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1 Intr oduction

Thischapterdescribesstroke-basedrendering(SBR),anautomaticapproachtocreatingnon-photorealistic
imageryby placingdiscreteelementscalledstrokes, suchaspaintstrokesor stipples.Many stroke-
basedrenderingalgorithmsandstyleshave beenproposed,includingstylesof painting,pen-and-ink
drawing, tile mosaics,stippling,streamlinevisualization,tensor�eld visualizationandjigsaw image
mosaics.This tutorial attempsto make senseof thedisparatework in this areaby creatinga uni�ed
view of SBRalgorithms,whichhelpsusto identify thecommonelements,aswell astheuniqueideas
of each.Moreover, presentingideasin this fashionsuggestspossibilitiesfor futureresearch.

WecanintroduceSBRalgorithmswith apainterlyrendering[Her98, Her02]:

Sourcephoto Paintedversion Final rendering

This �gure shows anSBRalgorithmin action: startingfrom a photograph,a collectionof brush
strokesareplacedto matchthephotograph,andthenrenderedto appearasif createdwith oil paint.

Althoughthedetailsvary, all SBRalgorithmscreateimagesby placingstrokesaccordingto some
goals. The mostcommongoal is that we want the paintingto “look like” someother image— in
this case,we want to placecoloredbrushstrokesto look like the pictureof the mountain. Another
importantgoal is to limit thenumberof strokesin someway. Otherwise,thealgorithmcanjust use
many tiny brushstrokes,producingaverygoodmatchto thesourceimagewithoutmuchabstraction.

Finally, oncethe strokeshave beenplaced,they canbe renderedin someotherform. Note that
we did not add texture until after the brushstrokes are placed;we comparedthe sourcephoto to
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someintermediateimagewith a simpli�ed stroke model. This is bothfor ef�ciency andfor aesthetic
reasons,to bediscussedlater. Themainpoint is thatthe�nal renderingmaybedifferentfrom theway
weexpressedourgoalsabouttheimage.

Hereis anotherexampleof a automaticvector-�eld visualization[TB96]: Here,streamlinesare

Vector�eld Final rendering Blurredrendering

usedto effectively convey the motion of a vector�eld. In orderto clearly illustratethe vector�eld,
the placementsshouldbe placedevenly — the middle renderingwascreatedwith the goal that the
blurry versionshouldbeascloseto a constantgrey valueaspossible.For comparison,the imageon
the left shows stroke placementson a regular grid without adjustment.Again, we canseethat this
streamlinevisualizationalgorithmis an SBR algorithm: it placesstrokes(streamlines)accordingto
speci�edgoals(to follow thevector�eld andto matcha targettonein theblurredimage).

It is usuallynotpossibleto exactlymeetall of thegoals;hence,it is usefulto haveawayof trading-
off the goals,andquantifyingtheir importance.We cando this by formalizing an SBR problemas
an objective function minimizationproblem. An objective function is a mathematicalformula that
explains“how good”ourrenderingis; SBRalgorithmscanbeseenasattemptingto minimizeobjective
functions.For example,it isn't possibleto placethestreamlinesin theabove visualizationto achieve
a purely constanttone in the gray image. Hence,instead,we canuseasan objective function the
deviationof theblurredimagefrom aconstantimage.

Sofar, we have describedtwo differentSBRproblemstatements,onefor painterlyrenderingand
one for visualization,but said nothingof how to designalgorithmsfor theseproblems. Thereare
two mainapproachesto designingSBRalgorithms:greedyalgorithms, in whichstrokesaregreedily
placedto matchthetargetgoals,andoptimization algorithms, wherethealgorithmiteratively places
andthenadjustsstrokepositionsto minimizetheobjective function.A greedyalgorithmproducedthe
abovepainterlyrendering,andanoptimizationalgorithmproducedthestreamlinevisualization.

Haeberliintroducedbotha semi-automaticgreedyalgorithmandanautomaticaloptimizational-
gorithm in a seminalpaper[Hae90]. Digital paint systemshad previously automatedsomeof the
stroke renderings[Smi01], but did not automateany stroke placementchoices.Wireframerenderings
hadpreviously beencommonin computergraphics(precedingphotorealisticrendering),andYessios
[Yes79]describedasystemfor draftingwith strokesbasedonarchitecturaldraftingstyles.

Althoughthis tutorial focusesonthetechnicaldetailsof SBRalgorithms,it is importantto remem-
ber that they areuselesswithout humancontrol. Every aspectof thesystem(includingthechoiceof
stroke models,thesettingof weightparameters,andtheselectionof input imagery)requiresaesthetic
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decisionswhich canonly be madeby an artist working towardssomegoal. Ideally, a humanartist
usingthesystemshouldhave total controlover thedecisionsbeingmade.For example,a usershould
beableto specifyspatially-varyingstyles,sothatdifferentrenderingstylesareusedin differentparts
of theimage,or to specifypositionsof individualstrokes.However, oneof thegreatadvancesin art in
theageof digital machinesis theability to createcomplex systemsof proceduralart,wheretheartist
doesnot directly createthe �nal work, but rathercreatesrulesaccordingto which the �nal decisions
aremade1. Hence,an artist may designthe energy function,but not necessaryedit every individual
imageproducedby thealgorithm. In onepossiblescenario,theartwork may “occur” at a time after
the artist's involvement. The main goal of SBR algorithmsis to provide proceduraltools that auto-
matepartsof theimagecreationprocess,not to replacetheartist(whichwouldbebotha futile andan
undesirablegoal).

In this tutorial, I survey someof thevariousSBRstylesandalgorithmsthathavebeencreated,and
discusstheadvantagesanddisadvantagesof each.I will �rst describetheframework in somewhatmore
rigorousdetail,includingtheuseof objectivefunctionsto de�ne speci�c problems.I will thendescribe
speci�c SBR applications,groupedby algorithmin order to emphasizehow, from a computational
point of view, stylesthat look super�cially differentareoften just variationson a theme.Pointersto
relatedresearch(includingextensionsto animation)aregivenin Section7.

2 Stroke-BasedRendering: Stating the Problem

In this section,I outlinea generalview of stroke-basedrenderingalgorithmsin termsof energy min-
imization. I begin with somepreliminaryde�nitions andexamples,followed by the basicproblem
statementaswell asa statisticalview of the problem,andconcludewith a discussionof the advan-
tagesanddisadvantagesof this approach.SBRalgorithmswill besurveyedin theremainingsections
of thischapter.

Webegin with a few de�nitions. First,weneedto de�ne whatourstrokescanlook like.

De�nition: A stroke is a datastructurethatcanberenderedin the imageplane.
A stroke model is a parametricdescriptionof strokes,so thatdifferentparameter
settingsproducedifferentstrokepositionsandappearances.

For example,oneform of stipplingusesaverysimplestrokemodel:

(x,y)

R

Stipplingstrokemodel Individual strokes(stipples)

As illustratedabove, a stipple is a stroke that canbe describedwith two parameters:the (x;y)
positionof the stipplein an image,andthe radiusR of the stipple. (As we shall seein Section3.1,

1Technicallyspeaking,proceduralart doesnot requiremoderntechnology(e.g.see[Aar97, Mur98]).
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otherde�nitions of astipplearepossible.)
Wecreateimagesby combiningstrokes:

De�nition: An imagestructur e is adatastructurecontaining

� A canvas,de�ned by abackgroundcoloror texture,

� An orderedlist of strokes,de�nined by theirparametersettings.

