedn theimageplane.
A stroke model is a parametriadescriptionof strokes, sothat differentparameter
settingsproducedifferentstroke positionsandappearances.

For example,oneform of stipplingusesavery simplestroke model:
(x,y) Y [ ] °
® G .
R ° .
Stipplingstroke model Individual strokes(stipples)

As illustratedabove, a stippleis a stroke that can be describedwith two parametersthe (x;y)
positionof the stipplein animage,andthe radiusR of the stipple. (As we shall seein Section3.1,

Technicallyspeakingprocedurahrt doesnot requiremoderntechnology(e.g.see[Aar97, Mur98g)).
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otherde nitions of a stipplearepossible.)
We createimagesby combiningstrolkes:

De nition:  An imagestructur eis adatastructurecontaining

A carvas,de ned by abackgrounctolor or texture,

An orderedist of strokes,de nined by their parametesettings.

An imagestructurecontainghenecessargatato createarendering.To createanimage thelist of
strokesis renderedy alpha-compositingver the backgroundThe backgrounds usuallyjusta solid
color or a prede nedtextureimage. Examplesof imagescomposef paint strokesandstreamlines
wereshavn in Sectionl. For example,a PostScriptle containingline art canbe thoughtof asan
imagestructure sinceit containsa list of stroke de nitions; thedatain the le canberenderednthe
screeror onaprinter.

Finally, we needa quantitatve way of evaluatinghow goodarenderings:

De nition: An SBR enemy function is afunctionE : | ! R, wherel is the set
of possiblemagestructuresandR is the setof realnumbers.

Intuitively, we canthink of the enegy function as scoring“how good” the paintingor draving
is. An enegy function E(l) takesanimagestructureasinput and outputsa numberindicatingthe
“quality” of the image— generally the goal of an SBR algorithmis to producean imagewith the
smallesipossibleenegy. The enegy functionis sometimeslsocalledan “objective function; “cost
function] or “error function? The term “eneilgy” comesfrom analogoususesin physics, suchas
searchindgor theminimumenegy con guration of a setof particles.

SBRalgorithmsarenormallyde nedin termsof someinputdata,usuallyaninputimage.In most
algorithmsdescribedn this surwey, the enegy functionmeasurefiow closelytherenderingmatches
someinputimage.Additionally, the enegy functionencodedradeofs. For example,a painterlyren-
deringalgorithmtakesaninputimageandproducesanimagestructurecontainingcolor paintstrokes
thatmatcheshesourcamage.However, onecouldgeta perfectmatchto the sourcemageby placing
thousand®f tiny brushstrokes, which would not look too differentfrom the sourceimage. We can
createa moreinterestingpaintingby addingan“abstractiontermto theenegy function,by assigning
higherenepiesto paintingsthatuselessstrokes. For exampletheenegy functioncouldbe

E(I) = Emata(l) + WapEang(l)

Eman() = & Kl(xy) Sk
(xy)21
Eangl) = thenumberof strokesin |

wherew,ps is a scalarweightparameterandEnain(1) is the sum-of-squaredifferencesetweernthe
sourceimageandthe rendering. This enegy function hasone parametemw,,s We cancontrol the
level of abstractionn the painting style by adjustingthe value of this parameter:settingwaps to be
smallspeci esthatwe wantavery realisticstyle (reproducingheoriginalimageascloseaspossible);
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settingwaps to belarge speci esavery abstracstyle (capturingtheimagewith very few strokes). (Of
coursethisis only onepossiblenotionof abstraction.)lhis suggestshefollowing de nition of style:

De nition:  An SBR style is a stroke modeland enegy function (including pa-
rametersettings)overimagestructures.

In otherwords,analgorithmcreatesanimagein a speci c style by minimizing the corresponding
enegy function. Note that this is a broadly-inclus¥e notion of style — in this view, changingthe
parameters$o a gallery effectin animagingtool constituteshangingthe style (althoughnot by very
much). The goal of this framework is to provide a structurewithin which mary stylescanbe created
andapplied.

3 Optimization algorithms

In this section,| describeoptimizationalgorithmsfor SBR problems. Two kinds of optimization
algorithmshave beenappliedto SBR.The rst kind, which | will call Voronoi algorithms, exploits
speciabpropertieof the SBRproblemto performef cient globalupdatesteps.Thesecondkind, which

| will call trial-and-err or algorithms, assumeso specialstructureandperformheuristically-chosen
teststo try to reducethe enepgy. In generalthe Voronoi algorithmsare very effective andfast, but
cannotbe appliedto all problems.Thetrial-and-erroralgorithmsarevery general-purposedyut at the
costof substantiatomputatiortimes. (It sohappenshatbothof theapproachebave alsobeencalled
“relaxationalgorithms?’)

3.1 Voronoialgorithms

Voronoi algorithmsare usefulfor SBR problemswherethe nal imagewill be composedf mary

identicalnon-overlappingstrokes,andwhereonly thedensityof thestrokesis constrainedThecentral
ideais to useefcient techniqguedrom computationalyjeometryto placeevenly-spacedtrokesinto

animage. Moreoever, thesetechniquescan be madevery fastusing graphicshardware. However,

thesealgorithmsdo notdirectly optimizewith respecto animage-basedetric(e.g.thattherendering
shouldmatchtargettones)sincethe enegy functionis de ned in termsof stroke densities.

3.1.1 LLOYD'S METHOD

How canwe createa setof evenly-spacegbointswithin animage?Wewill useaniterative optimization
procedurewhich requiresde ning anappropriateenegy function. Let p = (x;y) beapixel locations
in animage,andlet C; be specialpoint locationscalled “centroids;” the strokeswill eventually be
placedattheseocations.Let L:O 2 f0;1g beabinarylabelingof pixels: if L:O = 1, thenthepixel p has

been“assigned’to centroidi. Every pixel is assignedo exactly onecentroid: &, L}O = 1. Thegoalis
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Figure1: (a) Voronoidiagramof a setof pointsC;. Theimageis partitionedinto a setof regions,
oneregion for eachpoint. Eachregion is designedsothatit containsall pixelsthatareclosesto the
correspondingoint C;. (b) By applyingLloyd's method the pointsareadjustedsothatthey lie atthe
centroidof their region of the Voronoidiagram. The resultingpoint setis evenly spacedandcanbe
usedto specifyregularstroke placementsimagesfrom [Sec02],usedby permission.

to choosebotha setof centroidsanda labelingthatminimizesthe enegy functior?.