An imagestructurecontainsthenecessarydatato createarendering.To createanimage,thelist of
strokesis renderedby alpha-compositingover thebackground.Thebackgroundis usuallyjust a solid
color or a prede�nedtexture image. Examplesof imagescomposedof paintstrokesandstreamlines
wereshown in Section1. For example,a PostScript�le containingline art canbe thoughtof asan
imagestructure,sinceit containsa list of stroke de�nitions; thedatain the�le canberenderedon the
screenor onaprinter.

Finally, weneedaquantitativewayof evaluatinghow gooda renderingis:

De�nition: An SBR energy function is a functionE : I ! R, whereI is theset
of possibleimagestructures,andR is thesetof realnumbers.

Intuitively, we canthink of the energy function asscoring“how good” the paintingor drawing
is. An energy function E(I ) takesan imagestructureas input andoutputsa numberindicatingthe
“quality” of the image— generally, the goal of an SBR algorithmis to producean imagewith the
smallestpossibleenergy. Theenergy functionis sometimesalsocalledan“objective function,” “cost
function,” or “error function.” The term “energy” comesfrom analogoususesin physics, suchas
searchingfor theminimumenergy con�gurationof asetof particles.

SBRalgorithmsarenormallyde�ned in termsof someinputdata,usuallyaninput image.In most
algorithmsdescribedin this survey, theenergy functionmeasureshow closelytherenderingmatches
someinput image.Additionally, theenergy functionencodestradeoffs. For example,a painterlyren-
deringalgorithmtakesaninput imageandproducesanimagestructurecontainingcolor paintstrokes
thatmatchesthesourceimage.However, onecouldgetaperfectmatchto thesourceimageby placing
thousandsof tiny brushstrokes,which would not look too differentfrom thesourceimage. We can
createamoreinterestingpaintingby addingan“abstraction”termto theenergy function,by assigning
higherenergiesto paintingsthatuselessstrokes.For example,theenergy functioncouldbe

E(I) = Ematch(I ) + wabsEabs(I )

Ematch(I ) = å
(x;y)2I

kI(x;y) � S(x;y)k2

Eabs(I ) = thenumberof strokesin I

wherewabs is a scalarweightparameter, andEmatch(I ) is thesum-of-squareddifferencesbetweenthe
sourceimageandthe rendering. This energy function hasoneparameterwabs. We cancontrol the
level of abstractionin the paintingstyle by adjustingthe valueof this parameter:settingwabs to be
smallspeci�esthatwewantaveryrealisticstyle(reproducingtheoriginal imageascloseaspossible);
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settingwabs to belargespeci�esaveryabstractstyle(capturingtheimagewith very few strokes).(Of
course,this is only onepossiblenotionof abstraction.)Thissuggeststhefollowing de�nition of style:

De�nition: An SBR style is a stroke modelandenergy function (including pa-
rametersettings)over imagestructures.

In otherwords,analgorithmcreatesanimagein a speci�c styleby minimizing thecorresponding
energy function. Note that this is a broadly-inclusive notion of style — in this view, changingthe
parametersto a gallery effect in an imagingtool constituteschangingthestyle(althoughnot by very
much).Thegoalof this framework is to provide a structurewithin which many stylescanbecreated
andapplied.

3 Optimization algorithms

In this section,I describeoptimizationalgorithmsfor SBR problems. Two kinds of optimization
algorithmshave beenappliedto SBR.The �rst kind, which I will call Voronoi algorithms, exploits
specialpropertiesof theSBRproblemto performef�cient globalupdatesteps.Thesecondkind,which
I will call trial-and-err or algorithms, assumesnospecialstructureandperformheuristically-chosen
teststo try to reducethe energy. In general,the Voronoi algorithmsarevery effective andfast,but
cannotbeappliedto all problems.Thetrial-and-erroralgorithmsarevery general-purpose,but at the
costof substantialcomputationtimes.(It sohappensthatbothof theapproacheshavealsobeencalled
“relaxationalgorithms.”)

3.1 Voronoi algorithms

Voronoi algorithmsareuseful for SBR problemswherethe �nal imagewill be composedof many
identicalnon-overlappingstrokes,andwhereonly thedensityof thestrokesis constrained.Thecentral
ideais to useef�cient techniquesfrom computationalgeometryto placeevenly-spacedstrokesinto
an image. Moreoever, thesetechniquescanbe madevery fastusinggraphicshardware. However,
thesealgorithmsdonotdirectlyoptimizewith respectto animage-basedmetric(e.g.thattherendering
shouldmatchtargettones)sincetheenergy functionis de�ned in termsof strokedensities.

3.1.1 LLO YD'S METHOD

How canwecreateasetof evenly-spacedpointswithin animage?Wewill useaniterativeoptimization
procedure,which requiresde�ning anappropriateenergy function. Let p = (x;y) bea pixel locations
in an image,and let Ci be specialpoint locationscalled“centroids;” the strokeswill eventuallybe
placedat theselocations.Let Li

p 2 f 0;1g beabinarylabelingof pixels: if Li
p = 1, thenthepixel p has

been“assigned”to centroidi. Every pixel is assignedto exactly onecentroid:å p Li
p = 1. Thegoal is
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(a) (b)

Figure1: (a) Voronoi diagramof a setof pointsCi . The imageis partitionedinto a setof regions,
oneregion for eachpoint. Eachregion is designedsothat it containsall pixels thatareclosestto the
correspondingpointCi . (b) By applyingLloyd'smethod,thepointsareadjustedsothatthey lie at the
centroidof their region of theVoronoidiagram.The resultingpoint setis evenly spacedandcanbe
usedto specifyregularstrokeplacements.Imagesfrom [Sec02],usedby permission.

to choosebothasetof centroidsanda labelingthatminimizestheenergy function2.

E(I ) = å
p2I

Li
pkp � Cik2 (1)

= å
p2I

Li
p((px � Cx)2 + (px � Cy)2) (2)

wherethecentroidsandlabelingareimplicitly membersof I . In short,wewanteverypixel to beclose
to its assignedcentroid. If we knew the setof centroidsCi in advance,thencomputingthe optimal
labelingwould beeasy— we just assignevery pixel to thenearestcentroid.Theresultinglabelingis
known asa Voronoidiagram(Figure1(a))— it partitionstheplaneaccordingto which centroidsC i
arenearestto eachpoint.

Fromlooking at Figure1(a), it shouldbeclearthatpicking somerandomly-chosenpoint setand
thencomputingtheVoronoidiagramdoesnot give a very goodarrangementof centroids.In fact,we
canimprove uponthis setof centroidssimply by adjustingthe point centersto best�t this partition
— in otherwords,by holding �x ed the labelingandoptimizing the energy function with respectto

thecentroids.Thenew optimalcentroidsaregivenby Ci = å p Li
pp

å p Li
p

. This is just themeanof thepixel

locationsthatareassignedto Ci ; this formula is easilyobtainedby setting ¶E(I )
¶Ci

= 0 andsolving for
Ci . Wecaniteratethesetwo steps.This, in fact,is known asLloyd'smethod:

2NPR researchershave typically presentedthe continuousversionof this energy, e.g.
R

kp � Cik2dp whereCi is the
nearestcentroidto p, wherep 2 R2 is a real-valuedpoint in the planeratherthana discretepixel location. I preferthe
discreteversion,becauseit moreclosely re�ects the problemactuallybeingsolved. Onebene�t is that we canprove
convergenceof thediscreteversionof thealgorithm,whereasconvergencehasnotbeenprovenfor thecontinuousversion.
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function LLOYDSMETHOD(n; I ):
initialize thecentroidsCi by randomlysamplingn pointsuniformly in theimageI
while thealgorithmhasnotconverged

reestimatethelabelingby Li
p  

�
1 i = argmini kp � Cik2

0 otherwise

reestimatethecentroidsby Ci  å p Li
pp

å p Li
p

return thecentroidsCi

Figure1(b)showsthesamepointafterapplyingLloyd'smethod.Thealgorithmis saidto converge
whentheenergy doesnot changebetweensteps.Thealgorithmis guaranteedto reducetheenergy at
every stepbeforeconvergence,becauseeachstepminimizestheenergy with respectto someparam-
eters. It is guaranteedto converge, becausethe energy decreasesat every stepbeforeconvergence,
andbecausethereis a �nite numberof possiblelabelingsL. Lloyd's methodwasdiscoveredsepa-
ratelyby thesignal-processingcommunity(whereit is known as“vectorquantization”[GG92]) and
themachinelearningcommunity(whereit is known as“k-meansclustering”[Bis95]).

Runningthis optimizationin softwareover an entire imagecanbe quite slow. However, it has
recentlybeenshown that graphicshardware can be usedto make the processvery fast [WND97,
HCK+ 99]. Thebasicideais to acceleratethelabelingstepby usingZ-buffer hardware— by rendering
a coneat eachcentroidlocation,onecanshow that computingthe nearestcentroidis equivalent to
determiningwhich coneis visible in eachpixel. Thecentroidsareupdatedby a singlepassover the
image.See[HCK+ 99] for details.

3.1.2 VARIATIONS ON LLO YD'S METHOD FOR SBR

Now that we have a procedurefor regular placementof points, it is straightforward to designSBR
algorithmsontopof it. PerhapsthesimplestSBRproblemto describeis stippling:placementof many
smalldotsto matchsometargetgrayscaleimage.Deussenet al. [DHvOS00]presentedthe�rst such
method,usingstipplesto approximategray tonesin a target image(Figure2). In their method,the
imageis manuallysegmentedinto distinctregions,andstipplesareplacedevenly within eachregion,
by applyingLloyd'smethodto eachregionseparately. Thecentroidsareinitializedusingahalf-toning
algorithm. Oncethe centroidlocationsarechosen,they are replacedwith stipples. The sizesof a
stippleis proportionalto thegraylevel of theimageunderneathit.

Secord[Sec02]presentsan alternatestippling style and algorihtm, by varying the dot spacing
insteadof thedot size(Figure2). The ideais to de�ne a spatially-varyingdensityfunctionr (p) that
determineshow densethestipplingshouldbein differentpartsof theimage.This densityfunctionis
directly derivedfrom thetonesof thetarget imageT(p), i.e. r (p) = 1� T(p)=m wherem is themax
graylevel in T. Thenew energy functionis

E(I ) = å
p2I

Li
pr (p)kp � Cik2 (3)

= å
p2I

Li
pr (p)((px � Cix)2 + (px � Ciy)2) (4)

RecentAdvancesin NPRfor Art andVisualization 3-7



AaronHertzmann

(a) (b) (c) (d)

Figure2: Stipplingalgorithms.In stippling,many smallpointsareplacedto matchagraytoneimage.
Resultsfrom [DHvOS00] are shown in (b), and from [Sec02]in (d). In order to matchthe target
gray tones,Deussenet al.'s algorithmvariesstipplesize(keepingstippledensityconstant),whereas
Secord's algorithmvariesstippledensity(keepingstipplesizeconstant).Theeye in thegrasshopper
imagewasmanuallysegmentedfrom therestof theimage.Imagesusedby permission.

Following thesamestepsasbeforedirectly leadsto aslightly differentversionof Lloyd'smethod:the

labelingstepis thesame,but thecentroidsarenow reestimatedasCi  å p Li
pr (p)p

å p Li
pr (p)

. Thissummationcan

beacceleratedby precomputingsumsof r (p). Thismethodgivessomewhatsharperimageboundaries,
sincethestippleplacementis directly affectedby theintensityof thesourceimage.Secordalsouses
a simpler initialization procedurebasedon rejectionsampling[Mac98]. Speci�cally, the algorithm
samplespoint locationsfrom a uniform distribution, includesthesampledpointsin the initialization
with probabilityproportionalto r (p).

Lloyd's methodcanalsobe usedto createtile mosaicsfrom color sourceimages.A simpleap-
proachis to createaVoronoidiagramof animage,andthencoloreachregionof theimageby thecolor
from the underlyingsourceimage[HCK+ 99]. However, this producesa mosaicwith very irregular
tile shapes.

Hausner[Hau01]describestwo enhancementsto this method(Figure3). First, squaretile shapes
canbegeneratedby replacingtheL2 normwith theL1 norm(kvk1 = jvxj + jvyj). Second,anorientation
�eld f (p) canbespeci�edfor theimageto createtilings with consistentorientations(Figure3(a)).The
orientationof eachtile is constrainedto matchthevector�eld: f i = f (Ci) Thenew energy functionis
now

E(I) = å
p2I

Li
pkRf (Ci)(p � Ci)k2

1 (5)

whereRf (Ci) is a rotationmatrix with orientationf (Ci). We cancreatea new optimizationprocedure
asfollows:
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(a) (b) (c) (d) (e)

Figure3: Tile mosaicresultsfrom [Hau01]. (a) Perspective view of thevector�eld usedfor theyin-
yangexample.Thevector�eld wasgeneratedfrom theheight�eld shown. (b) Initial Voronoidiagram
of randomly-placedpoints.(c) Final tiling. Edgesshown in whiteareexcludedfrom theoptimization.
(d) Renderedtiling, usingcolorsfrom asourceimage.(e)Tiling of aLybianSibyl image.Imagesused
by permission.

function TILEMOSAIC(n; I ):
initialize thecentroidsCi by randomlysamplingn pointsuniformly in theimageI
while thealgorithmhasnotconverged

reestimatethelabelingby Li
p  

�
1 i = argmini kRf (Ci)(p � Ci)k2

1
0 otherwise

reestimatethecentroidsby Ci  å p Li
pp

å p Li
p

return thecentroidsCi

Note that this algorithm is no longer optimal, sincethe centroidupdatestep is not guaranteedto
improvetheenergy function.Furthermore,thealgorithmdoesnot takecolor informationinto account,
until afterthetile positionshavebeenchosen.Nonetheless,thealgorithmtendsto achievegoodresults
in practice.