E() = & Lykp Cik? (1)
p21

= A Lh((px G2+ (px Gy 2
p21

wherethe centroidsandlabelingareimplicitly memberof . In short,we wantevery pixel to beclose
to its assignectentroid. If we knew the setof centroidsC; in adwance,thencomputingthe optimal
labelingwould be easy— we just assignevery pixel to the nearestentroid. Theresultinglabelingis
known asa Voronoidiagram(Figure 1(a))— it partitionsthe planeaccordingto which centroidsC;
arenearesto eachpoint.

Fromlooking at Figure1(a), it shouldbe clearthat picking somerandomly-chosepoint setand
thencomputingthe Voronoidiagramdoesnot give a very goodarrangementf centroids.In fact,we
canimprove uponthis setof centroidssimply by adjustingthe point centersto best t this partition
— in otherwords, by holding x edthe labelingandoptimizing the enegy function with respecto
apli
locationsthatareassignedo C;; this formulais easily obtainedby setting%E—é'_) = 0 andsolvingfor
Ci. We caniteratethesetwo steps.This, in fact,is known asLloyd's method: |

the centroids.The new optimal centroidsaregivenby C; = . Thisis justthe meanof the pixel

2NPR researcherbave typically presentedhe continuousversionof this enegy, e.g. Rkp Cik2dp whereC; is the
nearestentroidto p, wherep 2 R? is a real-waluedpoint in the planeratherthan a discretepixel location. | preferthe
discreteversion, becausdat more closely re ects the problemactually being solved. Onebenet is that we can prove
convergenceof thediscreteversionof thealgorithm,whereasornvergencehasnot beenprovenfor the continuousrersion.
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function LLoYDSMETHOD(N;I):
initialize the centroidsC; by randomlysamplingn pointsuniformly in theimagel
while thealgorithmhasnot corverged

. . : 1 i=amgminkp Cik?
|
reestimatehelabelingby L, 0 otherwise
reestimatehe centroidsby C; aép—l‘l_ﬁg
p=p

return the centroidsC;

Figurel(b)shavsthesamepointafterapplyingLloyd’'s method.Thealgorithmis saidto corverge
whenthe enegy doesnot changebetweersteps.The algorithmis guaranteedo reducethe enegy at
every stepbeforecornvergence becauseachstepminimizesthe enegy with respecto someparam-
eters. It is guaranteedo corvemye, becausahe enegy decreasest every stepbeforecorvergence,
andbecausdhereis a nite numberof possiblelabelingsL. Lloyd's methodwasdiscoreredsepa-
rately by the signal-processingommunity(whereit is known as“vectorguantization’[GG92) and
themachindearningcommunity(whereit is knovn as“k-meansclustering’[Bis95]).

Runningthis optimizationin software over an entireimagecan be quite slov. However, it has
recentlybeenshownn that graphicshardware can be usedto make the processvery fast[WND97,
HCK™* 99]. Thebasicideais to accelerat¢helabelingstepby usingZ-buffer hardware— by rendering
a coneat eachcentroidlocation, one can shav that computingthe nearestentroidis equivalentto
determiningwhich coneis visible in eachpixel. The centroidsareupdatedoy a singlepassover the
image.See[HCK* 99 for details.

3.1.2 VARIATIONS ON LLOYD'S METHOD FOR SBR

Now thatwe have a procedurefor regular placemenif points, it is straightforvard to designSBR
algorithmsontop of it. PerhapshesimplestSBR problemto describés stippling: placemenbf mary
smalldotsto matchsometargetgrayscalamage. Deusseret al. [DHvOSO00] presentedhe rst such
method,using stipplesto approximategray tonesin a targetimage(Figure2). In their method,the
imageis manuallysggmentednto distinctregions,andstipplesareplacedevenly within eachregion,
by applyingLloyd's methodto eachregion separatelyThecentroidsareinitialized usinga half-toning
algorithm. Oncethe centroidlocationsare chosen they arereplacedwith stipples. The sizesof a
stippleis proportionalto the graylevel of theimageunderneatli.

Secord[Sec02] presentsan alternatestippling style and algorihtm, by varying the dot spacing
insteadof the dot size (Figure2). Theideais to de ne a spatially-\arying densityfunctionr (p) that
determinesow densehe stipplingshouldbein differentpartsof theimage. This densityfunctionis
directly derivedfrom thetonesof thetargetimageT(p), i.e.r(p) = 1 T(p)=mwheremis the max
graylevelin T. Thenew enegy functionis

E() = & Lyr(pkp Cik? 3)
p21

= é}Lipr(p)((px Ci)%+ (px Ciy)?) (4)
p2l
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(b) (©) (d)

Figure2: Stipplingalgorithms.In stippling,mary smallpointsareplacedto matchagraytoneimage.
Resultsfrom [DHvOSO00] are shavn in (b), andfrom [Sec02]in (d). In orderto matchthe target
graytones,Deusseret al.'s algorithmvariesstipple size (keepingstipple densityconstant) whereas
Secords algorithmvariesstipple density(keepingstipple size constant). The eye in the grasshopper
imagewasmanuallysegmentedrom therestof theimage.lmagesusedby permission.

Following the samestepsasbeforedirectly leadsto a slightly differentversionof LIoyd's method:the

2 i

zp_l-f%_ Thissummatiorcan
p=p

beacceleratetty precomputinggumsof r (p). Thismethodgivessomevhatsharpeimageboundaries,

sincethe stippleplacements directly affectedby theintensityof the sourceimage. Secordalsouses

a simplerinitialization procedurebasedon rejectionsampling[Mac98]. Speci cally, the algorithm

samplegoint locationsfrom a uniform distribution, includesthe sampledpointsin theinitialization

with probability proportionalto r (p).

labelingstepis thesame put thecentroidsarenow reestimate@scC;

Lloyd's methodcanalsobe usedto createtile mosaicsfrom color sourceimages. A simpleap-
proachis to createa Voronoidiagramof animage ,andthencolor eachregion of theimageby thecolor
from the underlyingsourceimage[HCK™* 99]. However, this producesa mosaicwith very irregular
tile shapes.