Tiling canbe appliedto manually-segmentedregions,asbefore. Edgescanbe enhancedby re-
moving themfrom theenergy function.Speci�cally, pointsp thatlie on imageedgesarenot included
in thelabelingor centroidcomputationsteps;thisdiscouragesVoronoiregionsfrom straddlingedges.
Tile sizesandshapescanbemodi�ed by adjustingtheenergy functionin variousways;theresulting
problemis amenableto hardwareacceleration[Hau01]. Examplesareshown in Figure3.

3.2 Trial-and-Err or algorithms

It is dif�cult to extendVoronoi methodsto take color informationinto account,andto handleprob-
lemswherestrokesmayoverlap. So far, theonly optimizationmethodapplicableto theseproblems
aretrial-and-errormethods.Trial-and-errormethodscanbe appliedto any SBR problem. The idea
is simple: we proposea changeto the imagestructure. If the proposedchangereducesthe energy,
thenthechangeis incorporated;otherwise,it is discarded.Thealgorithmthenrepeats.If theproposal
mechanismis well-designed,thenthe algorithmshouldeventuallyconverge to a low-energy result.
However, thereareno guaranteesthat this will happen,and,even if it does,the computationtime
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couldbesubstantial.3 Hereis pseudocodefor a trial-and-erroralgorithm:

function TRIALANDERROR(I ):
I  emptyimagestructure
while not done

C  SUGGEST() // Suggestchange
if (E(C(I )) < E(I )) // Doesthechangehelp?

I  C(I ) // If so,adoptit
return I

Terminationconditionsareupto theuser. For example,theoptimizationcanrunfor a�x edamount
of time, until theuseris satis�ed with the results,or whenonly a small portionof theproposalsare
accepted.

Of critical importanceis thedesignof agoodproposalmechanism.Purelyrandomproposalmech-
anismscanwastesubstantialtimemakinglittle progress,whereashand-tunedmechanismscanquickly
get muchbetterresults. Trial-and-erroralgorithmsareactuallyquite closely-relatedto greedyalgo-
rithms,sincethey bothusehand-designedproposals.Themaindifferencesarethatthetrial-and-error
includeschecksto make surethat the proposalactually improvesthe image,andthat the procedure
caniteratively improve previousstrokes.Hence,usingtrial-and-errorfreesyou from thedif�cult task
of designingamechanismthatalwaysmakesgoodstrokes.

Haeberli[Hae90] introducedthe �rst trial-and-erroralgorithmfor non-photorealisticrendering;
resultsareshown in Figure4. In eachcase,a �x ednumberof strokesarerandomlyperturbed,andthe
perturbationsarekeptonly if thesum-of-squaresdifferenceto thesourceimageis reduced.

3.2.1 STREAMLINE VISUALIZA TION BY TRIAL-AND-ERR OR

More recently, Turk andBanks[TB96] demonstrateda trial-and-erroralgorithmfor vector�eld visu-
alizationof streamlines.4 As describedin the introduction,the problemis to illustratea vector�eld
with streamlinesfor clearvisualizationof thevector�eld. However, astraightforwardapproachto the
problem— simply tracingstreamlinesfrom somepredeterminedstartingpoints— createsirregular
streamlinespacingthatdistractfrom the�o w of thevector�eld. Hence,weneedsomewayof evaulat-
ing thequality of thestreamlinevisualization,andthenoptimizingfor thatqualitymeasure.Turk and
Banksproposedblurring thestreamlinerendering,andcomparingtheresultto a prede�nedconstant
valuet. Thecorrespondingenergy functionis simply

E(I ) = å
p2I

((G� I )(p) � t)2 (6)

3A closelyrelatedtechnique,calledMarkov ChainMonteCarlo(MCMC) [Mac98] cangive asymptoticquality guar-
antees.Thusfar, MCMC hasnotbeenappliedto problemsin SBR.

4Building on thework of Turk andBanks,JobardandLefer laterdescribeda greedystreamlineplacementalgorithm
thatis muchfasterthanthetrial-and-errormethod[JL97]. I describetheformermethodherefor completeness,andbecause
it maybecomeusefulin futureproblems.
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(a) (b)

Figure 4: Imagescomputedusing trial-and-erroralgorithms[Hae90]. (a) Overlappingrectangular
strokes.(b) Voronoidiagramof a setof point centers.For this versionof theproblem,fastermethods
werelaterdeveloped(Section3.1). Imagesusedby permission.

where(G� I )(p) denotestheblurredversionof thestreamlineimage.(A similar energy functionwas
usedearlierby Salisbury et al. [SABS94].) Note that we could alsopenalizethe deviationsof the
streamlinefrom thevector�eld, sinceourgoalis to producestreamlinesthatexactly follow thevector
�eld. Fortunately, thetrial-and-erroralgorithmis ableto enforcethisconstraintateverystep,andthus
it is notnecessaryto includeit in theenergy function.

In orderto applya trial-and-erroralgorithmto this problem,we mustde�ne theproposalmecha-
nism.While a purelyrandomproposalmechanismmaydecreasetheenergy in thelong run, it will be
far too long to bepractical.Hence,Turk andBanksde�ned many proposalheuristicsdesignedto de-
creasetheenergy asmuchaspossiblewith eachstep.The�rst proposalsareall streamlineplacements,
in orderto quickly �ll theimagewith streamlines.Placingastreamlineentailspickingastartingpoint,
andthentracingalongthevector�eld someprede�neddistance.Then,eachproposalis oneof several
possibilities,includingadding,deleting,lengthing,andshorteningstrokes. Eachproposalis guaran-
teedto force the resultingstrokesto follow the vector�eld, andproposalsaremorelikely in image
locationsthathavehighenergy (i.e. irregulartones).See[TB96] for details.

3.2.2 PAINTERL Y RENDERING BY TRIAL-AND-ERR OR

I havebuilt a trial-and-errorpainterlyrenderingalgorithm[Her01]. At ahigh level, thegoalis to seek
concisepaintingsthat matcha sourceimagecloselyandcover the imagewith paint, but useasfew
strokesaspossible.Eachbrushstroke is de�ned by abrushradiusanda list of controlpoints(Section
5.1).Theenergy functionis

E(I ) = Eapp(I ) + Enstr(I ) + Ecov(I )

Eapp(I ) = å
(p)2 I

wapp(p)kI (p) � S(p)k

Enstr(I ) = wnstr � (numberof strokesin I)
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(a) (b)

(c) (d)

Figure5: Spatially-varying style, from [Her01]. (a) Sourceimage. (b) Interactively-paintedweight
image(wapp). The weight imageallows the userto specify whereemphasiswill be assigned.(c)
Resultingpaintingwith the given weights. More detail appearsnearfacesandhands. (d) Another
choiceof weights;detail is concentratedon therightmost�gures.

Ecov(I ) = wcov � (numberof emptypixelsin I )

This energy is a linear combinationof threeterms. The �rst term,Eapp, measuresthe pixelwise
differencesbetweenthe paintinganda sourceimageS. The numberof strokesterm Enstr is usedto
penalizethenumberof strokes. ThecoveragetermEcov is usedto force thecanvasto be �lled with
paint, if desired,by settingwcov to be very large. The weightsw areuser-de�ned values.The color
distancek � k representsEuclideandistancein RGB space. The weightswapp(p) are de�ned by a
weight imagethatallows theuserto specifyspatially-varyingweights.

The �rst two termsof theenergy functionquantify the trade-off betweentwo competingdesires:
the desireto closelymatchthe appearanceof the sourceimage,andthe desireto useas little paint
aspossible,i.e. to be economical.By adjustingthe relative proportionof wapp andwnstr, a usercan
specifytherelative importanceof thesetwo desires,andthusproducedifferentpaintingstyles.

By default, the value of wapp(p) is initialized by a binary edgeimage,computedwith a Sobel
�lter . This givesextra emphasisto theedges,althougha constantweightoftengivesdecentresultsas
well. If we allow theweightto vary over thecanvas,thenwe getaneffect thatis like having different
energy functionsin differentpartsof the image(Figure5). The weight imagewapp(p) allows us to
specifyhow muchdetail is requiredin eachregion of theimage,andcanbegeneratedautomatically,
or hand-paintedby a user. This givesthe userhigh-level controlwithout requiringthe userto make
every low-level choice.

Thetrial-and-erroralgorithmis similar in spirit to Turk andBanks'.However, theproblemis much
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harderto optimize,becausethestrokeshave many moreattributes,thereis no prede�nedvector�eld,
andstrokescanoverlap.Consequently, thetrial-and-erroralgorithmcantakemany hoursto run,andis
not currentlyvery practical.However, thealgorithmdoesgive very economicalresults,ansubstantial
high-level controlto auser. See[Her01] for furtherdetailsof thealgorithm.

4 Greedyalgorithms

Themostcommonstroke-basedrenderingalgorithmsaregreedy: strokesareaddedto theimagestruc-
ture in a singlepass,andstrokesarenever modi�ed oncethey have beencreated.Greedyalgorithms
make useof heuristicsandcarefully-designedplacementsteps.This meansthatthey canquickly pro-
ducehigh-qualityresults,but at thecostof �e xbility. Greedyalgorithmsarerarelyde�ned in termsof
an energy function,althoughoneis sometimesimplicit. In somesituations,devising an appropriate
energy functionmaybedif�cult, but ausefulalgorithmcanbedevelopedwithoutone.

Sincestrokesareplacedonceandnever modi�ed after, therearereally two centralquestionsthat
de�ne agreedyalgorithm:

� Wheredoweplacestrokes?

� Whatshapeswill eachstrokehave?

Eachgreedyalgorithmoperatessimplyby repeatedlyplacingstrokes,makingthesechoiceseachtime.

4.1 Single-pointstrokes

Haeberli[Hae90] describesa simple,semi-automaticpaintingalgorithm(Figure6. Theuserprovides
a sourceimage.Theuserseesa renderingof thepainting,which is initially blank. Usinga mouseor
tablet,theuserclicksanddragswithin thepaintingarea.A singlebrushstroke is placedat thelocation
of eachmouseclick. Thesystemautomaticallychoosesthecolorby extractingit from thecolorof the
sourceimageat thatpoint,andorientsthestroke in thedirectionof thegradientof theimage.Hence,
theuserdecideswherethestrokesgo,andthealgorithmdecideswhatthey look like. Theusermayset
otherparameters(suchasstroke sizes)by adjustingsettingsor via pressureon a tabletinterface.This
systemprovidesafun andeasywayto makeabstractandattractiveversionswithout requiringtheuser
to possessany drawing skills.5

4.1.1 SINGLE-LA YER PAINTERL Y RENDERING

Subsequently, a numberof commercialsoftwarepackages(suchasAdobePhotoshop,XaosPaint-
Tools,andMicrosoft Impressionist)incorporatedfully-automaticversionsof Haeberli's algorithm;a
completedescriptionof suchanalgorithmby Litwinowicz, alongwith severalenhancements[Lit97].

Litwinowicz's basicalgorithmtakesa sourceimageandorientation�eld asinput, andgenerates
a paintingwith a setof oriented,shortbrushstrokes. The brushstrokesareplacedon a grid in the

5Haeberli's systemis onlineat ftp://ftp.sgi.com/sgi/graphics/gra�ca/impression/index.html.
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Figure6: Interactive painterlyrenderingsystem,from [Hae90]. The userclicks on different image
locations,andstrokesaregeneratedat theselocations;thecolor andgradientsof thestrokesaretaken
from asourceimage.Imagesusedby permission.

imageplane,with randomlyperturbedpositions.Eachstroke takesits color from thesourceimageat
its location,andits orientationfrom theorientation�eld. Thestrokesaredrawn in randomorder, in
orderto removetheregularitiesthatwouldappearotherwise.Theorientation�eld speci�esthedesired
orientationof the strokesandis generatedfrom the sourceimagein a preprocessingstep. A simple
way to generatethis orientation�eld is to settheorientationf (p) at pixel p to the thenormalto the
gradientof the image— this givesthedirectionin which the imageis “most constant.” However, in
constantregionsof theimage,thegradientwill not bewell-de�ned. Theorientationsin theseregions
canbe �lled in usinga smoothingalgorithm,suchas thin-platespline interpolation. Additionally,
strokesmaybeclippedto imageedgesto improve theedgesof theresult.See[Lit97] for details.

Similar short-stroke algorithmshave beenappliedto a numberof problemsin scienti�c visualiza-
tion of tensor-�eld data[Hea01,Lai01].

4.1.2 MULTIPLE-LA YER PAINTERL Y RENDERING

I have developedan extensionto thesealgorithmsthat cancreatebrushstrokeswith multiple sizes.
Wecanmotivatethealgorithmby observingthatanartistoftenwill begin apaintingasaroughsketch,
andgo backlaterover thepaintingwith a smallerbrushto adddetail. While muchof themotivation
for this techniquedoesnotapplyto computeralgorithms6, it alsoyieldsdesirablevisualeffects.In this
imageprocessingalgorithm,�ne brushstrokesareusedonly wherenecessaryto re�ne thepainting,
andrestof thepaintingis left coarse.User-controlledemphasiscanalsobeusedto de�ne where�ne
strokesareused.Thealgorithmis similar to apyramidalgorithm[BA83], in thatwestartwith acoarse
approximationto thesourceimage,andaddprogressive re�nementswith smallerbrushes.In a sense,
this algorithmcanbeviewedasgreedilyoptimizinganenergy function thatpenalizesthedifference

6For example,onemotivation is to establishthecompositionbeforecommittingto �ne details,so that theartistmay
experimentandadjustthecomposition.
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betweenthepaintingandthesourceimage,andpenalizesthenumberof strokes.
Thealgorithmtakesasinputasourceimageandalist of brushsizes.Thebrushsizesareexpressed

as radii R1:::Rn. The algorithm then proceedsby painting a seriesof layers,one for eachradius,
from largestto smallest.Generally, it is mostusefulto usepowersof two: Ri = R12i� 1, with some
user-determinedvaluefor R1. Theinitial canvasis aconstantcolor image.