HausnefHauO1l]describegswo enhancement® this method(Figure3). First, squaretile shapes
canbegeneratetby replacingthel, normwith theL; norm(kvky = jvyj + jvyj). Secondanorientation
eld f (p) canbespeci edfor theimageto createtilings with consistenbrientationgFigure3(a)). The
orientationof eachtile is constrainedo matchthevector eld: f; = f(C;j) Thenew enegy functionis
now

E() = & LpkRic)(p Ciké (5)
p21

whereR c,) is arotationmatrix with orientationf (C;). We cancreatea new optimizationprocedure
asfollows:
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(@) O

Figure3: Tile mosaicresultsfrom [HauO1]. (a) Perspectie view of the vector eld usedfor theyin-
yangexample.Thevector eld wasgeneratedrom theheight eld shawn. (b) Initial Voronoidiagram
of randomly-placegboints.(c) Finaltiling. Edgesshavn in white areexcludedfrom the optimization.
(d) Renderediling, usingcolorsfrom asourcemage.(e) Tiling of aLybianSibylimage.Imagesused
by permission.

function TILEMosAIc(n;1):
initialize the centroidsC; by randomlysamplingn pointsuniformly in theimagel
while thealgorithmhasnot corverged

. . - 1 i= agminkRec)(p Ci)k}
[ i 1
reestimatehelabelingby L, 0 otherwise
reestimatehe centroidsby C; ZP—IEB
p=p

return the centroidsCi

Note that this algorithm is no longer optimal, sincethe centroid updatestepis not guaranteedo
improve theenegy function. Furthermorethealgorithmdoesnot take colorinformationinto account,
until afterthetile positionshave beenchosenNonethelesghealgorithmtendsto achieve goodresults
in practice.

Tiling canbe appliedto manually-sgmentedregions, as before. Edgescanbe enhancedy re-
moving themfrom the enegy function. Speci cally, pointsp thatlie onimageedgesarenotincluded
in thelabelingor centroidcomputatiorstepsithis discourage¥oronoiregionsfrom straddlingedges.
Tile sizesandshapesanbe modi ed by adjustingthe enegy functionin variousways;theresulting
problemis amenabldo hardwareacceleratiofHau01. Examplesareshavn in Figure3.

3.2 Trial-and-Err or algorithms

It is dif cult to extendVoronoi methodsto take color informationinto account,andto handleprob-
lemswherestrokesmay overlap. Sofar, the only optimizationmethodapplicableto theseproblems
aretrial-and-errormethods. Trial-and-errormethodscan be appliedto any SBR problem. Theidea
is simple: we proposea changeto the imagestructure. If the proposedchangereduceghe enepy,

thenthe changds incorporatedptherwisejt is discardedThealgorithmthenrepeatslf theproposal
mechanisms well-designedthenthe algorithm shouldeventually corverge to a low-enegy result.
However, thereare no guaranteeshat this will happen,and, even if it does,the computationtime
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couldbesubstantiaP Hereis pseudocodéor atrial-and-errorlgorithm:

function TRIALANDERROR(]):
|  emptyimagestructure
while not done

C SUGGEST() /I Suggestchange
if (E(C(1)) < E(])) /l Doesthechange help?
I C(l) /I'lf so,adoptit
return |

Terminationconditionsareupto theuser For example theoptimizationcanrunfor a x edamount
of time, until the useris satis ed with the results,or whenonly a small portion of the proposalsare
accepted.

Of critical importances thedesignof agoodproposaimechanismPurelyrandomproposamech-
anismscanwastesubstantiatime makinglittle progresswhereasand-tunesnechanismsanquickly
getmuchbetterresults. Trial-and-erroralgorithmsare actually quite closely-relatedo greedyalgo-
rithms, sincethey bothusehand-designe@droposalsThe maindifferencesarethatthetrial-and-error
includeschecksto make surethatthe proposalactuallyimprovesthe image,andthat the procedure
caniteratively improve previous strokes. Hence,usingtrial-and-errorfreesyou from the dif cult task
of designinga mechanisnthatalwaysmalkesgoodstrokes.

Haeberli[Hae90] introducedthe rst trial-and-erroralgorithm for non-photorealisticendering;
resultsareshavn in Figure4. In eachcasea x ednumberof strokesarerandomlyperturbedandthe
perturbationgrekeptonly if the sum-of-squaredifferenceto the sourcemageis reduced.

3.2.1 STREAMLINE VISUALIZA TION BY TRIAL-AND-ERR OR

More recently Turk andBanks[TB96] demonstrated trial-and-erroralgorithmfor vector eld visu-
alizationof streamline$. As describedn the introduction,the problemis to illustratea vector eld
with streamlinedor clearvisualizationof thevector eld. However, a straightforvardapproactio the
problem— simply tracing streamlinesrom somepredeterminedtartingpoints— createsrregular
streamlinespacinghatdistractfrom the o w of thevector eld. Hencewe needsomeway of evaulat-
ing the quality of the streamlinevisualization,andthenoptimizingfor thatquality measureTurk and
Banksproposedlurring the streamlinerendering,andcomparingthe resultto a prede nedconstant
valuet. Thecorrespondingnegy functionis simply

E()= &G Np) b? (6)

p21

3A closelyrelatedtechniquecalledMarkov ChainMonte Carlo (MCMC) [Mac9§ cangive asymptoticquality guar
anteesThusfar, MCMC hasnotbeenappliedto problemsn SBR.