A referenceimageis �rst createdfor eachlayerby blurringthesourceimage.Thereferenceimage
representsthe imagewe want to approximateby paintingwith thecurrentbrushsize. The ideais to
useeachbrushto captureonly detailswhich areat leastas large asthe brushsize. We usea layer
subroutineto painta layerwith brushRi , basedon thereferenceimage.This procedurelocatesareas
of theimagethatdiffer from thereferenceimageandcoversthemwith new brushstrokes.Areasthat
matchthesourceimagecolor to within a threshold(T) areleft unchanged.The thresholdparameter
canbe increasedto producerougherpaintings,or decreasedto producepaintingsthat closelymatch
thesourceimage.

Blurring may be performedby oneof several methods.We normally blur by convolution with
a Gaussiankernel of standarddeviation fsRi , where fs is someconstantfactor. Non-lineardiffu-
sion [PM90] may be usedinsteadof a Gaussianblur to produceslightly betterresultsnearedges,
althoughtheimprovementis rarelyworth theextracomputationtime. Whenspeedis essential,weuse
asummed-areatable[Cro84].

Thisentireprocedureis repeatedfor eachbrushstrokesize.A pseudocodesummaryof thepainting
algorithmfollows.

function PAINT(Is, // sourceimage
Ip, // canvas
R1:::Rn) // brushsizes

Createasummed-areatableA from Is if necessary
refresh true
foreachbrushsizeRi , from largestto smallest,do

ComputeablurredreferenceimageIRi with blur size fsRi
from A or by convolution

grid  Ri
Cleardepthbuffer
foreachpositionp onagrid with spacinggrid

M  theregion [px � grid=2:::px + grid=2;py � grid=2:::py + grid=2]
areaError  å p2M kIp(p) � IRi (p)k
if refreshor areaError > T then

p  argmaxp2M kIp(p) � IRi (p)k
PAINTSTROKE(p; Ip;Ri; IRi )

refresh false

Eachlayer is paintedusing a simple loop over the imagecanvas. The idea is very similar to
Litwinowicz's algorithm. However, we canno longerplacesamplessimply on a jittered grid, since
thisapproachmaymisssharpdetailssuchaslinesandpointsthatpassbetweengrid points.Instead,the
algorithmsearcheseachgrid point'sneighborhoodto �nd thenearbypointwith thegreatesterror, and
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paintat this location.All strokesfor thelayerareplannedat oncebeforerendering.Thenthestrokes
arerenderedin randomorderto preventanundesirableappearanceof regularity in thebrushstrokes.
In practice,wecanavoid theoverheadof storingandrandomizingalargelist of brushstrokesby using
a Z-buffer. Eachstroke is renderedwith a randomZ valueassoonasit is created.The Z-buffer is
clearedbeforeeachlayer. Note that this mayproducedifferentresultswith signi�cant transparency,
whentransparentobjectsarenotrenderedin back-to-frontorder. Thelayersof apaintingareillustrated
in Figure7.

k � k, whenappliedto acolorvector, denotesEuclideandistancein RGBspace.I alsoexperimented
with CIE LUV, a perceptually-basedmetric [FvDFH90]. Surprisingly, we found it to give slightly
worseresults— it is not clearwhy.

PAINTSTROKE in theabove codelisting is a genericprocedurethatplacesa stroke on thecanvas
beginningatp1, givenareferenceimageandabrushradius.Following [Hae90], Figure8(a)showsan
imageillustratedusinga PAINTSTROKE procedurewhich simply placesa circle of thegivenradiusat
p, usingthecolor of thesourceimageat locationp. Following [Lit97], Figure8(b) shows an image
illustratedwith shortbrushstrokes,alignedto thenormalsof imagegradients.Notetheregularstroke
appearance.In thenext section,we will presentanalgorithmfor placinglong, curvedbrushstrokes,
closerto whatonewould �nd in a typicalpainting.

This techniquefocusesattentionon areasof theimagecontainingthemostdetail(high-frequency
information)by placingmany smallbrushstrokesin theseregions.Areaswith little detailarepainted
only with very large brushstrokes. Thus,strokesareappropriateto the level of detail in the source
image.

Thischoiceof emphasisassumesthatdetailareascontainthemost“important” visualinformation.
Other choicesof emphasisare also possible— for example,emphasizingforegroundelementsor
human�gures. Thechoiceof emphasiscanbeprovidedby ahumanuser, asoutputfrom a3D renderer,
or from acomputationalimageinterpretation.

4.2 Long, curvedstrokes

4.2.1 PAINTERL Y RENDERING WITH LONG, CURVED STROKES

This methodcanbeextendedto uselong,continuouscurvesinsteadof shortstrokes. In my system,I
limit brushstrokesto constantcolor (Section5.1),anduseimagegradientsto guidestrokeplacement.
The ideais that thestrokeswill representisocontoursof the imagewith roughlyconstantcolor. Our
methodis to placecontrol points for the curve by following the normal of the gradientdirection.
Whenthecolor of thestroke is furtherfrom thetargetcolor in thereferenceimagethanthepainting,
thestrokeendsat thatcontrolpoint.

A moredetailedexplanationof thealgorithmfollows. Thesplineplacementalgorithmbeginsat a
givenpoint in theimagep0, with agivenabrushradiusR. Thestroke is representedasa list of control
points,acolor, andabrushradius.Pointsarerepresentedas�oating pointvaluesin imagecoordinates.
Thecontrolpoint p0 is addedto thespline,andthecolor of the referenceimageat p0 is usedasthe
colorof thespline.

We thenneedto computethe next point alongthe curve. The gradientdirectionq0 at this point
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Referenceimages Layers

Figure7: Paintingwith threebrushes.Theleft columnshows thereferenceimages;thesourceimage
is shown in the lower left. Theright columnshows thepaintingafter the �rst layer (brushradius8),
thesecondlayer(radius4), andthe�nal painting(radius2). Notethatbrushstrokesfrom earlierlayers
arestill visible in the�nal painting.(Thecurvedstrokeplacementis describedin thenext section).
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(a) (b)

Figure8: Applying themultiscalealgorithmto othertypesof brushstrokes. Eachof thesepaintings
wascreatedwith brushstrokesof radius8, 4, and2. (a) Brushstrokesarecircles,following [Hae90].
(b) Brushstrokesareshort,anti-aliasedlinesplacednormalto imagegradients,following [Lit97]. The
line lengthis 4 timesthebrushradius.

(a) (b)

Figure9: Usingnon-lineardiffusionto createreferenceimages.(a)Referenceimagefor coarsestlevel
of the pyramid. (Compareto Figure7(e)). (b) The output imageis lessnoisy, but hardedgesare
maintained.
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(a) (b) (c)

Figure 10: Painting a brushstroke [Her98]. (a) A brushstroke begins at a control point p0 and
continuesin directionD0, normalto the gradientdirectionG0. (b) From the secondpoint p1, there
aretwo normaldirectionsto choosefrom: q1 + p=2 andq1 � p=2. We chooseD1, in orderto reduce
the stroke curvature. (c) This procedureis repeatedto draw the restof the stroke. The stroke will
berenderedasa cubicB-spline,with thepi ascontrolpoints.Thedistancebetweencontrolpointsis
equalto thebrushradius.

is computedfrom theSobel-�lteredluminance7 of the referenceimage. The next point p1 is placed
in thedirectionq0 + p=2 at a distanceR from p0 (Figure10). Note thatwe couldhave alsousedthe
directionq0 � p=2; this choiceis arbitrary. We usethebrushradiusR asthedistancebetweencontrol
pointsbecauseRrepresentsthelevel of detailwewill capturewith thisbrushsize;in practice,we �nd
thatthis sizeworksbest.This meansthatvery largebrushescreatebroadsketchesof theimage,to be
laterre�ned with smallerbrushes.