4Building on the work of Turk andBanks,Jobardand Lefer later describeda greedystreamlingplacementlgorithm
thatis muchfasterthanthetrial-and-erromethodJL97]. | describeheformermethodherefor completenes@&ndbecause
it maybecomeusefulin future problems.
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(b)

Figure 4. Imagescomputedusing trial-and-erroralgorithms[Hae90]. (a) Overlappingrectangular
strokes. (b) Voronoidiagramof a setof point centers.For this versionof the problem,fastermethods
werelaterdeveloped(Section3.1). Imagesusedby permission.

where(G |)(p) denotegheblurredversionof the streamlindmage. (A similar enegy functionwas
usedearlierby Salishury et al. [SABS94].) Note thatwe could also penalizethe deviations of the
streamlinérom thevector eld, sinceourgoalis to producestreamlineshatexactly follow thevector
eld. Fortunatelythetrial-and-erroralgorithmis ableto enforcethis constraintat every step,andthus
it is notnecessaryo includeit in theenegy function.

In orderto apply a trial-and-erroralgorithmto this problem,we mustde ne the proposalmecha-
nism. While a purelyrandomproposaimechanisnmaydecreas¢heenegy in thelong run, it will be
fartoolongto be practical. Hence,Turk andBanksde ned mary proposaheuristicsdesignedo de-
creasdgheenepgy asmuchaspossiblewith eachstep.The rst proposalsareall streamlingolacements,
in orderto quickly Il theimagewith streamlinesPlacinga streamlinesntailspicking a startingpoint,
andthentracingalongthevector eld someprede neddistance.Then,eachproposais oneof several
possibilities,including adding,deleting,lengthing,andshorteningstrokes. Eachproposalis guaran-
teedto force the resultingstrokesto follow the vector eld, andproposalsare morelikely in image
locationsthathave high enegy (i.e. irregulartones).See[TB96] for details.

3.2.2 PAINTERLY RENDERING BY TRIAL-AND-ERR OR

| have built atrial-and-errompainterlyrenderingalgorithm[Her01]. At a high level, thegoalis to seek
concisepaintingsthat matcha sourceimageclosely and cover the imagewith paint, but useasfew
strokesaspossible Eachbrushstroke is de ned by a brushradiusandalist of controlpoints(Section
5.1). Theenegy functionis

E(1) = Eapp(l)+ Enste(l) + Ecou(l)
Eapp(l) = é Wapp(P)KI(P)  S(p)k
(P21
Enst(l) = Wnstr (numberof strokesin I)
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(b)

© (d)

Figure5: Spatially-\arying style, from [HerO1]. (a) Sourceimage. (b) Interactvely-paintedweight
image (Wapp). The weightimageallows the userto specify whereemphasiswill be assigned.(c)
Resultingpaintingwith the given weights. More detail appearsearfacesand hands. (d) Another
choiceof weights;detailis concentratedn therightmost gures.

Eco(l) = Weov (Nnumberof emptypixelsin 1)

This enegy is a linear combinationof threeterms. The rst term, E,pp, measureshe pixelwise
differencesetweenthe paintinganda sourceimageS. The numberof strokesterm Epg, is usedto
penalizethe numberof strokes. The coverageterm Ecq, is usedto force the carvasto be lled with
paint, if desiredby settingwco, to bevery large. The weightsw areuserde ned values. The color
distancek k represent€uclideandistancein RGB space. The weightswapp(p) arede ned by a
weightimagethatallows the userto specifyspatially-\aryingweights.

The rst two termsof the enepgy function quantify the trade-of betweenwo competingdesires:
the desireto closely matchthe appearancef the sourceimage,andthe desireto useaslittle paint
aspossible,.e. to be economical.By adjustingthe relative proportionof wap, andwpsr, @ usercan
specifytherelatve importanceof thesetwo desiresandthusproducedifferentpaintingstyles.

By default, the value of wapp(p) is initialized by a binary edgeimage, computedwith a Sobel

Iter . This givesextraemphasigo the edgesalthougha constantveightoftengivesdecentresultsas
well. If we allow theweightto vary over the carvas,thenwe getaneffectthatis like having different
enegy functionsin differentpartsof the image(Figure5). The weightimagewapp(p) allows usto
specifyhowv muchdetailis requiredin eachregion of theimage,andcanbe generatecutomatically
or hand-paintedy a user This givesthe userhigh-level controlwithout requiringthe userto make
every low-level choice.

Thetrial-and-erroralgorithmis similarin spirit to Turk andBanks'. However, theproblemis much
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harderto optimize,becauséhe strokeshave mary moreattributes,thereis no prede nedvector eld,
andstrokescanoverlap.Consequentlythetrial-and-erromlgorithmcantake mary hoursto run,andis
not currentlyvery practical. However, the algorithmdoesgive very economicalesults,ansubstantial
high-level controlto auser See[Her0]] for furtherdetailsof thealgorithm.

4 Greedyalgorithms

Themostcommonstroke-basedenderingalgorithmsaregreedy: strokesareaddedo theimagestruc-
turein asinglepassandstrokesarenever modi ed oncethey have beencreated.Greedyalgorithms
make useof heuristicsandcarefully-designeglacemensteps.This meanghatthey canquickly pro-
ducehigh-qualityresults but atthe costof e xbility. Greedyalgorithmsarerarelyde nedin termsof
an enegy function, althoughoneis sometimesmplicit. In somesituations,devising an appropriate
enegy functionmaybedif cult, butausefulalgorithmcanbedevelopedwithoutone.

Sincestrokesareplacedonceandnever modi ed after, therearereally two centralquestionghat
de ne agreedyalgorithm:

Wheredo we placestrokes?
Whatshapewill eachstroke have?

Eachgreedyalgorithmoperatesimply by repeatedlylacingstrokes,makingthesechoiceseachtime.

4.1 Single-pointstrokes

HaeberliiHae9(Q describes simple,semi-automatipaintingalgorithm(Figure6. The userprovides
asourceimage. The userseesarenderingof the painting,which is initially blank. Usinga mouseor
tablet,theuserclicks anddragswithin thepaintingarea.A singlebrushstroke is placedatthelocation
of eachmouseclick. Thesystemautomaticallychooseshe color by extractingit from thecolor of the
sourceimageat thatpoint, andorientsthe stroke in the directionof the gradientof theimage.Hence,
theuserdecidesvherethe strokesgo, andthealgorithmdecidesvhatthey look like. Theusermayset
otherparametergsuchasstroke sizes)by adjustingsettingsor via pressuren a tabletinterface. This
systemprovidesa fun andeasyway to make abstractindattractve versionswithoutrequiringtheuser
to possessury drawing skills.®

4.1.1 SINGLE-LAYER PAINTERL Y RENDERING

Subsequent]ya numberof commercialsoftware packagegsuchas Adobe Photoshop Xaos Paint-
Tools, andMicrosoft Impressionistincorporatedully-automaticversionsof Haeberlis algorithm;a
completedescriptionof suchanalgorithmby Litwinowicz, alongwith severalenhancemen{&.it97].
Litwinowicz's basicalgorithmtakesa sourceimageandorientation eld asinput, andgenerates
a paintingwith a setof oriented,shortbrushstrokes. The brushstrokesare placedon a grid in the

SHaeberlis systemis onlineat ftp://ftp.sgi.com/sgi/graphics/gra ca/impression/ixdaml.

RecentAdvancesn NPRfor Art andVisualization 3-13



AaronHertzmann

Figure6: Interactve painterlyrenderingsystem,from [Hae9(Q. The userclicks on differentimage
locations,andstrokesaregeneratedt theselocations;the color andgradientsof the strokesaretaken
from a sourcemage.lmagesusedby permission.

imageplane,with randomlyperturbedoositions.Eachstroke takesits color from the sourceimageat
its location,andits orientationfrom the orientation eld. The strokesaredravn in randomorder in
orderto remove theregularitiesthatwould appeaitherwise.Theorientationeld speci esthedesired
orientationof the strokesandis generatedrom the sourceimagein a preprocessingtep. A simple
way to generatehis orientation eld is to setthe orientationf (p) at pixel p to the the normalto the
gradientof theimage— this givesthe directionin which the imageis “most constant. However, in
constantegionsof theimage,the gradientwill notbewell-de ned. The orientationsn theseregions
canbe lled in usinga smoothingalgorithm, suchas thin-platespline interpolation. Additionally,
strolkesmaybeclippedto imageedgego improve theedgesof theresult. See[Lit97] for details.

Similar short-strolk algorithmshave beenappliedto a numberof problemsn scienti ¢ visualiza-
tion of tensor eld data[HeaO1,Lai01].

4.1.2 MULTIPLE-LA YER PAINTERL Y RENDERING

| have developedan extensionto thesealgorithmsthat can createbrushstrokeswith multiple sizes.
We canmotivatethealgorithmby observinghatanartistoftenwill begin apaintingasaroughsketch,
andgo backlater over the paintingwith a smallerbrushto adddetail. While muchof the motivation
for thistechniquedoesnotapplyto computeralgorithm$, it alsoyieldsdesirablevisualeffects. In this
imageprocessinglgorithm, ne brushstrokesare usedonly wherenecessaryo re ne the painting,
andrestof the paintingis left coarse.Usercontrolledemphasicanalsobe usedto de ne where ne
strokesareused.Thealgorithmis similarto apyramidalgorithm[BA83], in thatwe startwith acoarse
approximatiorto the sourceimage,andaddprogressie re nementswith smallerbrushesln asense,
this algorithmcanbe viewed asgreedily optimizing an enegy functionthat penalizeghe difference

5For example,onemotivation is to establishthe compositionbeforecommittingto ne details,so thatthe artistmay
experimentandadjustthe composition.
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betweerthe paintingandthe sourcemage,andpenalizegshe numberof strokes.

Thealgorithmtakesasinputasourceémageandalist of brushsizes.Thebrushsizesareexpressed
asradii Ry:::R,. The algorithm then proceedsby painting a seriesof layers, one for eachradius,
from largestto smallest. Generally it is mostusefulto usepowersof two: R = Ri2' 1, with some
userdeterminedraluefor R;. Theinitial carvasis a constantolorimage.

A referencemageis rst createdor eachlayerby blurringthesourcemage.Thereferencemage
representshe imagewe wantto approximatedy paintingwith the currentbrushsize. Theideais to
useeachbrushto captureonly detailswhich are at leastaslarge asthe brushsize. We usea layer
subroutinegto painta layerwith brushR;, basedon thereferencémage. This procedurdocatesareas
of theimagethatdiffer from the referencemageandcoversthemwith new brushstrokes. Areasthat
matchthe sourceimagecolor to within a threshold(T) areleft unchanged.The thresholdparameter
canbeincreasedo producerougherpaintings,or decreasedo producepaintingsthat closelymatch
thesourcemage.

Blurring may be performedby one of several methods. We normally blur by corvolution with
a Gaussiarkernel of standarddeviation fsR;, where fs is someconstantfactor Non-lineardiffu-
sion [PM90] may be usedinsteadof a Gaussiarblur to produceslightly betterresultsnearedges,
althoughtheimprovements rarelyworth the extra computatiortime. Whenspeeds essentialye use
asummed-aretable[Cro84].

Thisentireproceduras repeatedor eachbrushstroke size. A pseudocodsummaryof thepainting
algorithmfollows.

function PAINT(Is, // souceimage
Ip, I/ carvas
R1:::Ry) // brushsizes
Createa summed-aretableA from Is if necessary
refresh  true
foreachbrushsizeR;, from largestto smallestdo
Computeablurredreferencemagelr with blur size fs R
from A or by corvolution
grid R
Cleardepthbuffer
foreachpositionp onagrid with spacinggrid
M theregion[px grid=2::px+ grid=2;py grid=2::py+ grid=2]
areakror  appmKklp(p) IrR(P)K
if refreshor areaError > T then
p agmaxzamkip(p) Ir(P)K
PAINTSTROKE(p; Ip; Ri; IR)
refresh  false

Eachlayer is paintedusing a simple loop over the image carvas. The ideais very similar to
Litwinowicz's algorithm. However, we canno longer placesamplessimply on a jittered grid, since
thisapproachmaymisssharpdetailssuchaslinesandpointsthatpassetweergrid points.Insteadthe
algorithmsearchegachgrid point's neighborhoodo nd thenearbypointwith thegreateserror, and
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paintatthis location. All strokesfor the layerareplannedat oncebeforerendering.Thenthe strokes
arerenderedn randomorderto preventanundesirableappearancef regularity in the brushstrokes.
In practice we canavoid theoverheadf storingandrandomizingalargelist of brushstrokesby using
a Z-buffer. Eachstroke is renderedwvith a randomZ valueassoonasit is created.The Z-buffer is
clearedbeforeeachlayer. Note thatthis may producedifferentresultswith signi cant transpareng
whentransparenbbjectsarenotrenderedn back-to-frontorder Thelayersof apaintingareillustrated
in Figure?.

k Kk, whenappliedto acolorvector denote€uclideardistancan RGB spacel alsoexperimented
with CIE LUV, a perceptually-basethetric [FYDFH90]. Surprisingly we found it to give slightly
worseresults— it is notclearwhy.