Theremainingcontrolpointsarecomputedby repeatingthis processof moving alongthe image
andplacingcontrolpoints.For a point pi , we computea gradientdirectionqi at thatpoint. Thereare
actuallytwo possiblecandidatesdirectionsfor thenext direction:qi + p=2 andqi � p=2. Wechoosethe
next directionthatleadsto thelesserstrokecurvature:wepick thedirectionvi sothattheanglebetween
vi andvi� 1 is lessthanor equalto p=2 (Figure10),wherevi canbe(Rcos(qi � p=2);Rsin(qi � p=2)).
The stroke is terminatedwhen(a) the predeterminedmaximumstroke length is reached,or (b) the
color of the stroke differs from the color underthe last control point more than it differs from the
currentpaintingat thatpoint. We �nd thata stepsizeof R worksbestfor capturingtheright level of
detailfor thebrushstroke.

Wecanalsoexaggerateor reducethebrushstroke curvatureby �ltering thestrokedirections.The
�lter is controlledby a singlepredetermined�lter constant,fc. Given the previous stroke direction
v0

i� 1 = (Dxi� 1
0;Dyi� 1

0), anda currentstroke directionvi = (Dxi ;Dyi), the �ltered stroke directionis
v0

i = fcvi + (1� fc)v0
i� 1.

Theentirestrokeplacementprocedureis asfollows:

7Theluminanceof apixel is computedasY(r;g;b) = 0:30� r + 0:59� g+ 0:11� b [FvDFH90].
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function PAINTSTROKE(p0, R, IR, Ip)
// Arguments:start pointp0, stroke radius(R),
// referenceimage (IR), paintingsofar (Ip)
color  IR(p0)
K  anew strokewith radiusRandcolorcolor
addpointp0 to K
for i = 1 to maxStrokeLengthdo

// computeimagederivatives
g  (255� ¶YR

¶x (pi� 1);255� ¶YR
¶y (pi� 1))

// detectvanishinggradient
if Rikgk � 1 // is gradienttimeslengthat leasta pixel?

// rotategradientby90degrees
vi  (� gy;gx)

// if necessary, reversedirection
if i > 1 and vi � vi� 1 < 0 then

vi  � vi

// �lter thestrokedirection
vi  fcvi + (1� fc)vi� 1

else
if i > 1

// continuein previousstrokedirection
vi  vi� 1

else
return K

pi  pi� 1 + Rivi=kvik
if i > minStrokeLengthand kIR(pi) � Ip(pi)k < kIR(pi) � colork then

return K
addpi to K

end for
return K

YR(p) is theluminancechannelof IR, scaledfrom 0 to 1.

A slight speedupmay be gainedby performingall computationsin luminancespace,and then
restoringthecolor information,asdescribedin [HJO+ 01]. Theresultsarevery nearlyasgoodasfull
colorprocessing.
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Figure11: Graytonesgeneratedwith aprioritizedstroke texture[SABS94].Thestrokesin thetexture
are renderedin a speci�c orderwhich allows different tonesto be generatedfrom a single texture.
Theright imagewasgeneratedfrom a sourcephotousingprioritizedstroke textures.Imagesusedby
permission.

4.2.2 PEN-AND-INK AND OTHER CURVE TRACING ALGORITHMS

Unfortunately, I ran out of time while writing andthis sectionis brief. Hopefully it will be greatly
expandedin a laterversionof this tutorial. For now, hereis a annotatedsummaryof pen-and-inkand
othercurve tracingalgorithms:

� Interacti ve pen-and-ink illustration: [SABS94]introduceaninteractive tool for placingpen-
and-ink strokes. The userspeci�es desiredtone for a region, and strokes are automatically
placedto matchthesetones. Strokes are storedas prioritized stroke textures (Figure 11),
which allow thesystemto rendercomplex hatchingpatterns.[SALS96] describeanextension
thatincorporatesedgeinformationinto thehatching,and[SWHS97]describeasystemtheallow
theuserto specifyvaryingorientationsfor theillustrationaswell.

� Streamline visualization: Jobardand Lefer [JL97] describea greedystreamlineplacement
algorithmfor vector �eld visualization. Justaswith the Voronoi algorithmsfor stippling, the
ideais to penalizestrokedensityratherthanablurredversionof thestreamlineimage.

� Pen-and-ink illustration of 3D surfaces: Similar principlescanbeappliedto illustratingsur-
faces. Typically, the target tonescomefrom a renderingof the surfaceand the target stroke
orientationscomefrom orientation�elds de�ned on the surface. The resultingalgorithmis a
variationon previous SBR techniques,but with many adjustmentsasdictatedby the pen-and-
ink styleandthe3D model.[WS94]describeasystemfor applyingprioritizedstroketexturesto
rendering3D surfaceswith texture,andto allowing auserto specifyemphasisfor differentparts
of theimage;this methodis generalizedto surfaceswith manually-de�nedorientation�elds in
[WS96] (Figure12). In thesemethods,thehatchingattemptsto matchtheorientation,rendered
tone,andtextureof the image.In [HZ00], we �rst generatethetoneandorientation�eld for a
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Figure12: Pen-and-inkillustrationsof 3D models,from [WS94] and[WS96], respectively. The left
houseshows the effect of a user-de�ned emphasisfunction; detail is only drawn wherespeci�ed by
the user. The right imageshows pen-and-inkillustration of a parametricsurface. Imagesusedby
permission.

3D model,andextendthemethodof [JL97] to hatchthesurface(Figure13). A relatedhatching
algorithmis describedby [GIHL00].

� Graftals: [KMN + 99] describeagreedyplacementalgorithmfor strokeplacement.Thekey idea
of their techniqueis to usesmallillustrationsasstrokes;for example,a tuft of grassis placedas
aunit. Thismethodcanrendermodelswith anappropriatesenseof cartoonishtexture.

� Loose-and-sketchy rendering: Curtis [Cur98] describesa loosetechniquefor placing pen-
strokesto matcha black-and-whitesilhouetterendering.Themethodcancreatestiff or loose-
and-sketchy renderingstyles.

4.3 Globally-greedy

Goochet al. [GCS02]describesa painterlyrenderingalgorithmthatcombineselementsof optimiza-
tion andgreedyprocedures.Thealgorithmis notde�nedwith respectto aspeci�c energy function,but
theoverall stroke placementis computedby a global imageprocessingprocedure.Individual strokes
arethencreatedfor their speci�c regions.
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Figure13: Pen-and-inkillustrationof asmoothsurface,from [HZ00]. Thetargetorientation�eld and
tonesaregeneratedautomaticallyto illustratethesurface.