PAINTSTROKE in the above codelisting is a genericprocedurehat placesa stroke on the carvas
beginningatp1, givenareferencemageanda brushradius.Following [Hae9Q, Figure8(a)shavsan
imageillustratedusinga PAINTSTROKE procedurevhich simply placesa circle of the givenradiusat
p, usingthe color of the sourceimageat locationp. Following [Lit97], Figure8(b) shavs animage
illustratedwith shortbrushstrokes,alignedto the normalsof imagegradients Notetheregular stroke
appearanceln the next section,we will presentanalgorithmfor placinglong, curved brushstrokes,
closerto whatonewould nd in atypical painting.

This techniqudocusesattentionon areasof theimagecontainingthe mostdetail (high-frequeng
information)by placingmary smallbrushstrokesin theseregions. Areaswith little detailarepainted
only with very large brushstrokes. Thus, strokesare appropriateo the level of detail in the source
image.

Thischoiceof emphasisssumethatdetailareasontainthe most“‘important” visualinformation.
Other choicesof emphasisare also possible— for example, emphasizingoreground elementsor
human gures. Thechoiceof emphasiganbeprovidedby ahumanuser asoutputfroma3D renderer
or from acomputationalmageinterpretation.

4.2 Long, curvedstrokes
4.2.1 PAINTERL Y RENDERING WITH LONG, CURVED STROKES

This methodcanbe extendedto uselong, continuouscurvesinsteadof shortstrokes. In my system|
limit brushstrokesto constantolor (Section5.1),anduseimagegradientdo guidestroke placement.
Theideais thatthe strokeswill representsocontoursof theimagewith roughly constantcolor. Our
methodis to place control points for the curve by following the normal of the gradientdirection.
Whenthe color of the stroke is furtherfrom the tarmgetcolor in the referencamagethanthe painting,
the stroke endsat thatcontrolpoint.

A moredetailedexplanationof thealgorithmfollows. The splineplacementlgorithmbeginsata
givenpointin theimagepo, with agivenabrushradiusR. Thestrokeis representedsalist of control
points,acolor, andabrushradius.Pointsarerepresenteds oating pointvaluesin imagecoordinates.
The control point pg is addedto the spline,andthe color of the referencamageat po is usedasthe
color of thespline.

We thenneedto computethe next point alongthe curve. The gradientdirectionqg at this point
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Referencemages Layers

Figure7: Paintingwith threebrushesTheleft columnshaws thereferencamages;the sourceimage
is shavn in the lower left. Theright columnshaws the paintingafterthe rst layer (brushradius8),
thesecondayer(radius4), andthe nal painting(radius2). Notethatbrushstrokesfrom earlierlayers
arestill visiblein the nal painting.(The curvedstroke placements describedn the next section).
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(@) (b)

Figure8: Applying the multiscalealgorithmto othertypesof brushstrokes. Eachof thesepaintings
wascreatedwith brushstrokesof radius8, 4, and2. (a) Brushstrokesarecircles,following [Hae9Q.

(b) Brushstrokesareshort,anti-aliasedinesplacednormalto imagegradientsfollowing [Lit97]. The
line lengthis 4 timesthe brushradius.

(@) (b)

Figure9: Usingnon-lineardiffusionto createreferencemages.(a) Referenceamagefor coarseslevel
of the pyramid. (Compareto Figure7(e)). (b) The outputimageis lessnoisy, but hard edgesare
maintained.
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Figure 10: Painting a brushstroke [Her9§. (a) A brushstroke begins at a control point pg and
continuesin directionDg, normalto the gradientdirectionGg. (b) Fromthe secondpoint p;, there
aretwo normaldirectionsto choosefrom: q; + p=2 andq; p=2. We chooseD1, in orderto reduce
the stroke curvature. (c) This procedures repeatedo draw the restof the stroke. The stroke will
be renderedasa cubic B-spline,with the p; ascontrol points. The distancebetweencontrol pointsis
equalto thebrushradius.

is computedirom the Sobel- Iteredluminancé of the referencémage. The next point p; is placed
in thedirectionqp + p=2 at adistanceR from pg (Figure10). Note thatwe could have alsousedthe
directionqp p=2; this choiceis arbitrary We usethe brushradiusR asthe distancebetweerncontrol
pointsbecausd& representthelevel of detailwe will capturewith this brushsize;in practicewe nd
thatthis sizeworksbest. This meanghatvery large brushexreatebroadsketchesof theimage,to be
laterre ned with smallerbrushes.

The remainingcontrol pointsare computedoy repeatinghis procesof moving alongtheimage
andplacingcontrol points. For a point p;, we computea gradientdirectiong; atthatpoint. Thereare
actuallytwo possiblecandidateslirectionsfor thenext direction: g; + p=2andqg; p=2. Wechooséhe
next directionthatleadsto thelesseistroke curvature:we pick thedirectionv; sothattheanglebetween
vi andv; 1 islessthanor equalto p=2 (Figure10),wherev; canbe(Rcoqqgi p=2);Rsin(qi p=2)).
The stroke is terminatedwhen (a) the predetermineagmaximumstroke lengthis reachedor (b) the
color of the stroke differs from the color underthe last control point morethanit differs from the
currentpaintingat thatpoint. We nd thata stepsizeof R works bestfor capturingthe right level of
detailfor the brushstroke.

We canalsoexaggerater reducethe brushstroke curvatureby ltering thestroke directions.The
lter is controlledby a single predeterminediter constant,fc. Giventhe previous stroke direction
viO 1= (DX 1°Dy; 19, anda currentstrole directionv; = (Dx;;Dy;), the ltered stroke directionis
W= fovi+ (1 f)VP 4.

Theentirestroke placemenproceduras asfollows:

"Theluminanceof a pixel is computedasY(r;g;b) = 0:30 r+ 0:59 g+ 0:11 b [FvDFH9Q.
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function PAINTSTROKE(Po, R, IR, Ip)

/I Argumentsstart point po, stroke radius(R),
Il refelenceimage (Ir), paintingsofar (1)
color  Ir(po)
K anew stroke with radiusR andcolor color
addpointpg to K
for i = 1to maxStokeLengthdo

/I computamage derivatives

g (255 YE(pi 1):255 T(pi 1)

I/ detectvanishinggradient
if Rkgk 1 //isgradienttimeslengthat leasta pixel?
// rotategradientby 90 degrees

Vi ( 9y

Il if necessaryreversedirection
ifi>l1andvj v; 1< Othen
Vi Vi

/I Iter thestroke direction
vi  fevi+ (1 fovi 1
else

ifi>1
Il continuein previousstroke direction
Vi Vi1

else
return K

pi pi 1+ Rivi=kvik
if i > minStokeLengthand kir(pi) Ip(pi)k < KIr(pi) colork then
return K
addp; toK
endfor
return K

Yr(p) is theluminancechannebf Ig, scaledrom Oto 1.

A slight speedupmay be gainedby performingall computationsn luminancespace,andthen
restoringthe color information,asdescribedn [HJO" 01]. Theresultsarevery nearlyasgoodasfull
color processing.
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Figurell: Graytonesgeneratedvith aprioritizedstroke texture[SABS94]. Thestrokesin thetexture
arerenderedn a speci ¢ orderwhich allows differenttonesto be generatedrom a single texture.
Therightimagewasgeneratedrom a sourcephotousingprioritized stroke textures.Imagesusedby
permission.

4.2.2 PEN-AND-INK AND OTHER CURVE TRACING ALGORITHMS

Unfortunately | ran out of time while writing andthis sectionis brief. Hopefully it will be greatly
expandedn alaterversionof this tutorial. For now, hereis a annotatedsummaryof pen-and-inkand
othercurve tracingalgorithms:

Interacti ve pen-and-ink illustration: [SABS94]introduceaninteractie tool for placingpen-
and-ink strokes. The userspeci es desiredtone for a region, and strokes are automatically
placedto matchthesetones. Strokes are storedas prioritized stroke textures (Figure 11),

which allow the systemto rendercomple hatchingpatterns.[SALS96 describean extension
thatincorporategdgeinformationinto thehatchingand[SWHS97]describeasystentheallow

theuserto specifyvaryingorientationgor theillustrationaswell.

Streamline visualization: Jobardand Lefer [JL97] describea greedystreamlineplacement
algorithmfor vector eld visualization. Justaswith the Voronoi algorithmsfor stippling, the
ideais to penalizestroke densityratherthana blurredversionof the streamlin@mage.

Pen-and-ink illustration of 3D surfaces: Similar principlescanbe appliedto illustrating sur
faces. Typically, the target tonescomefrom a renderingof the surfaceand the target stroke
orientationscomefrom orientation elds de ned on the surface. The resultingalgorithmis a
variationon previous SBR techniquesbut with mary adjustmentsasdictatedby the pen-and-
ink styleandthe3D model.[WS94] describea systenfor applyingprioritizedstroke texturesto
rendering3D surfaceswith texture,andto allowing a userto specifyemphasigor differentparts
of theimage;this methodis generalizedo surfaceswith manually-de nedorientation elds in
[WS96] (Figure12). In thesemethodsthe hatchingattemptgo matchthe orientation rendered
tone,andtexture of theimage.In [HZ0O0], we rst generatehetoneandorientation eld for a
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Figure12: Pen-and-inkllustrationsof 3D models,from [WS94] and[WS96], respectrely. The left
houseshaws the effect of a userde ned emphasigunction; detailis only dravn wherespeci ed by
the user The right imageshavs pen-and-inkillustration of a parametricsurface. Imagesusedby
permission.

3D model,andextendthe methodof [JL97] to hatchthe surface(Figure13). A relatedhatching
algorithmis describedy [GIHLOO].

Graftals: [KMN * 99]describeagreedyplacemenalgorithmfor stroke placementThekey idea
of theirtechniquds to usesmallillustrationsasstrokes;for example,atuft of grasss placedas
aunit. This methodcanrendemmodelswith anappropriatesenseof cartoonishexture.

Loose-and-sletchy rendering: Curtis [Cur98 describesa loosetechniquefor placing pen-
strokesto matcha black-and-whitesilhouetterendering. The methodcancreatestiff or loose-
and-sletchy renderingstyles.

4.3 Globally-greedy

Goochetal. [GCS02]describesa painterlyrenderingalgorithmthat combineselementf optimiza-
tion andgreedyproceduresThealgorithmis notde ned with respecto aspeci ¢ enegy function,but
the overall stroke placements computedoy a globalimageprocessingrocedure Individual strokes
arethencreatedor their speci c regions.
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Figurel3: Pen-and-inkllustrationof a smoothsurface,from [HZ00]. Thetargetorientation eld and
tonesaregeneratecdutomaticallyto illustratethe surface.

5 Stroke models

In this section,| describethe curvedpaintstroke modelthatl have used.Otherstroke models(includ-
ing stipplestiles, single-pointstrokes,andpenstrokes)will hopefullyappeain alaterversionof this
documentMore sophisticatedurvedstroke modelsarealsopossiblee.g.[HLW93, Fra98,NM00]).

5.1 Long, curvedstrokeswith triangle strips

In our system,a basicbrushstroke is de ned by a curve, a brushthicknessR, a stroke colorC. The
stroke is renderedy placingthe stroke color at every imagepointthatis within R pixelsof the curve.
The curwe is an endpoint-interpolatingubic B-splinede ned by a setof control points. A denseset
of curve pointscanbe computedby recursve subdvision.