5 Strokemodels

In thissection,I describethecurvedpaintstrokemodelthatI haveused.Otherstrokemodels(includ-
ing stipples,tiles,single-pointstrokes,andpenstrokes)will hopefullyappearin a laterversionof this
document.Moresophisticatedcurvedstrokemodelsarealsopossible(e.g.[HLW93,Fra98,NM00]).

5.1 Long, curvedstrokeswith triangle strips

In our system,a basicbrushstroke is de�ned by a curve, a brushthicknessR, a stroke colorC. The
stroke is renderedby placingthestroke coloratevery imagepoint thatis within R pixelsof thecurve.
Thecurve is anendpoint-interpolatingcubicB-splinede�ned by a setof controlpoints. A denseset
of curvepointscanbecomputedby recursivesubdivision.

Our basictechniquefor scan-converting a brushstroke is to tessellatethe stroke into a triangle
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strip:

Givena moderatelydenselist of controlpointspi anda brushthicknessR we cantesselatethestroke
by thefollowing steps:

1. Computecurve tangentsat eachcontrolpoint. An adequateapproximationto thetangentfor an
interior stroke point pi is givenby vi = vi+ 1 � vi� 1. The�rst andlasttangentsarev0 = p1 � p0
andvn� 1 = pn� 1 � pn� 2.

2. Computecurvenormaldirectionsasn = (nxi ;nyi) = (vyi; � vxi)=kvik

3. Computepointson theboundaryof thestroke aspointsoffsetby a distanceR alongthecurve
normaldirection.Theoffsetsfor acontrolpointareai = pi + Rni andbi = pi � Rni .

4. Tesselatethestrokeasshown above.

5. If desired,addcircular“caps”astrianglefans.

This algorithm can also be usedwith varying brushthicknesses,by specifyinga pro�le curve
for the thickness. We do this by assigninga thicknessfor eachcontrol point, andsubdividing the
thicknessesat thesametimeassubdiving thecontrolpointpositions.

This methodfails whenthestroke hashigh curvaturerelative to brushthicknessandcontrolpoint
spacing. Suchsituationscanbe handled,for example,by repeatedsubdivision nearhigh curvature
points. Generally, we have not found theseerrors to be of much concern,althoughthey may be
problematicfor high-qualityrenderings.

6 Limitations of the energy-minimization approach

At present,it seemsunlikely thatevery desirableSBRstylecanbeformulatedin theenergy function
formulationthatI presentedin Section2. Thereareanumberof waysthiscanbemanifested:

� It is dif�cult to capture“looseandsketchiness”or randomnessin anenergy function.Moreover,
paintinganddrawing arenot deterministicprocedures;anartistmayproducedifferentimages
eachtime. Oneway to expressrandomnesswould be to replacethe energy function with the
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probabilitydensityover renderings.A standardtrick for convertinganenergy to a probability
densityis to exponentiateandthennormalize:p(I ) = e� E(I )=Z for someunknown normalization
constantZ. Paintingis thena processof samplingfrom this density;thedensitywould usually
beconditionedon theinputdata.

� Severalof thegreedyapproachesdescribedabove(suchasprioritizedstroketextures[SABS94])
andin thenext sectionaredif�cult to expressin termsof energy functions.

� It is sometimeseasierto designa direct procedurefor a renderingstyle thanto designan en-
ergy function,especiallysincedesigningstylesis a creative process.Often, we designa new
algorithmor styleswithout really understandingwhat“why they work.” Ideally, onewould de-
velopadditionalinsightafterthefactthatallowsoneto convert thedirectprocedureto anenergy
function.

Finally, it bearsrepeatingthat direct proceduresare much fasterthan optimizationprocedures.
However, knowing theenergy functioncanoftengive insightinto how thedirectprocedureworksand
how to improve it.

7 Relatedtopics

In thissectionI survey somework relatedto SBR,but notdirectlywithin thescopeof this tutorial:

� Animation. Severalauthorshave describedextensionsto themethodsfor creatinganimations
from inputvideoor 3D animation[Dan99, HP00,Her01, Lit97, MMK + 00,Mei96].

� Image Mosiacs. Imagemosaics,suchas “PhotoMosaics”[SH97, FR98] and jigsaw image
mosaics[KP02] may alsobe viewed asSBR problems.A library of imagesis collected,and
the stroke modelconsistsof a referenceto oneof the images,aswell as the imagerotation,
translation,andoptionaldeformation.

� Example-basedstrokes. A few authorshave developedpreliminaryresearchin synthesizing
SBRimageryby example.Freemanetat.[FTP99]describeatechniquefor creatingnew strokes
in the style of examplestrokes. Chenet al. [CXS+ 01] describea portraituresystemthat uses
a style learnedfrom examples.Jodoinet al. [JEGPO02]have developeda methodfor learning
hatchingstylesfrom examples.

� Thr esholdingmethods. Several authorshave developedmethodsfor stroke-basedrendering
wherethestrokeplacementsandthestroketonesaredecoupled[DOM+ 01,Fre01,Ost99]. These
methodsallow greater�e xibility by allowing theuserto choosestroke placementsindependent
of tones.

� Rendering fr om silhouettes. A numberof authorshave describedSBR algorithmsthat gen-
eratestrokesfrom silhouettes[Cur98, HZ00, MKT + 97, NM00]. This processis conceptually
straightforward, onceonehasa procedurefor extractingsmoothsilhouettesandfor rendering
strokes.
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� Dithering. The processof placingevenly-spacedstipplesis closelyrelatedto the problemof
halftoning[FvDFH90],whichremainsanactiveresearcharea[Ost01]. Onecanalsoexploit this
observationfor painterlyrendering[SY00].

� Hardware-AcceleratedRendering: SeveralauthorshavedescribedSBRsystemswherestrokes
areprecomputedfor texture-maps,and thesetexture mapsareblendedin real-timehardware
rendering[Fre01, FMS01, KLK + 00, PHWF01]. Although thesesystems,lose the desirable
propertyof renderingstrokesin image-spaceinsteadof on texturemaps,they nonethelessgive
high-quality, temporallycoherentresultsat veryhigh framerates.

� Texture. A numberof methodshave beendevelopedto simulatethe appearanceof realis-
tic media,by approximatesimulation[CPE92,CAS+ 97, Sma90], and/orproceduralsynthesis
[Fra98,GCS02,Her02, Str86].

8 Summary

� Stroke-basedrenderingis a classof NPRproblemswherediscretestrokesareplacedin an im-
ageto matchsomeinput imageryor other data. Stroke-basedrenderingencompassesmany
non-photorealisticrenderingproblems,including painting,drawing, pen-and-ink,tensor�eld
visualization,andstippling.

� Optimizationalgorithmsexplicitly searchfor anstroke-basedrenderingI thatminimizessome
energy functionE(I ). Voronoialgorithmsef�ciently optimizestroke densities.Trial-and-error
algorithmsoptimizegeneralenergy functions,but canbevery inef�cient.

� Greedyalgorithmsplacestrokesin a singlepass.At eachstep,the algorithmpicks a possible
stroke location, decideswhetherto placea stroke, decidesthe stroke's shapeand continues.
Many existinggreedyalgorithmsdonothaveaknown explicit energy functionformulation.
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