Our basictechniquefor scan-comerting a brushstroke is to tessellatehe stroke into a triangle
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strip:

Givenamoderatelydensdist of control pointsp; anda brushthicknessk we cantesselateéhe stroke
by thefollowing steps:

1. Computecune tangentsat eachcontrolpoint. An adequat@pproximatiorto thetangentfor an
interior stroke pointp; is givenby v; = vi+1 Vi 1. The rst andlasttangentarevg= p1 po
andvp 1=pn 1 Pn 2

2. Computecurve normaldirectionsasn = (Ny;; Nyi) = (Vyi; Vi) =Kvik

3. Computepointson the boundaryof the stroke aspointsoffsetby a distanceR alongthe curve
normaldirection. The offsetsfor a controlpointarea; = pj+ Rnj andb; = p; Rn;.

4. Tesselatehe stroke asshavn above.

5. If desiredaddcircular“caps” astrianglefans.

This algorithm can also be usedwith varying brushthicknessesby specifyinga pro le curve
for the thickness. We do this by assigninga thicknessfor eachcontrol point, and subdviding the
thicknessesatthe sametime assubdving the control point positions.

This methodfails whenthe stroke hashigh cunaturerelative to brushthicknessandcontrol point
spacing. Suchsituationscan be handled,for example,by repeatedsubdvision nearhigh curvature
points. Generally we have not found theseerrorsto be of much concern,althoughthey may be
problematidor high-qualityrenderings.

6 Limitations of the energy-minimization approach

At presentjt seemaunlikely thatevery desirableSBR style canbe formulatedin the enegy function
formulationthatl presentedn Section2. Therearea numberof waysthis canbe manifested:

It is dif cult to capturélooseandsketchiness’br randomness anenepgy function. Moreover,
paintinganddrawing arenot deterministicproceduresan artist may producedifferentimages
eachtime. Oneway to expressrandomnessvould be to replacethe enegy function with the
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probability densityover renderings.A standardrick for corverting anenepy to a probability
densityis to exponentiatendthennormalize:p(l) = e E()=Z for someunknavn normalization
constan®Z. Paintingis thena procesf samplingfrom this density;the densitywould usually
be conditionedon theinputdata.

Severalof thegreedyapproachedescribedbove (suchasprioritizedstroke texturesS[SABS94])
andin thenext sectionaredif cult to expressn termsof enegy functions.

It is sometimeseasierto designa direct procedurefor a renderingstyle thanto designan en-
ergy function, especiallysincedesigningstylesis a creatve process.Often, we designa nev
algorithmor styleswithout really understandingvhat“why they work.” Ideally, onewould de-
velopadditionalinsightafterthefactthatallows oneto corvertthedirectprocedurdo anenepgy
function.

Finally, it bearsrepeatingthat direct proceduresare much fasterthan optimization procedures.
However, knowing theenegy functioncanoftengive insightinto how thedirectprocedurevorksand
how to improveiit.

7 Relatedtopics

In this sectionl surey somework relatedto SBR, but not directly within the scopeof this tutorial:

Animation. Severalauthorshave describedextensiongo the methodsfor creatinganimations
from inputvideoor 3D animation[Dan99 HP00,Her01, Lit97, MMK * 00, Mei96.

Image Mosiacs. Image mosaics,suchas “PhotoMosaics’[SH97, FR98] and jigsav image
mosaicgKP02] may alsobe viewed as SBR problems. A library of imagesis collected,and
the stroke model consistsof a referenceto one of the images,aswell asthe imagerotation,
translationandoptionaldeformation.

Example-basedstrokes. A few authorshave developedpreliminaryresearchin synthesizing
SBRimageryby example.Freemaretat.[FTP99]describeatechniqudor creatingnew strokes
in the style of examplestrokes. Chenet al. [CXS* 01] describea portraituresystemthat uses
a stylelearnedfrom examples.Jodoinet al. [JEGPOO02]have developeda methodfor learning
hatchingstylesfrom examples.

Thresholdingmethods. Several authorshave developedmethodsfor stroke-basedendering
wherethestroke placementandthestroketonesaredecoupledDOM™* 01,Fre01,0st99. These
methodsallow greater e xibility by allowing the userto choosestroke placementsndependent
of tones.

Rendering from silhouettes. A numberof authorshave describedSBR algorithmsthat gen-
eratestrokes from silhouettedCur98 Hz00, MKT * 97, NMOOQ]. This processs conceptually
straightforvard, onceonehasa procedurefor extractingsmoothsilhouettesandfor rendering
stroles.
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Dithering. The procesf placingevenly-spacedtipplesis closelyrelatedto the problemof
halftoning[FYvDFH90], whichremainsanactive researclarea/Ost01]. Onecanalsoexploit this
obsenationfor painterlyrendering SY0Q].

Hardware-AcceleratedRendering: Severalauthorshave describedSBRsystemsvherestrokes
are precomputedor texture-mapsand thesetexture mapsare blendedin real-timehardware
rendering[Fre01, FMS01, KLK " 00, PHWFO0]. Although thesesystemsJose the desirable
propertyof renderingstrokesin image-spacesteadof on texture maps,they nonethelesgive
high-quality temporallycoherentesultsat very high framerates.

Texture. A numberof methodshave beendevelopedto simulatethe appearancef realis-
tic media,by approximatesimulation[CPE92,CAS* 97, Sma9(, and/orprocedurakynthesis
[Fra98,GCS02 Her02 Str8q.

8 Summary

Stroke-basedenderingis a classof NPR problemswherediscretestrokesareplacedin anim-
ageto matchsomeinput imageryor otherdata. Stroke-basedenderingencompassemary
non-photorealisticenderingproblems,including painting, drawing, pen-and-inktensor eld
visualization,andstippling.

Optimizationalgorithmsexplicitly searchfor anstroke-basedenderingl that minimizessome
enegy functionE(l). Voronoialgorithmsef ciently optimizestroke densities.Trial-and-error
algorithmsoptimizegenerakenepgy functions,but canbevery inef cient.

Greedyalgorithmsplacestrokesin a single pass. At eachstep,the algorithmpicks a possible
stroke location, decideswhetherto placea stroke, decidesthe stroke's shapeand continues.
Many existing greedyalgorithmsdo not have a known explicit enegy functionformulation.
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